"UA DEGREE PHYSICS - 
De 


Electricity 
EU 
Magnetism 


= — 
- ncc a 2 
* i PIN 


C.J. Sith 


o 
p 


f^ UBSPD 


uss Publishers’ Distributors Ltd 
8/1 -38, Chowringhee Lane, Calcutta-700 016 


Ph:212451, 249473 


| 
| 


= 


A Degree Physics 


PART V 
ELECTRICITY AND MABNETISM 


By 
C. J. SMITH 


Ph.D., M.Sc., A.R.C.S., F.Inst.P, . 
CTOR OF THE PHYSICS LABORATORIES, 


NIOR LECTURER IN PHYSICS, 
GE, UNIVERSITY OF LONDON 


ASSISTANT DIRE 
AND SE 
ROYAL HOLLOWAY COLLE 


THIRD. EDITION 


RADHA PUBLISHING HOUSE 
CALCUTTA 


© C. JSMITH 
First Indian Edition, 1985 


No part of this book may be reproduced in 


any other means, without 
from the publishers. 


All rights reserved. 
any form, by mimeograph or, 
permission in wiiting 


* Le temps se venge de ce qui a ete. fait sans lui 


Ace. ^7 IL 132 


This book is dedicated 
to the memory of Joseph Ernest Boyt. Esq, M.A., B.Sc., 
late Headmaster of King Edward VI Grammar School, Stourbridge, 
i for it was he who first revealed to me the 
beauties of mathemetical physics. 


Licensed for sale in India only. Not for Export. 


tricity and Magnetism 


cs : Elec 
(Publishers) 


This editión-of A Degree Physi 
ith Edward Arnold 


is published by arrangement wi 
Ltd., London. 


Published by K. L. Burman for Radha Publishing House, 4 Sibu Biswas 


Lane, Calcutta-700 006 


Pripted,at Sri Ganesh Offset Press, Shahadra, Delhi 110032 


Price: Rs 70.00 


EXCLUSIVE DISTRIBUTOR 
SA 

ua 25 Books 

Mahatma | i Road, Calcutta-700 007. 


& 


PREFACE 


In the new edition of this book, which is one of a series to be 
published under the title ‘ A Degree Physics ’, an endeavour is made 
to give an up-to-date account of the fundamental parts of classical 
electricity and magnetism which is both experimental and theoretical 
in its outlook. The ground covered is rather more than that 
usually required by candidates taking physics at the B.Sc. General 
Degree. It is wellnigh impossible to give advice concerning those 
parts which may be omitted or, rather, not committed to memory, 
since all candidates have different likes and dislikes and, in addition, 
the syllabus varies at different universities ; requirements at some 
of these necessitate the addition of a chapter on electromagnetic 
waves. 

Throughort the book I have tried to give proofs of all equations 
that are used; in particular, reference may be made to Laplace’s 
law and the expressions for the forces and couples on rigid circuits. 
Perhaps candidates at General Degree level should not be required 
to reproduce the proofs, yet I maintain that in a course of lectures 
such proofs should be studied.’ Some of the proofs are not general, 
ie. they do not refer to n-objects or systems, but are limited to two 
to reduce the necessary mathematics to a minimum. Throughout 
the work attention is drawn to the use of equations which are correct 
dimensionally. I have again made use of a vector notation which 
may be written as well as printed. Many worked examples have 
been added since the ability of all students to solve similar problems 
is of paramount importance. 

In dealing with the various parts of the subject I have, perhaps 
unfortunately, given less attention than in former editions to the 
historical background. By doing this, room has been made for an 
account of modern. work on the validity of the inverse square law. 
the structure of high potential electrostatic generators, etc. 

The subjects of electrostatics and magnetism are first discussed 
and these are followed by current electricity. In dealing with 
direct currerits, which some prefer to call currents of zero frequency, 
methods for solving calculations for meshes are now discussed in 
some detail. The chapter on thermoeleciricity has been consider- 
ably enlarged as the subject is no longer of academic interest only ; 
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a brief reference is made to the use of semi-conductors. The chap- 
ters on magnetism have been subjected to extensive revision in 
view of the facts revealed by recent researches. 

The subject of alternating currents is of such importance today 
that I have ventured to treat it yet more fully than is usual in text- 
books of this standard. In doing so I have first given a yery 
elementary treatment of the usual R-L-C series circuit ; then follows 
a more rigerous discussion in which the existence of transients is 
established and this in turn is followed by a discussion of the 
vector method for dealing with such problems when all transients 
have disappeared. In so doing E have made use of a unit vector, 
for I consider that such treatment keeps the physics of the problem 
in view and that it is better than'the purely mathematical use of 
complex quantities. Here, too, I have differentiated between an im- 
pedance Z = VR? + X? and an impedance operator 4 = R + jX ; 
the symbol ¥ is now used for an admittance operator. Many more 
a.c. bridges have been discussed and usually reference has been 
made to the related vector diagram. 

The measurement of power in a.c. circuits is discussed and the 
structure of a compensated wattmeter is described. 

Several new pieces of apparatus are described and I should like to 
place on record my appreciation of the help I have received in this 
connexion from A. Grant, Esq., the senior technician in the physics 
department at this college, and his staff. 

It will be found that I have made no use of a certain system of 
units which finds favour with some, for while I agree that such a 
system may have advantages in the particular subject of electricity, 
yet it has no such advantages in other and equally important sub- 
jects. I cannot see that for physicists the new system of units has 
any academic value other than a negative cne; now that the ampère 
has been added to this system, the very idea of a fundamental set of 
units seems to have been violated, for the ampére can only be 
defined in terms of the other units. 

At the end of each chapter a set of examples, mainly numerical, 
has been appended. Some of these have been set at University of 
London Examinations, and I again wish to put on record my 
appreciation of the ready permission given to me by the Senate to 
publish them. 

In order to help those who have little guidance at hand in their 
“studies, I have given answers to all the numerical questions. My 

wife has checked all the solutions, and to her I again express my 
best thanks 


The work now presented to my readers has oceupied me for many 
years; the process of collecting data has been to me most interest- 
ing, and while the labour has been colossal, yet, if the result gives 
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satisfaction to those for whom the book was specially written, I 
shall be more than content. 

Finally, I wish to place on record my appreciation of the help I 
have received from both past and present colleagues at the Royal 
Holloway College and from co-examiners. In particular I must 
mention Dr. D. Owen, J. Nicol, Esq., E.A., B.Sc., and K. A. Mac- 
fadyen, Esq., M.Sc., for the great help they have given; also Sir 
Frank E. Smith, F.R:S., Prof. L. F. Bates, F.R.S., Prof. C. A. 
Coulson, F.R.S., Dr. F. W. Chapman, Dr. H. J. Goldsmid, Dr. L. 
Hartshorn, Dr. À. G. Foster, Dr. V. I. Little, Dr. J. G. Powles, 
Dr. D. H. Smith, Dr. R. W. B. Stephens, Dr. A. R. Stokes, F. M. 
Colebrook, Esq., B.Sc., A. S. Edmondson, Esq., M.Sc., and D. Orson _ 
Wood, Esq., M.Sc. My thanks are also tendered to R. H. Humphry, 
Esq., M.Sc., who has again read the proofs most diligently. With- 
out his help many obscurities would have remained ; his criticisms 
have always been most. friendly and sincere and it is a great joy to 
acknowledge this help so freely given. 


Roya HOLLOWAY. COLLEGE, C. J. Suara. 
ENGLEFIELD GREEN, SURREY. 
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PART V 
ELECTRICITY AND MAGNETISM 


CHAPTER I 


. THE FUNDAMENTAL PRINCIPLES OF 
ELECTROSTATICS 


(Qualitative phenomena of electrostatics.-—The beginnings of 
the science of electricity are lost in the dim mists of antiquity. 
Probably the first known fact emerged when it was discovered 
that amber, a mineralized yellowish resin, acquired the remark- 
able property of attracting light objects after it had been rubbed. 
The Greek word for amber is #Aextpoy, and it is from this that 
the word electricity is derived. ‘When amber or any other material 
is in such a state that it has the property of attracting small light 
objects, it is said to be electrified. It was not until about 1600 
that ib was observed that electrified bodies may repel as well as 
attract. Such observations lead to the conclusion that there are 
two kinds of electricity produced by frictional rubbing ; the type 
of electricity found on glass when rubbed with silk is now known as 
positive electricity, while that on the silk is known as negative 
electricity. k 

Towards the end of the nineteenth century scientific attention 
had become somewhat concentrated on the phenomena observed 
when an electric discharge takes place through a rarefied gas ; the 
tube containing the gas is called a ‘Crookes tube’ and it was in 
1897 that J. J. Tuomson, using such a tube, showed that electrified 
particles emanated from the cathode of a discharge tube. These 
particles were negatively electrified and travelled with high velocities 
in straight lines unless they passed through magnetic or electric 
fields, Each such particle has a mass about 1 /1840 part of the mass 
of the hydrogen atom and the same charge asis carried by a chlorine 
ion in electrolysis. These particles are now known as electroits. 
‘A charge equal to ithe electronic charge but opposite in sign was 
found to be carried by a hydrogen ion—the so-called protor— 
and for many years it was thought that all matter was composed ^ 
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of protons and electrons. In 1932, however, CHADWICK discovered 
the neutron, a particle without charge but having a mass almost 
equal to that of the proton. The same year saw the discovery by 
ANDERSON of the positron or positive electron. The electrun, 
the proton, the neutron and the positron are only some of the 
fundamental particles found in nature. ; 


The inverse square law in electrostatics.—In 1785 COULOMB 
discovered the following law: the mutual force existing between 
two point charges varies directly as the product of the charges 
and inversely as the square of the distance between them. 
Coulomb carried out his experiments with air as the intervening 
medium and so was not acquainted with the fact that the magnitude 
of the force depends upon the nature of the intervening medium. 
This discovery was made later. For point charges, g) and ga 
separated by a distance r in air (strictly in a vacuum) Coulomb's 
law is expressed mathematically by the equation 


F = ji, 
ri 


where À is a constant. 


The c.g.s. unit of electrostatic charge.—Since there are two 
kinds of electricity, positive and negative, we must select one of 
_ them when defining the unit electrostatic charge. It is natural to 
select the positive kind and define the unit as follows. The unit 
of electrostatic charge (or quantity of electricity) is that point 
charge, of the type of electricity found on glass when this is 
tubbed with silk, which when placed one centimetre away 
from an equal point charge in a vacuum repels it with a force 
of one dyne. 
With such a definition as the above, 4 becomes unity and we write 


p 
ri 


- Strictly speaking, ‘this equation only gives us the numerical 
magnitude of the force for, dimensionally, cf. p. 689, it is incorrect. 
. The correct expression is 
d UN pe 11%. 


Meu SP) 
: AS i Kar? 


permittivity of empty space ; its numerical 


ge eissuch that e = — 4:8027 x 10-1? e.s.u. 
; c field.— When an electric field is explored 
ve charge at different points in turn, it is 
experiences a small but definite force at 
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every point; in exploring a field in this way it is tacitly assumed that 
the configuration of the field is not disturbed by the exploring charge. 


If oF is the force which a charge ôg experiences in an electric field at 
— " 
a point P, then lim $E is known as the strength of the electric . 


field at P; it is denoted by E. 


Field strength due to a point charge in a vacuum (air).— 
Let q be a point charge situated at O, Fig. 1-01 ; let us caleulate the 


Pow OF 


ee i 
1 


F.a. L01.—Electrio field strongth due to a poit charge in a vacuum, 


strength of the electric field at a point P at a distance r from 0. 
To do this a small charge ôq is placed at P. Then, assuming that the 
insertion of the charge does not alter the distribution of the charges 
giving rise to the field, as it may do if the charges are on conductors, 


the force, JF, on ôg is given in magnitude by the equation 


4% 
nine 
i óF g 
Ec M | 
To obtain amore complete expression for the field strength we 
must write ; 4 
p Af, 
T 
where $ is a unit vector ab O and along OP. Then 
EE UI 
E= "Y 


Again, strictly speaking; if «y is the uiid of a vacuum, 
j 3 mud. 
E= and E i 
Electrostatic potential.—1f ôW is the work done against the 
electric field in moving a charge ôg from A to B, then 
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is called the increase in electric potential, ôV, in Passing from A to 
B ; again it is assumed that the field is not disturbed by the small 


. OW 
lim —— = V (ga 5 

e (say), 

is called the electrostatic potential at P. This is independ- 
ent of the path along which the small chafge dg is brought up from 


$a depends only on the position of P. 
E A surface ^^ an electric field such 
that at every point on it the poten- 
tial has the same value is called an 
equipotential surface, 


E 
Vzconst. 


T NE \ X To show that equipotential 
foa 02 -Equipotential sur. Surfaces cut lines of force at 
oder ed M. SN right angles dé that equipoten- 

tial surfaces and lines of force 
are orthogonal.—]et p and Q, Fig. 1-02, be two neighbouring 
points on an equipotential surface (V — constant). Ifa charge -óg 
. 1s taken from P to Q, then ôW, the work done against the field, is 
given by 
OW = ôg x increase in potential = ôg x 0 = 0. 
But if È is the field strength at P, the force on ôq is given by 


G 2 GPL, 
80 that the Work done under the conditions stated is 


a OW = (F-PQ) = aF(PQ cos b), 
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if 0 is the angle between E and PQ. But it has been shown that 
ôW =0. ; 

; '. e080 — 0, ie. 0 = 4x, 

which establishes the theorem. 


The c.g.s. electrostatic unit of potential difference.—If when 
a small charge ôg is taken from A to B, two points in an electrostatic 
field, the work done against the field is dg erg., then, provided the 
field is not disturbed, the potential at B exceeds that at A by one 
c.g.s. electrostatic unit of potential difference. 

[N.B.—1 c.g.s. electrostatic unit of potential difference = 300 
volts.] 

To prove that E = — p or B= — i, where f denotes 

ds 0s 08 

differentiation along a line of force.—Let P and Q, Fig. 1:03, 
be two neighbouring points on a line of force, the distances of P and 


Initia/ or reference line 
(& 


@) 
Fre, 1-03.—Field strength and potential gradient. 


Q from some convenient origin, O, on the line of force being s and 
s + 6s, respectively. Let V and V + ôV be the potentials at P 


and Q. Let E be the electric field strength at P [it should be noted 


that E is in the direction of às]. If ôg is a small charge at P, the 
work done against the field in taking this charge from P to Q 
dg es (E b4): às = — (E ôs)ôg, the negative sign being introduced 
since the field does work on the charge during the displacement. 
An alternative expression for the work done against the field is 
óV(Óg). Hence 


OO dk Eco 0s 

0s 
i.e. du. 
0s 


where $ is a unit vector at P in the direction of às. 
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The quantity E is termed the potential gradient at the point 
considered ; it is independent of the medium. 


If dz is the distance between the equipotential surfaces which pass 
through P and Q, and measured in a direction making an angle d ^ 


with s, then the field strength in this direction is given by 
ji óV ov 
md M Ep C er 
Note on polar coordinates.—Let (r, 0) be the polar coordinates 
of a point in an electric field, the origin being at O, Fig. 1:03 (b) and 
Oz being the reference line corresponding to 0 — 0. If V is the 


E, = E cos ó = — lim 


completely determined when two components of the field along 
directions mutually perpendicular are known. For convenience we 
take one direction along OP and the other along a straight line 
through P, normal to OP and in the sense of f increasing. The 


components of the field are denoted by E, or £E,, and E; or ÎE,, 


A 
where ? and ĝ are unit vectors, along OP and normal to it, respec- 
tively. Now since ôr and rÓÜ are elements of length in these 
directions we have 


18V 
ESAL, CE A lid 
2 and E, DN 

x ,9V S ^loV 
80 that dicens and RT 

UU E „0V ^108V 
Hence HM te = fa 0. 


Field strength when the field is uniform.—An clectric field 


is said to be uniform when F is constant at all points in it, i.e. E is 
constant in magnitude and direction. If Ox is this direction, then 
for a uniform field 


dH d — constant. S E dx = — V. 


1f A and B are two points along Ox such that the coordinates and 
potentials are x,, V, and ta, Vs, respectively, integrating the above 
equation, we get . 


ty V, 
nf diri L2 f dy. 
T, V. 


M i 2) ey ty, 
or Es 27 V; 


? = the Space rate of fall of potential. 


Wy — d; 
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"This is often written E — nn where £— z, — z,. Such 


a field is found between the plates of an infinite parallel plate 
condenser. 


Electrostatic potential due to a point charge in air.—Let 
there be a point charge q at a point O in air (strictly, in a vacuum), 
cf. Fig. 1:04, Let Q, and Q, be neighbouring points on the path of 


Path from 
infinity 


Tic. 1-:04,—Electrostatic potential due to a point charge in air. 


a small charge ôg which is brought from infinity to a point in the 
electric field. Let us calculate the electrostatic potential at P dpe 
to the point charge g at O, a being the distance OP. The mean 
value of the field strength along the element of path Q,Q, is 


$ where r is the distance indicated ; the field is assumed to be 
undisturbed by the insertion of ôg. [N.B.—4 and ôg are not re- 
lated.] Then ôW, the work done against the field in moving ôg 
from Q, to Q,, is given by 


ôW = force on ôg x the projection of QQ, on the line of action 
of the force 


= (os = 2 — ôr), +: NQ, = ôr or QN = — ôr. 


, OW q 

Mi A ae 
. --[i-i 
T a 


This important equation shows that in air (strictly, a vacuum) 
the electrostatic potential, which is a scalar quantity, depends only 
upon the charge q and the distance of the point considered from the 
charge ; it is independent of the path followed in bringing the small 
charge to P. Later on, cf. p. 27, it will be revealed that potential 
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does depend upon the nature of the Surrounding medium; the 

equation then becomes 
SL 
LNA SS, ka 

where « is the permittivity of the medium. 

More generally, if the electric field arises from the presence 
of point charges, q,, d» ds . . . at distances Tis fas Tg . . . respec- 
tively from a point P, then the electrostatic potential at P is the 


scalar sum 
V= yh] B PE RAS 
4h em eet : A 


Electrostatic potential due to a charged spherical con- 
ductor.— Suppose that a conductor is an isolated* sphere of radius a 
with a uniform distribution of charge of surface density c, and it lies 
ina vacuum. Let P, Fig. 1-05 (a), be the point at which the 


(a) : (5) 
Fre. 1-05.—Electrostatic potential in a vacuum due to (a) a charged Spherical 
conductor and (b) & uniformly charged metal disc. 


potential is required. Let O be the centre of the sphere and let 
OP — r. If A and B are two points on the surface such that the 


z? =a? 1 r? — 2ar cos 0. 
-Hence x. ôx = ar sin 0.60. 
* y = 2mao pa 


— 
t 


PE 


* icity 3, Considering à isolated sphere can a uniform distribution of 
surface obtained, 
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where z, and 2, are the values of z when 0 is 0 and zz respectively. 
For a point outside the sphere x, = (r — a), z, = (r + 8). 

2220 4na*a 


ee Mie iia arnt 


or if Q is the total charge on the sphere, vou. 
r 


For a point inside the sphere z, = à — f, 2,2834 f, 


ore. Y= Op os Aeon: 
r a 

ie. the potential inside a charged sphere is everywhere constant 

and equal to that of the sphere itself. This last result is very 

important for it is true for all closed conductors [cf. p. 39]. 


Since, in general, E = — e it follows that a& a point outside 
the sphere (r > a), 
= _ _,0/4xa%o pA =. 
bo 5 G 
At points inside the sphere (r < a) 
as a 
E. o =0. 


Thus the field strength is zero at all points within the sphere. 
Later on (cf. p. 39) it will be shown that this result is true for any 
closed conductor, provided there is no charge within it. 

It will be noticed that the potential and field strength due to a 
charged spherical conductor are, for points outside the sphere, 
identical with those which .would occur if the total charge were 
concentrated at the centre of the sphere. 

Finally, it should be noted that if x is the permittivity of the sur- 
rounding isotropic medium, then 


v.- S, v- 8, 


and E. a— oc 


tial at a point on the axis of a circular 


The electrostatic poten! 
metal disc in a vacuum and having a uniform surface charge 


of density c.—Let O, Fig. 1-05 (b), be the centre of the diso ; with 
radii r and r + ôr describe two circles on the surface of the disc. 


The charge on the ring, OF annulus, thus formed, is 2ngr.Ór. Then 
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if OP = z, the potential at. P due to this charge is Pande 


Kor iP 
since all points on the ring are equidistant from P : Ko is the per- 
mittivity of free space. If a is the radius of the dise, we have 

2zo rdr 
v= — I 
Ko Jo(r* + ai 


Since the diagram is symmetrical about the x-axis, the resultant 
electric field strength must be directed along that axis. Hence 


2x0 
ee +a?) — 2). 


90V ^ 27506 EAP c. 
cn werten aed 


à f V j 
When the disc becomes very large we have [Elo = en. ie. 


the electrio field strength is constant, 

Ty this problem we have assumed that the electricity is confined 
to one side of the disc. We know that it is on both sides so that 
the total field strength due to a uniform distribution on a very large 


metal dise is 2 at all external points 
0 


throughout a region 
al surface, the con- 


iribede of a nori outside the spherical Surface and in free 

yue & region Space with permittivity Ko are the same as 
hounded A feng Phericed if the whole charge were concentrated at 
each spherical shell into which the sphere may be divided —cf. p. 9. 
Thus if a is the radius of the spherical surface and Q = aap, the 
total charge in the spherical distribution, 


=i E a E A ce 
" Kor r Kor : 
(b) When P is within the spherical surface, cf. Fig. 1-06, and the 
radii of a shell are t and z + ôt, then the point P is an external point 


—* 
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for the shells with radii <r, and an internal point when t >r. 
Since the total charge in the shell is 4zrpt? ôt, i.e. o = p dt, we have 


- {= dor f 4rpt? di 


o Kof ro Kot 
mpr? qe aA PIA we SE z] 
Pa A O LARS a 
ANE E RE FEAE pees pat. 
or Koj Koa? 


This result is due to Laplace (1784). . 
At the surface of the sphere. we have, by writing r — a in the 
&bove equations, . 


y 2 T 
and [v] zm us Qu. [v] : 
ra Kp ^ Ko@ r=6 


Thus both the field strength and the electrostatic potential are 
continuous at the surface of the spherical distribution. 

These examples demonstrate how, in general, it is very much 
easier to calculate the potential and derive the field strength rather 
than to work in a reverse way. sn 

Lines of force in an electric field.—When the vector E is 
known for all points in an electric field, the field is completely 
specified. The direction and sense of the vector at any point 
indicate how a small charge óg would begin to move if put there. 


. By following this direction from point to point curves are obtained 


and these are termed lines of force. Thus a line of force in an 
electric field is a curve such that the tangent at any point on it 
indieates the direction of the field strength at that point. 


The capacitances * of some simple forms of condenser in 
air.—(a) An isolated spherical conductor of radius a and situ- 
ated in free space.—Let Q be the charge on the conductor. At 
external points the field is the same as if the charge Q were. a point 
charge at the centre of the sphere. At a point distance r from the 
centre we therefore have, if «y is the relative permittivity of free 
space, 


* The capacitance of a condenser is defined as the quantity of electricity 
on the positive plate of the condenser per unit potential difference between 
its plates [of. p. 16]. 
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and hence, at the surface of the conductor, 


Numerically, x, = 1, so that we frequently say that the capacitance 
of an isolated spherical conductor in free space, is equal to its 
radius; the statement is only true numerically. 

(b) A concentric spherical condenser.—Let a and b (a < b) 
be the radii of the inner sphere and of the inner surface of the outer 
sphere ; itis assumed that the space between these surfaces is empty. 
Tf the outer sphere is earthed and the inner one charged, the charge 
on the outer sphere lies entirely on its inner surface. Let these 
charges be Q and Q, respectively. If V is the potential of the 


inner sphere: 
v-9 4, 
Ko Kob 
and since the outer sphere is earthed, 
_2,Q 
d b o 
Qi =—Q 
Q QR 
iran 
Q Kab 
and hence C= yxp 


(c) A parallel plate condenser.—When the radii of the above 
spheres are nearly equal, i.e. b = a + t, where t£ —» 0, the capaci- 
2 
tance becomes ex = D = v (approximately). The 
capacitance per unit area of the condenser is therefore 


& result independent of the radii of the spheres provided they are 
large compared with ¢. 

When the radii of the spheres become very large compared with 
unit length and we consider unit area of the condenser, we may 
regard this as a portion of an infinite parallel plate condenser. 

m-— Hence the capacitance of unit area of an infinite parallel plate 
TN 


1 
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condenser is ap for a parallel plate condenser with plates of 
area A, the capacitance (in free space) is given by 
va 


=a: 


This result cannot apply to an actual parallel plate condenser 
with plates of area A on account of the non-uniformity of the field 
near the edges of the plates. í 

If we consider unit area of an infinite parallel plate condenser in 
a vacuum and having a potential difference across it equal to V, then 
the charge on unit area of the positive plate is given by 


o= (ey poe 


If E is the field strength, necessarily uniform, we have 


This important result is obtained here as it will be required in 
the immediate sequel. 


EXAMPLES I 
Where necessary it may be assumed that for electrons e = — 4:803 
x, 105% esus = — 5:28 x 10% e.s.u. gm.—!,m = 9:11 x 10-* gm. ; 


also, mass of proton = 1:07 x 10-*4 gm. 

1-01. Point charges of electricity equal to + 120, + 60, + 60 and 
— 120 e.s.u. are placed respectively at the corners of a square ABCD 
of side 12 em. If the surrounding medium is air, find (a) the field 
strength at O, the point of intersection of the diagonals, (b) the work 
done in taking an electron from O to E, the mid-point of BC. 

[(a) 2:63 e.s.u. at tan-*3 to CA, — 2:83 x 10-* erg.] 

1-02. Point charges of 1, 2, 3 and 4 e.s.u. are placed respectively 
at the corners P, Q, R, S of a rectangle in which PQ = 4 cm. and 
QR — 6 em. If the medium is air, find the work done in taking & 
charge of 10-? e.s.u. from the mid-point of QR to (a) the mid-point 
of SP, (b) the mid-point of RS. [(a) 0, (b) 0.26 x 10-3 erg.] 

1:03. Two equal point charges q lie at two opposite corners of a 
square of side a, and & dipole of moment 2/2 qa is at one of the other 
corners, its axis pointing towards one of the charges g. Show that 


the electric field strength at the fourth corner is of magnitude ras 
and that its direction makes an angle tan-! $ with the axis of the dipole. 


' 
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1.04. Two equal point charges q are situated in air, at. 

corners A and C of a square ABCD of side a, and an electric 

of moment 4 = V2ga lies at D with its positive charge p 


towards B. Show that the field strength at B is (1 + V3) Sy 
LI 
1:05. (a) In the previous problem what charge must be place 
the centre of the square in order that the potential at the coi 
. Shall be zero ? 


(b) Find the new value of the field strength if the axis of the 
lies along the side DC of the square. f 


1:06. Each side of a thin circular metal dise in air carries a s 
charge of uniform density o. Prove that the potential at a poi 
the normal to the disc through its centre O and distant x fro 


4no[(a* + z*) — x] -> ka. : 
Hence show that the field strength at the same point is 


sng fi ais | 
Ka T @ + 28° 
Verify this result by an independent method. 


107. A linear distribution of electricity, density d, lies alon 
Ox axis between the points (a, 0) and (b, 0), where b >a. Fin 


potential and field strength at the point (0, :). Show that the ve 
at (0, c) bisects the angle which the line distribution subtends ai 
point. (Cf. Vol. I, p. 209 et seg.) 25 
108. A charge of 20 e.s.u. is at the point (0, 0) and a chi 
— 10 e.su. at the point (5, 0) in the zy plans, Calculate the magnit 
of the field strength at the points (10, 0), (0, 10), and (3, 4), the co 
ate distances being expressed in cm. i , 
Also write down an expression for the potential at the point (a, ; 
due to the above charges. Evaluate iE, an’ jEy, and hence reril 
the results obtained directly in the first part cf this problem. - 


[— 0-2, 0-42, 0-73, o.s% : 


n 


1-09. Calculate a value for an electron volt, i.e. for the en 
acquired by an electron as it moves unhampered through a po 
difference of one volt. 

The potential difference across an X-ray tube is 90 kV. 
the velocity. with which an electron, initially at rest at the c 
will strike the anticathode. ' 

; [1-601 x 10-1 erg., 1.78 x 10! cm.sec. 

1:10, Suppose an atom of hydrogen consists of an electron 8 
proton separated by a distance of 10-9 cm. What is the force 
the electrical charges concerned between the electron and the pro 
‘if the inverse square law is valid? If the mass of an elec 
9:12 x 10-9 gm., what value will classical mechanics assign to | 
frequency of the orbital motion of the electron ? fa 

[231 x 10-* dyno (attraction), 2-5 x 10%* seo, 4 


14 2v3 3 q 
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111. (a) A stream of electrons moves at a constant speed of 
0-50 x 10* om.sec.~! between metal plates in a vacuum, If the current 
is 240 mA., how many electrons are associated with 1 om. path of 
the stream ? 

(b) If an equal number of hydrogen ions also occur in the path and 
these move with a speed of 300 cm,sec.-! what would be the increase 


in current t 
[(a) 3 x 10%; (b) 0-144 x 10-* amp.] 
142. An electron, charge ¢ and mass m, is in empty space and free 
to move in a plane, Ze is æ positive at a Reed 
above plane. If the pig rk acting M cathe cena from the 
field due to the positive prove may 
circular path of any chosen radius r, provided that ite speed u satisfies 


the equation 


Zee 
muh m 9, 
where x, is the permittivity of free space. 
143. Two equal point charges are in free space and lie on an axis 
Ox at the points (aj 0) nd pied ^ vely, where O is the point 
(0,0). A material particle of mass m. carrying a charge — g revolves 
in & plane through O normal to Oz, ite noHon being daruined b7 1o 
o! 


attraction due to the charga If the charge — q describes a 
constant radius r, show that its orbital speed u, is given 


mi! = arte ai 


CHAPTER II 


CAPACITANCE AND THE THEORY OF ISOTROPIC 
DIELECTRIC MEDIA 


The capacitance of a condenser.—The capacitance, C, of a 
condenser is defined as the quantity of electricity on the positive 
plate of & condenser per unit potential difference between its plates. 

Thus if Q is the quantity of electricity on the positive plate of 
a condenser when V is the potential difference across it, 


m 
Ceg 


Experiment shows that the capacitance of a given condenser is 
& constant and depends only on the size and disposition of the plates 
when the medium separating them is air (strictly a vacuum). 

The insulating medium which sometimes separates the plates of 
& condenser is known as a dielectric and simple experiments show 
that such substances always increase the capacitance of a condenser 
of fixed size. 


Dielectric constant or permittivity.— If the dielectric inserted 
between the plates of a condenser completely fills the space between 
them, then experiment shows that the ratio 


Capacitance of a condenser with a dielectric 
Capacitance of the same condenser in air 
This constant is known as the dielectric constant or the relative 
Permittivity of the insulator with reference to air. If («) is the 
relative permittivity of an isotropic material, its actual permittivity 
is given by 


= constant («). 


K = (k)io, 
where (x) is a numeric, «, is the permittivity of free space, and 
(xo) =1. It is now known that x is not, strictly speaking, a con- 
ue it varies with temperature and pressure, so that the term 
ittivity is used to denote this property of an insulator. 
Condensers in parallel and in series.—To connect condensers 
in parallel their positive plates are joined together ; likewise their 
16 
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negative plates. If we represent a condenser in the conventional 
way by two equal and parallel straight lines, then Fig. 2:01 (a) 
shows three condensers in parallel. If C,, C, and Cj are the capacit- 
ances of the condensers, and Q,, Q, and Q; the charges on them 
when they are in parallel, while V is the common potential difference 
between the plates of each condenser, then 


But since Q, + Q, + Q, is the total charge on the positive plates of 
the compound condenser it follows that the capacitance of the latter 
is given by € = C, + €, + Ca 


Fro. 2:01.—Condensers (a) in parallel, (b) in series. 


By referring to Fig. 2:01 (b) we see how three condensers are 
arranged when they are in series. In this instance Q is the 
numerical value of the charge on each plate. Let V,, V, and V, be 
the potential differences between the plates of the condensers. Then 


Q = C,V; = CV; == C,Vs = M. Va + Vs, 


1 1 1 
p rtg 
But V, + V, + V3 is the total potential difference, V, between the 
extreme plates of the compound condenser. Hence 
Q= CV, T Vs + V3), 
where C is its effective capacitance, so that 
LEN PA QE M 
0 0$ 6 6 
Definition.—When a charge of one e.:.u. on the positive 
plate of a condenser creates a potential difjerence of one e.s.u. 
across the condenser, its capacitance is suid to be one e.s.u. 
of capacitance. 
The potential energy of a charged condenser.—Suppose that 
when a charge Q is on the positive plate of a condenser of capaci- 
tance C, the potential difference across its plates is V. Now the 
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potential energy of a charged condenser is equal to the work done 
in bringing up @ succession of small charges so that the final charge. 
is Q and the final potential difference V. To calculate this work at 
Some instant in the process of charging the condenser let q be the 
instantaneous charge on the positive plate and v the corresponding 
potential difference across the plates. There is at the same instant 
a charge — q on the negative plate which will be assumed to be 
earthed. 

Let a further charge ôg be added to the positive plate, when a 
charge — ôg will appear simultaneously on the negative plate. The 
work done against the field in this process is v óq for the potentials 
may be considered constant, i.e. 


9 OW = v dg + 0(— ôq) = v dg. 
Hence W, the total work done in bringing up the charge Q, is 
given by : 


Q 1Q* 
W= ele ida 
V = | vag fiu 


This may also be written 4QV or 40V2, [When the quantities 
concerned are expressed in e.s.u. the energy is given in ergs.] 


Practical unit of capacitance.—The practical unit of capaci- 
tance is the farad and a condenser is said to have a capacitance 
of one farad if a charge of one coulomb on its positive plate estab- 
lishes a potential difference of one volt between its plates. ‘ 

The microfarad, 1 uF, is 10-* farad; the picofarad, 1 pF, is 
10-7? farad. : 

On the relation between the e.s.u. of capacitance and the 
farad.—It will be assumed that one e.s.u. of potential difference 
is equivalent to 300 volts. Consider a condenser of one farad 
capacitance with & potential difference of one volt across it. Its 
energy is 

W = 10V? = 1.1.1? joule.* =} x 107 erg. 

If 1 farad = (x) e.s.u. of capacitance, where (æ) is a numeric, the 

energy of the above condenser is ; : 
W = HO\sto)* erg. 

tane the energy is constant, these expressions must be equal, 
l < (æ) = (300)? x 107 = 9 x 101, . 

7. l farad = 9 x 1011 e.s.u. of capacitance, 
la Auot sa uo Dy a 


i and k QE (01 pF=0-9 doa » ee S 


` *'The joule is the practical unit of energy. ^. 
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THE THEORY OF ISOTROPIC DIELECTRICS 


Experimental basis for the theory.—Let us suppose that we 
have two condensers geometrically alike ; one is an air condenser 
but the space between the plates of the other is filled with an 
insulating material such as sulphur. If both are charged by. being 
connected to the same high potential battery, as suggested in 


Dielectric 


Fra. 2:02.—Geometrically identical condensers with and without 
a dielectric. . I 


Fig. 2:02, and then discharged in turn through a ballistic galvano- 
meter, the throws of the galvanometer are not equal, but their ratio 
is constant however the potential difference common to each con- 
denser is varied. - The ratio of these throws.js equal to the rela- 
tive permittivity of the dielectric. It is equal to the ratio of 
the capacitance of the condenser with the dielectric to that of the 
condenser with air (strictly a vacuum). [Iċ is assumed that the 
plates of the condensers are large and close together in order to 
render edge effects negligible.] 

If t is the distance apart of the plates in each instance, V, and V, 
the potentials of the plates of the condensers, then 


Vi-Vs 


t 
is the same for each. For the air condenser this expression measures 
the field strength between the plates. What does it measure for 
the other condenser ? Before this can be answered the following 
digression is necessary. x / 

Electric doublets or electric dipoles.—If two electric charges, 
equal in magnitude but opposite in sign, coincide at any point the 
electric field strength due to these charges in the space around them 
vanishes. If, however, the charges suffer a small relative displace- 
ment any small electric charge introduced into the region round 
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them experiences a force, i.e. there is an electric field of sensible 
magnitude in the neighbourhood of the two Charges. Such a com- 
bination of electric charges is termed an electric dipole. 

Later on it will be found that molecules of such Substances as 
ammonia NH;, water H,O, chloroform CHCI,, etc., are permanent 
dipoles; other molecules such as those of methane CH,, argon A, 
and oxygen Q,, are not permanent dipoles; they are said to be 
non-polar. 

The electric field in free Space due to a dipole.— Consider the 
dipole formed by two equal and opposite charges, g and — q, placed 
respectively at distances s and s-Lós from a fixed point O, 
Fig. 2:03 (a) ; these distances may be measured along any smooth 
curve passing through O and the point charges. Then q(ós) = u 
is known as the electric moment of the dipole. It is required 
to calculate the electrostatic potential at P, a point in free space, 
and then deduce the field strength at P. Let r and r -+ ôr be the 
distances of P from — q and + q, respectively ; 0 and 0 + 00 are 
the angles indicated. Then 


V=— &() + 41 the new value of : when s becomes s -+ ds 
Ko 


Ko V f, 
nies -g (IE q[1, 0/l 
7 OGE] 
_ 9680/1 7 9(lVor , 2 (190 
"as ate a7). 


gii. i us a, B.0080 
a 5) eos (zx — 0) +0 = a 
This may be written 
Log 
S er ok 
For the field components we have, cf. Fig. 2-03 (b), 
E, = — 92V _ 2u cos 9 
y ôr Kor? 
10V sin 0 
d = a e a -— eee 
Rs EE Nonum 


nb LUC LA 
Ko 


os 8 , ^usinO 
r? ? : 


E = 11 + 3 cos? 6}, | 
Kor 


EN 
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+ve direction of 
0+60 axis of dipole 


(a) 


Fic. 2-03.—Electrie field due to a dipole in free space. 


and if E makes an angle ¢ with E, 
tan ds © = 4 tend: 
E, 
To find the equation to the line of force through P, we have to use 
the well-known fact that tan ¢ = p for $ is the angle which the 


tangent at P makes with the radius vector. Since tan à = } tan 0, 
we have 


dr _ 200505 
T sin 0 


which, on integration gives : 
inr = 2 ln sin 0 + In A, 
where A is a constant. This equation may be written 
X r — Asin? 6. 


\ 
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Some of the lines of force associated with a dipole are shown in 
Fig. 2:03 (c). 


Esample.—A. system of charges in free space consists of + 2q at the | 
origin and — g at the two points (+ a, 0). Show that at points distant | 
' Fr from the origin, where r> a, the 
electric potential is given by 
v dU 3 cost 8 — 1 
-— mo cos* 0 — 1). 
[N.B. Such a system is some- 
times known as a quadrupole.] 
The system is shown in Fig. 2:04 
and with the notation therein in- 
dicated, the potential at P, the 
point (r, 0) with respect to O is 


given by Pu 
gl q/1 g(l | 
Ye ag £() F 220) 35 £C. b 
Now n = rfi + cos aad | 
2a i | 
and fy rfa - Fees Z] : | 
But, since r $» a, s 
j 2a a] -z a 3eos*0 — lla? — 
[1 + R coso + = [1 ¥ fono. (2 ar: 


7. Neglecting terms in r-*, wo have 


1 pag a a’ 
Y = 2.) pd 1 T 7008 8 + (cos? 0 — UA 


a a? 
+1 + z00s0 + Acos? 0 — »5] 


PIS ag 1 
Ld 98 — 1). 

„This result may be obtained by regarding the quadrupole as two 
dipoles of moment 4 and — 4 respectively, with centres ós — a apart. 
are if P is the point (r, 0) with respect to the centre of the' first 

ipole 


Vp BU ch RE (—A)[fcos0 8 cosa 


Kort ko L r? 7 Qs rà | 
=. HP 2 eos 0 2r a cos 0 06 i 
klar ri Qi" + 3a aV Y 


C2) - sin 6 sin 0 
[C eos o cos 0) — —- ne] 


rs ES cos*8 — 1j, 
o 


if we write u — ga, and Js = a, 
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Dielectric polarization.—According to modern electrical theory 
an atom in its normal state is a configuration of electrons (negative 
charges) surrounding a relatively massive nucleus carrying a positive 
charge numerically equal to the total charge of the electrons. 
Hence, as a whole, the atom is uncharged. For the present we shall 
adopt the ‘static’ atom, i.e. we shall consider the electrons to be 
stationary relative to the nucleus. Since the total charge of a 
normal atom is zero, we may pair off each electron with an equal 
positive charge on the nucleus and regard each normal atom as an 
assemblage of electric doublets. .On the whole the total electric 

.moment.is zero. It is known that a carbon atom has six orbital 
electrons and a corresponding positive charge on the nucleus. If 
we imagine the electrons to be coplanar, then the electric doublets 
formed in the manner described above are as indicated in Fig. 2:05(a). 


i 6+ 
— V ae i i —-. 4 
AA mA a * 
QUNM y j " 
(a) f (2) s 


Fra. 2:05.—Electrio moments of atoms, 


, When the above configuration of charges is subjected to an electric 
field, the negative charges are displaced, relative to the nucleus, as in 
Fig. 2:05(b). Now an electric moment is a vector represented by the 
straight line joining the’ charges. Hence, like any other vector 
quantity, it may be resolved into components. The resolved com- 
ponents in the present instance in the direction of the field and 
perpendicular to it are indicated by the dotted lines. These show 
that as a whole the atom has acquired an electric moment in the 
direction of the field. When the above occurs with each of the 
constituent atoms of a dielectric, the medium of the dielectric is said 
to be polarized. ; « 

: If we take a microscopic view of a dielectric and imagine a being 
sufficiently small to wander in and out among the atoms and to be 
provided with suitable measuring instruments, then such a being 
would be able to detect variations in the field strength in the space 
between the different clectric charges... Actual instruments are only 
able to detect the combined effect of an exceedingly large number 
of atoms and their charges, and cannot reveal the changes which do 
occur locally in th medium. Such instruments only indicate mean 
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values. In an unpolarized medium, if we assume a chaotic arrange- 
ment of atoms, the resultant electric moment per unit volume must 
be zero. When a dielectric is subjected to an electric field there is 
a tendency for each atom to acquire a resultant electric moment in 
the direction of the field, i.e. there will be a finite electrio moment 
per unit volume. This is termed the dielectric polarization of 
the medium and is denoted by the letter P. 

So far, reference has only been made to atoms or molecules which 
become polarized when acted upon by an external electric field. 
There are substances, however, whose molecules are permanently 
polarized—the case is analogous to that of paramagnetism—and 
the effect of an electric field is to cause the molecules of such sub- 
stances to align themselves with their axes parallel to the direction 
of the field, in addition to a change in the electric moment of each 
atom due to the displacement of its electrons relative to its nucleus, 
Later on, we shall see how experiment is able to discover the type 
of molecule present, 

Now let us consider a small element of a polarized medium ; let dl 

j be the length and ôS the constant cross- 
pplied field sectional area of this element, of. Fig. 2-06. 
iz + Although this element is small it must still 
be sufficiently large to contain a large 
number of atoms so that the resultan: 
electric moment of all the atoms in this 

E 3 ; element is parallel to the length of the» 

dan “SAS armies element which is supposed to be in the 

direction of the applied electric field. The 
electric moment of this element is by definit.on P(0S.l). INow this 
moment may be considered to arise from charges numerically 
equal to ôg en the ends of the element. Its moment is then ôg. dl. 
Equating these two expressions for the electric moment of thie 
element, we have >: 


im 02 _ da 
or = ene piat a 
P — lim 38 ds 
Hence P, the dielectric polarization of the medium, is equal 
o the surface density of the electrification on the positive end 
of an element such as that we have considered. Here it must 
be remembered that when equivalent surface charges are being con- 
sidered, the dielectric must be supposed non-existent. 


Electric induction or electric displacement.—Let us consider 
unit cross-sectional area of a parallel plate condenser, (a ) when the 


Space between the plates is free from matter and (b) when the medium 


between them has a permittivity x. If V, is the potential of the 
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positive plate, V, that of the negative plate, t the distance apart of 
the two plates, and c, the surface density of the electrification on the 
positive plate in the first instance, then 
dme CNG Maxi. : 
PS EIS GN 1 . » fi) 
where V = V, — V, the drop in potential across the condenser. 
Now insert the medium of permittivity x between the condenser 
plates, the potential difference across the condenser being main- 
tained equalto V. Then in theory and in practice (even with gases) 
an extremely narrow gap is left between the surface of the plates of 
the condenser and the boundaries of the medium. Owing to the 


Unit area Unit area 


- esp 7 -0g-0-P 


v 
[Ywaev] F 
Fia. 2:07.—Electric induction, 


polarization of the medium we get charges of surface density + P 
at its boundaries, the charge due to dielectric polarization at the 
boundary near the positive plate of the condenser being negative, 
and vice versa, as indicated in Fig. 207. The charge — P induces 
an opposite charge + P on the positive plate of the condenser, so 
that the surface density of the electricity on the positive plate is 
now given by 


03 = 0% tE. 
But experimentally o, = («)0;. Hence 
: ()s; — e, - P . À »» 5l) 


Eliminating cg, from (i) and (ii) we have 
(ae, n SEP, 
or, since — (k)ko K — Ko o = Ky + 4x a 
= Ky + 4my,. ` . . . (ii) 
where y — i the electric susceptibility of the medium. 


i 
A. 


' 
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molecule of a gaseous dielectric has, on the average, an electrio . 
moment m, and that | 


m — aE, 


where E is the applied field and « a quantity whose nature is to be 1 
discovered. If there are n molecules per unit volume, then 3 


nm = P = naE. 
But D = 4E + 4zP. 
ee Wm e dn. = y+ bona. 


Hence, when x is known, « may be determined if Ky is taken to be 
unity, Quite naturally, therefore, we ask ourselves what does this 
quantity represent ? Farapay imagined that œ was a measure of 
the electric response of a molecule to an electric field, for according 
to him this field caused a displacement of the two differently charged - 
portions of a molecule so that a dipole was formed. The dipol 
ceased to exist when the field was removed. j 

Dxsyx (1927) conceived the idea that a molecule may possess — 
& definite electrio moment even before the electric field is applied. | 
ie. the distribution of charge in such a molecule is asymmetrical. — 
Debye termed them polar molecules, and the action of an electric 
field on them is twofold : 3 

(a) it tends to align the molecules so that their electric axes are in A 
the direction of the field ; | 

(b) it causes a displacement of the electrons in each atom relative 
to the nucleus in that atom. 

Debye therefore wrote 

& = 04 + as, 


where a, is the contribution caused by the application of an external 
field, and a, is the contribution due to the permanent electric 
momenta of the molecules when a random orientation of their axes 
no longer exists. He argued that a, will depend on the temperature | 
of the dielectric ; as the temperature rises the molecules will be less A 
liable to become orientated with their axes along the field. He 
showed that the permittivity of a gas whose molecules are perma- 
nent dipoles could be expressed by the formula 


kc a4 * 


where T is the absolute temperature and a and b are constants. 
For non-polar compounds x is constant, |f therefore i is plotted 


against T’ straight line having a definite slope is obtained for gases 
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whose molecules have a permanent electric moment; for non-polar 


compounds the straight line, ef. Fig. 2-09 (a), is parallel to the T axis. 


Ammonia NH;, and methane CH,, are examples of polar and non- 
polar molecules respectively. In the case of ammonia, Debye has 


R ; 


Fig. 2:09.—(a) The permittivities of gases and their variation with 
temperature, (b) an NH;-molecule (polar). 


shown that the hydrogen atoms (really ions) are arranged at the base 
of a regular tetrahedron, the nitrogen ion occupying the apex; this 
arrangement is shown in Fig. 2-09 (b). The angle HNH is 110°. 

Note on projected areas.—Let ôs, Fig. 2-10 (a), be an element 
of length in the plane of the paper; let P be & point on ós. Take O;, 
a point on the normal at P to ôs and through O, draw two straight 
lines O,X and O,Y parallel to rectangular axes Oz, Oy and let ds 
produced intersect these lines in A and B respectively. If dx is the 
projection of és on O,X, which is also its projection on Oz, 

ôs = ós cos y 
=n és, 

where y is the angle O,P makes with Oy (or O,Y), and cos y = n. 

In order to obtain an area suitable for projection let AD and BC, 
Fig. 2-10 (b), be straight lines parallel to the plane of projection and 
normal to the straight line AB just considered. Further, let AD = BC. 
Then if the area ABCD is projected on to the plane O,AD, the projected 


area is 
0,C,DA = 0,A x AD 
= AB cos y x AD 
=n x area ABCD 

Now suppose S, Fig. 2-10 (c), is the plane area whose projection on 
the plane Oy is required. At any convenient point O,, on the normal 
to S at P, draw three straight lines, O,X, O,Y, O,Z parallel to the axes 
of reference Ox, Oy, Oz. Let the plane containing S intersect the axes 
O,X, etc., in A, B and C respectively. 

Through P draw a straight line QPR normal to PC to cut the periphery 
of Sin Qand R. Let P; Q, and R, be the projections of P, Q and R, 
respectively on the plane XO,¥. Then since PQ is normal to PC and 
also to O,P, it is normal to every straight line in the plane O;PC, i.e. 
QP is normal to PP,. Hence the projection of PQ on XO,Y is P,Q: 
where, P,Q, = PQ. Thus QR = Q,R,. s 


x 
Fig. 2-10.—Projection of an area, 


. Hf, therefore, we form an element of area 5S by drawing a line parallel 
| i 8, as measured along PC, from it, cf. Fig. 2-10 
(d), the projection of this element on XO;Y will be 
QR: X n de=n x ôS, . 
, Where (I, m, n) are the direction cosines for the normal at P. If (68) zy 
is the projection of 43 on zOy, we have : 


(88) zy =n 88. 
(S) = 158, and (48), = m uS. 


Similarly, 


paren 


iy 
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The flux of a vector quantity across a surface.—The flux of 
& vector quantity across a surface is defined in the following way. 
Let 8, Fig. 2-11, be a surface 
with a unique normal at every |. eee - 
point and let J" be its periphery. 4 
Then S may be considered as — / 
part of a closed surface Sọ. 
Consider an element 6S on the 


surface and let A be the vector 
at ôS; let & be unit vector NS 

along the outward drawn nor- S A 

mal at ôS. Then if 0 is the — — — "7 


= Fie, 2-11.—Flux of a vector. 
angle between f and A, the 
normal component of À at ôS has magnitude A, = A cos 0 = À. 4. 


The scalar quantity -Aà 0S is called the flux of A across the 
surface dS, 

By summing up the contributions to the flux from each element 
of the surface we determine the flux across the whole surface S ; 
thus 


Do 


p 
- "e. 


a 


Flux of A across § = faa ds, 


where the integral is evaluated over the surface S. 
In particular, if D is the electric induction at an element ôS of 
a surface, [Daas is the flux of electric induction across the 


surface S. 


Gauss’ theorem in electrostatics.— This theorem states that 
the flux of electric induction across any closed surface having 
a unique outward drawn normal at every point on it is 4x 
times the sum of the electrostatic charges enclosed by that 
surface. Thus 


[2.45 = 422 (9 = arg, 


or [ Baas = 4n Eq) = srg, 
where the integrations extend over the whole of the closed surface, 
and Q = (q) is the total charge enclosed. 


Proof of Gauss’ theorem in electrostatics. —Let q be a point 
charge of electricity situated at O, & point inside & closed surface 8, 


wn in Fig. 2-12 (b). Now : 


cos 0 ðS = area of which AC is the trace =r? du. [AO is 1D] 


een Flux across dS = Dr? 4c. 
But D= £. Therefore the flux across 88 = ¢ ôw. 
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sider Fig. 2-12 (c). Let 68,, 08, . . . be the areas of the closed 
surface intercepted by this elementary cone; the corresponding 
unit vectors along the outward drawn normals are shown. The 
angles 0, and 0, are obtuse; 6, and 0, are acute. Thus 


S NS 
de — 051.008 (n = 0) — 88, cog 9, = St cos 0, = eto. 
n? r? r4! 
The contribution from these four areas to the flux of electric 
induction is 


D, cos 6, ôS, + D; cos 0, 08, + D; cos 0, 08, + D, cos 6, 08, 
EUM di ioc: re 3,290 = 
7a ba + PO ba n do + n ôw = 0. 


.. Flux of electric induction across the whole surface is zero. 

If the closed surface has a shape similar to that shown in 
Fig. 2-12 (d) and the point charge lies within this surface, then an 
elementary cone having its apex at the charge must intersect the 
surface an odd number of times. Let us assume this number to be 
three. Then the contribution from the three surface elements 
indicated to the flux of electric induction is 
D, cos 0, 08, + D, cos 0, 08, + D, cos 0,68; 


g g q 
=+ Ti óc — nit ôw + PL dw 


= q ôw —gdw + 9 ôw = q do. 
Therefore the flux of electric induction across tho whole surface is 


fado = a | de = m 


Although the theorem has been established for a point charge it 
applies to any distribution of charge for this may be considered as 
a collection’ of point charges. Hence if Q is the total charge, i.c. 
E (q), enclosed by a surface with a unique outward drawn normal at 
every point on it, then we have proved that 


[Paws or { D cos 0 a8 = 470, 


which is Gauss’ theorem in electrostatics. An analytical expression 
in vector form for this theorem is 


[Daas = 4x0. 


Lines and tubes of electric force and of electric induction.—. 
It is possible to draw continuous lines in an electric field in free 
space such that the tangent at any point to one of them indicates 

G.D,P.—V—0 3 
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the direction of the field strength at that point. It is also Possible 
to draw lines of force, for such is the name given to the above lines, 


shaped cavity having its length parallel to the applied field and its — 
centre at the point in question, It is also Possible to draw other _ 


a small positive charge placed in a cavity having the Shape of a pill .— 
box with its faces normal to the applied field, such lines are termed 
lines of induction. 3 


Tubes of Induction.—Let A, Fig. 2:13, be a Point in an electric 
field, the electric induction or electric displacement at A being D, 


tube is D,.08, — D,.08,, 
Since D, and D, are normal 

to the areas 9S, and 08$, 
Fro. 2-13.—A tube of electric induction, respectively, The contribu: 


tional to the area of cross-section of the tube at that point. In 
Beneral, the product D.68 is known as the strength of the tube, 


Definition,__4 unit tube of electric induction is one for which 
its strength, viz, D.08, is unity. 
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interface between two different dielectrics. Consider first of all an 
element of area ôS, Fig. 2:14 (a), of the interface, so small that its 
curvature may be neglected. Describe the prism generated by 
lines passing through the boundary of ôS and at right angles to 
its plane. Let the prism be truncated by planes parallel to ôS and 
let the height of the prism be a small quantity of the second order 


if S is a quantity of the first order. Let D, and D, be the electric 


induction vectors in the media on either side of 6S and let these 
vectors make angles 0, and 0, with the normal to 6S. 


(a) (5) 


Fro. 2:14.— Conditions at the boundary between two 
isotropic dielectric media. 


Apply Gauss’ theorem to the prism. The electric induction is 
necessarily finite so that the flux of induction across the curved sides 
of the prism vanishes since its area is negligible compared with that 
of each plane end. The flux of electric induction is therefore 


— D; cos 6, ôS + D, cos 0, 08, 


and this, by Gauss’ theorem, is 4ng ôS, if c is the density of the 
electrification at the boundary. 


<. Dacos 0, — D, cos 0, = 40, ie. D,-a — Dâ = 4nc. 


In the majority of cases there will be no charge at the interface 
so that D, cos 6, — D; cos 6, = 0, i.e. the components of the electric 
induction normal to the interface will have the same value on either 
side of it.—in other words, when there is no charge at the boundary 
between dielectrics the normal component of tb» electric induction 
is continuous from one medium to another. When this is not the 
case it is discontinuous by an amount equal to 47 times the charge 
per unit area at the interface. 

‘A similar relation is satisfied by the tangential component of the 
field strength. Consider the rectangle, Fig. 2:14 (b), which forms 


trengths is the length of the longer sides of the l 
element, the work done is 7 
+ [(E, sin 6, — a Sin 03) dg] dx, 


the sign depending on the sense in which 
This work must vanish for otherwise 
could be obtained by Tepeating the 


E, i= È, 
where ? is a unit vector normal to ñ and parallel to Sz. 
The (second) law of refraction for dielectrics.—Since, in 
genera], Dis «E, the above conditions give 
& Cot 0; = x, cot ba. 


Thus «cot 0 is an electrical invariant, This statement may be 
symbolized by the equation 


result we are about to obtain is not without importance in the 
theory of dielectrics, 


i i completely fills the space 
previously occupied by a uniform electric field E, the field strength 
> unchanged although the medium is polariz, i i 


pO TC XN. 


RUE D 
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the lines of induction are as shown in Fig. 2-15 (a). At à point Q 
on the surface of the cavity the second law of refraction gives 
Ko 00K 
tan,  tanO, 
ie. 0, > 6, since x > Ky. 
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Fic. 2:15.— The force per unit charge on. a small charge in a spherical cavity 


within an isotropic dielectric. 


To determiné the force per unit charge on a small charge placed 
within the spherical cavity let it be assumed that the field strength 
is E, everywhere; it is parallel to the original field E and this 
remains the field within the dielectric at points far removed from 
the cavity. At other points in the diclectric let the force per unit 
charge be assumed to be E plus thet due to a dipole of moment u 


y 1? 


AAT 
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at the centre of the cavity, the whole of Space, as far as this super. 
imposed field is concerned, being free from material media, cf, 
Fig. 2-15 (b). Then at the point Q, viz. (a,0), since the tangential 
component of the field strength is continuous, 


E, sin 0 = E sin 0 — 4 sin 6, 
Ko 
Le. E,=E MET A Á i PRU 
The normal component of the electric induction is also continuous ; 


«TF, cos 0 = E cos 0 + 2H cos 0, 
i 2 d 
ie. kE, = «E + T 3 : 3 . — (ii) 
Eliminating 5 from equations (i) and (ii), we find 


B 3 . uu 
/ 3, 
At points far removed from the cavity the polarization, P, is 


constant and given by 
D=xE=nE+42P j - (iv) 
From (iii) and (iv) we find 


E, =E+ =p. 
0 


Since equations (i) and (ii) satisfy the conditions of continuity at 
erfabe for all values of 0, it follows that our initial assumptions 
ids were correct. Hence, everywhere inside the spheri- 


cal cavity th, force per unit charge on a small charge is E + er . 
Lg 

This is sometiNes called the Lorentz field and comparing the ex. 

Pression for it Wet, equation (i), we see that if P is positive then 
H is negative. > 

The electric fidd inside a hollow nductor of 

maticial.—Let A, Fig. 2-16, be a hollow charged 

conductor of homo yous material and let it be A potential V. 

Itis desired to show thh if there is no electric we Sat tone by A 

the field | is zero If it is not zero equipotential 


a 5 
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on B the electric field will have a finite component along tho out- 
ward drawn normal. Since, in general, D = xE, where x is the 
permittivity of the medium, it follows - 
that if tho field has a finite component 
along the normal considered, then D 
must also have a finite component in 


the same direction, i.e, D'Àis always 


positive. Hence the flux of D across 
the surface B is always positive, i.e., 
by Gauss’ theorem, there must be a 
~~ dro vitblà BRUCH ee eas fleld within 
in A. 

Similarly if V, < V the electrio  homegenmus manui io" of 
field will have a negative component 
along the outward drawn normal at every point on the surface 
of B. The flux of induction across B will therefore be negative, 
so that a negative charge must be present inside the hollow of 
the conductor. usi 

Each conclusion thus deduced is contrary to our hypothesis 
there is no charge within the hollow conductor. Thus the potential 
is constant throughout tho hollow, i.e, the field therein is zero, 


The field strength at points within a charged and isolated 
spherical conductor.—To examine the field strength at points 
within a charged and isolated hollow spherical conductor let O, 
Fig. 217 (a), be the centre of the spherical shell with its uniform 


F ; 2:17.—Tho inverse n'ù power law in electrostatios; fleld inside a charged 
y and isolated conductor in the form of a spherical shell. 


distribution of electricity of density a, and P a point within it, 
Let us assume a modified law of force and write r^^ instead of r-, 
where n is a positive quantity, Also let AB be the trace of a plane 
through P normal to OP and through P construct an elementary 


d rer I ae Cf e MU 
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cone, with solid angle 6, to cut the sphere in elements of area ôS, 
and 6S, respectively ; let r, and r, be the distances of these ele. 
ments from P. If L and M are the points indicated, then both 


OL and OM make equal angles, say «, with LM. From the diagram, 
if OP = h and 4 is the angle indicated, 

rj? = a? + h? — 2ah cos 4, 
so that r, varies from (a — h) to +a? — h?; the corresponding 
limits for r, are (a +h) and -- Va? — h?, so that Tą is never less 
than rj. 


If ôg is a small charge at P, the resultant force, ôF, on it and due 
to the elements considered, is directed along PM and given by 


E 


Kory" Koa” 
adw 1 l 
Ko COS TI g A Ts | oq 
since, cf. Fig. 2-17 (b), the solid angle which ôS, subtends at P is 
25:99; this is also 091999 9. Thus the field strength at P due 
fi 
to the elements considered, and in the direction PM, is given by 
mdp e eae 


ôg: Kgcosa|r,-? ryp) 


Since r, is never less than r,, 8E will be towards ôS, if n > 2 
and away from it if n <2. Now the whole surface of the sphere 
may be divided in this way into pairs of elements and the resultant 
field at P will not be zero unless dE is zero for every pair of elements 
such as ôS, and óS;, since if n > 2 there will be a resultant field 
towards the larger portion of the sphere into which it is divided by 
AB, and vice versa. If therefore it càn be shown experimentally 
that the field strength inside a charged and isolated sphere is zero, 
then the index n in the inverse power law must be exactly 2. 


. Maxwell's experimental verification of the inverse square 
law in electrostatics.—The apparatus, which was a modification of 
an earlier one by CAVENDISH, consisted essentially of a metal sphere 
_ Surrounded. by two metal hemispheres supported concentrically on 

„an insulating stand ; the inner sphere was held in position by means 
ofan ebonite ring. In this way the insulating support for the inner 

sphere was never exposed to the action of any electric field and 
therefore never received any charge which might have been a dis- 
turbing factor when the inner sphere was tested for the presence of 
electricity on it. . The outer sphere had a small hole in it so that 


{ 
| 


| 
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by inserting & metal probe, connected to a quadrant electrometer, 
through it any charge on the inner sphere could be detected, 
Initially the two spheres were connected by a wire and raised to 
a high potential. They were then insulated from one another and 
the outer one earthed ; finally the inner sphere was connested to 
the electrometer. ‘Not the slightest effect on the electrometer 
could be observed,’ wrote Maxwell. 

Maxwell then calculated that if the repulsion had followed the law 
1?—!, the potential of the inner sphere would have been —0:14788V 
where V was the potential of the shell, and showed experimentally 
that 

1 
B « X a1500 

It was in order to estimate the potential of the inner sphere if the 
value of f were not zero that both Cavendish and Maxwell used 
spherical condensers, but in any closed opnduotor with no charge 
within, the electrio field strength is zero. 


A modern method for testing Coulomb's law of force 
between point charges,—At first sight it would appear that a 
considerable improvement in the acouraoy of the test of this law by 
Maxwell’s method should be possible to-day, for high voltages can 
now be produced and very small differences in potential detected. 
In all probability, however, Maxwell a tly reached the limit: 
of accuracy attainable by his method for it is now known that the 
small charge which might remain on the inner sphere could be 
affected by spontaneous ionization even in a very short time; the 
most serious difficulty arises from contact potentials. In 1936 
PrrwPrON and Lawzon devised the following method for te 
the law of force between point charges and in it the effects of contact 
potentials were entirely eliminated. was accomplished by 
placing the detector inside the inner globe and connecting it per- 
manently to indicate any change in the potential of the inner globe . 
relative to the outer one. It was shown that the presence of a 
conducting body inside the inner globe has no effect on the resulta 
and this made it possible for the dimensions of the detector to be 
chosen so that the detector and its shield was approximately equiva- 
lent to the lower half of the inner globe ; this was removed from the 
system, 

- ' Fig. 2:18 shows the principal mee of the apparatus used in this 
investigation. The globe A is made of iron and is five feet in dia- 
meter, The detector D is a five-stage resistance-capacitance coupled 
amplifier designed for a frequency of 2 cycle. sec.-!; the actual 
(detector being & vibration galvanometer G tuned to this frequency, 
the complete detector is known as a resonance electrometer, 
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The inner hemispherical dome B is also made from iron and is four 
feet in diameter. It is mounted on Pyrex glass insulators. 

The galvanometer G, inside D, was illuminated and after the 
upper half of A was in situ it could be viewed through holes at the 
top of A and B. In order that there should be no break in the 
conducting surface of the outer globe A, a glass-bottomed vessel was 
threaded into the hole in A and filled with an aqueous solution of 
common salt ; the liquid surface was flush with the external surface 
of A and a fine wire gauze, soldered to the walls of the containing 
vessel, was submerged in this solution to cover the glass. . 

In some preliminary experiments wherein the outer globe was 
charged and simply discharged by opening and closing circuits, the 
galvanometer gave deflexions which were due to mutual inductance, 
M, between the charging circuit and the inner conductor; by Fara- 
day's law, cf. p. 224, this acquired a potential numerically equal to 
MT (° S), where Q is the charge on A at time f; $ is the 
charging current. Such an effect must never be allowed to be large 
enough to be detectable, i.e. x has to be kept small. For this 


purpose the use of a resistor alone was not satisfactory since : is 


very large at the instant a circuit is made or broken ; a quasi-static 
method was therefore adopted. In it a high voltage was applied 
to the outer-sphere as a sinusoidal wave of low frequency, so as to 
build up a resonant vibration of the galvanometer. Apart from the 
great sensitivity of such a detector it also possessed another great 
advantage which may be explained as follows. The sensitivity of 
the amplifier is limited by the effect on the galvanometer caused 
by Brownian motion in the surrounding air.. Such motions have 
frequencies of all values and, according to the equipartition law, 
the energy associated with any one frequency is the same for all 
frequencies. Now a vibration galvanometer responds to those 
Brownian motions which have a frequency approximately equal to 
its own, and this response is only negligible when the disturbance, or 
signal to be measured, is energetic and has a frequency equal to that 
of the galvanometer. 

To obtain a high voltage with a very low frequency, a condenser- 
generator was developed. This consisted in part of three large 
metal combs ; in the diagram S, S represent two of these, known as 
stators ; they were always stationary and had their teeth pointing 
upwards, while the third, the inductor I, was held with, its teeth 
pointing downwards and caused to swing harmonically i in and out- 
of mesh alternatively with each stator. The stators were charged 
by means of a transformer and rectifiers K, K ; the capacitance to 


à 
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earth of the stator was increased by adding large mica condensers 
€, C. 

‘The generator was connected to A through graduated chokes to 
eliminate high frequency currents and the applied voltage read 
directly on a calibrated eleotroscope, E, for any position of the 

inductor I. -To observe the wave-form of this voltage an oscillo- 
scope was coupled to the line through a cylindrical air-condenser T. 
Since the impedance of such a condenser is high at the low frequency 
used, an amplifier was inserted before the oscilloscope. This was 
provided with a 60-cycle sweep, which became a very slender 
» ellipse owing to pick-up from the surroundings. This ellipse moved 
up and down with the applied voltage and retained its smooth 
shape, a fact indicating the absence of high frequency components. 

The connexions for the calibration of the oscilloscope are shown 

in Fig. 2:19. The outer globe A was earthed and a small known 


To condenser 
generator —> 


Fra. 2:19.— Calibration of the C.R.O. used in connexion with the verification 
of the inverse square law in electrostatics. 


fraction, R, — (R, + R,), of the voltage from the condenser- 
generator applied to B by means of the high resistance potential 
divider R, + R,. The amplitude of the voltage from the generator 
was read directly on the oscilloscope, without Sweep; since the 
deflexion. is independent of frequency, the oscilloscope could be 
calibrated with the aid of the battery shown. 

With the apparatus in working order and ¥ > 3000 volts no 
change in the small heat motion of the galvanometer was ever 
detected when the generator was started or stopped at random. 
Since the minimum voltage, $, observable above the usual heat 
fluctuation was 1 uV., Plimpton and Lawton finally concluded that 
the exponent in the inverse law of force between point charges is 
2 +107, 

‘In view of the accuracy thus attained it is necessary to consider 
any possible effect of gravity on the otherwise uniform distribution 
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of charge on an isolated spherical conductor. If electrons with 
inertial mass m and charge e, where e = —4-803 x 10-” es.u., 
have weight mg, the potential V, at a point on the surface of the 
spheré must be such that 


pe 
dz =m, 


where z is the height of tlie point above datum level. Thus x 
is constant, ie. V — az + b, where a and b are constants. Calcula- 
tion showed that the maximum potential difference over A did not 
exceed 10-1? volt; the effect of gravity does not therefore affect the 
conclusion already stated concerning the law of force in electro- 
statics. 


Coulomb’s theorem in electrostatics.—This theorem states 
that if D is the electric induction at a point just outside a con- 


ductor, then D = 4no f, where ø is the density of the electricity 
on the conductor and À is the unit vector along the outward drawn 
normal at the point considered. Thus D = 47o. 


Since the surface of the conductor is an equipotential the vector D 
is always in a direction normal to the surface. Let dS, Fig. 2-20, 
be an element of the surface, S, j 
of a conductor surrounded by 
a dielectric of permittivity x. 
At every point on the boundary 
of 6S let us draw perpendiculars 
to the surface; let the cylind- 
rical surface thus formed be 
truncated by two neighbouring 
planes parallel to ôS, one of 
the ends of the frustum 80 Fro. 2-20.—Coulomb’s theorem. 
formed being inside the conduc-  . 
tor and the other in the dielectric. These ends each have an 
area 6S. Let us apply Gauss’ theorem to the small closed surface, 


so formed. Now within the conductor D is zero for the conductor 


is an equipotential. Hence for the surface considered Dis every- 
where zero except over the end ôS lying within the medium. 


. Flux of electric induction over the surfaces of the prismatic 
element = D ôS, and this, by Gauss’ theorem, is 4z.g0S. Hence 


D = 4x0, 
or D = 4nc f. 
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Electric induction due to a uniformly charged spherical 
conductor.—(a) At points outside the sphere. Let A, Fig. 2:21, 
be a point situated outside a sphere of radius a and carrying a charge 
Q. Since the charge on the sphere is uniformly distributed, the 
electric displacement will be radial and equal at all points equi- 
distant from O the centre of the sphere. Through A draw a spherical 
surface of radius OA, the centre being O. The electric induction at 
all points on this surface is D and is everywhere normal to the sur- 

. face at the point considered. Hence the flux of induction across this 
spherical surface is 
D X (area of surface of sphere of radius 7) = 4nr*D. 
But by Gauss’ theorem this is 4xQ. Henco 


S. 
D=5 


The electric field strength is therefore 2 where « is the per- 
kr 


mittivity of the surrounding me-ium ; it is assumed to be isotropio. 
At points outside the sphere the electric induction and field are the 
same as if the charge were concentrated at the centre of the sphere. 

(b) At points inside the sphere. If B is such a point and a 
spherical surface, with centre O and radius OB, is constructed, the 
electric induction, unless it is Zero, must again be radial at all points 
on this surface. The flux of induction across this surface is zero, 
for by Gauss’ theorem it is 47 times the charge inside the spherical 


surface and this is zero. Hence, inside the sphere, D, and therefore 
E, are zero. 


` 
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` Fra. 2:21.—Electrio induction due 
to a charged sphere. 
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Fia. 2-22, —Electric induction due 
to a charged infinite plato. 


Uniformly electrified infinite flat metal plate. Let c be the 
ty of the electricity on each side of the plate. By symmetry, 

the electric displacement must everywhere be normal to the plate 
and have a constant value at all points in a plane parallel to it. 
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Under these conditions the area of cross-section of any tube of 
induction remains constant. Consider the portion of such a tube 
shown in Fig. 2:22. Let D, and D, be the values of the electric 
induction at the lower and upper ends of this cylinder. Let the 
areas of these ends be S. It is not necessary for these areas to be 
small since, by symmetry, D, and D, are constant at all points in 
the respeotive planes parallel to the given plate. The flux of in- 
duotion across the surface of this cylinder is 


S -— D$, 


the contribution from the curved surfaces being zero. The above 
is zero by Gauss’ theorem. Hence ; 


D, = D, 


or the electric induction is constant, and equal to D, say. 

To determine the value of the induction consider the portion of & 
tube of induction indicated on the right of the diagram. This tube 
originates on a charge dS. Let the above cylinder be produced 
backwards so that it may be truncated inside the conductor. There 
can. be no tubes of induction inside the charged plate, but that does 
not preverit us from drawing a portion of a closed surface inside the 
conductor, The only contribution to the flux of induction arises 
from the end of the tube in the dielectric, and amounts to DS. ` 
By Gauss’ theorem this is 408, so that D = 4xc. In using this 
formula it must be remembered that o is the surface density of the 
electricity on one side of the plate only, 

A uniformly electrified infinite cylindrical conductor.—. 
us consider the electric induction and the field due to a uniform 
distribution of electricity on a right circular metal cylinder, which 


Fig. 2:23.—Electrio induction due to an electrified infinite cylinder. 


either extends to infinity in each direction or else has its ends so far 
removed from the region under consideration that their influence. 
may be neglected. Let P, Fig. 2:23, be a point at distance r from 
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the axis of the infinite cylinder, the charge of electricity per unit 
length being g. By symmetry D will be radial and havo the same 
. value at all points equidistant from the axis of the cylinder, 
-Through P describe a cylindrical surface coaxial with the charged 
linder, and construct two planes at distance 1 apart and normal 
the azis of the cylinder to form a closed surface. The charge 
enclosed by this surface is ĝl. The plane ends contribute nothing 
to the flux of induction across the closed surface considered. Tho 
flux across the curved surface of the cylinder is D.2z7]. By Gauss’ 
theorem this is 4x7. Hence 


D = 2 
r 
and E22 
kr 
where x is the permittivity of the medium surrounding the charged 
oýlini 


Each of these expressions is independent of the radius of cross- 
Section of the cylinder, so that the field is the same as if the radius 
of cross-section were very small, i.e. if the conductor were a straight 


_ charged wire. 


; parison with that of the nearer points of the cylinder. When r 
ie very largo the eleotrio induction is not zero over the plano surfaces 
of the Gaussian surface used, so that the investigation cannot hold 
for large values of r. Hence we cannot find the electric potential 
wt P by integration of the work done against the field in bringing 
loves ime c ce eee because the field Strengths at 


av D ; 
Rt Er ee Mad. aa Vi iy a funtion of r. 


Vea Yin, 
K 


Where A is a constant, the valuo for which cannot be found. Thus 
for à long cylindrical conductor the electric field at a, point near the 
cylinder does Rot depend on the conditicns at the ends of the 
cylinder but the potential and capacitance do, 
linder of saute, lament in a certain diode may be regarded 
of radius A P as a 
ho fa it thed and dio ming. & coaxial o linder of radius b, 
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Show that at a point distance r, [a < r < b], the potential V is given by 


"ie 


If a = 0:04 cm, b = 0:8 cm. and V, = 300 volts, calculate a value 
for the velocity of an electron, which starts from rest at the cathode, 
when it is 0-32 cm. from the surface of the cathode. It may be assumed 


that for an electron = = — 5-28 x 1077 e.s.u. gm.—?. 


Let P be a point in the region between the electrodes and at a distance - 

r from the axis of the system. Since the inner electrode is the cathode 
let the charge on it per unit length be — 4; then g will be the charge 
per unit length on the inner surface of the anode. The corresponding 
charge on its outer surface will be dy, say, but. it does not concern 
us here. Through P construct a Gaussian surface, which in this 
instance is & cylinder of radius 7 and unit length. If E is the field 
strength at P and x, the permittivity of a vacuum, we have, by 
Gauss' theorem, À 


j dV 
KE x92nr-4m(—4d) or E= -d--v 


x Y e ahis. +A, 


Ko 
where A is an integration constant. At r=a, V — 0, so that 
22 tna +A =0. Hence 


Loc T 
In 3: log 3 


In the problem we have V, = l es.u. Hence 


0-32 + "eed 
lgi— 694 / _ log 9 
Velx 0:8 log 20 
of (oos 
Tf u is the velocity of the electron, m its mass and e its charge, since 
the total energy of the electron remains constant, we have 


e(0) -+ 4m(02) = eV + 3mu?. 


= 0-78 e.s.u. 
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Henco u= V2 x 6-27 x l0 x 0-73 = 8-8 x 10* cmseo.-1. i 
- [In this calculation the variation of mass with velocity, of. Vol. VI, ™ 
is negleoted.] - i 
— .. The stress at the surface of a charged conductor.—Let A and í 
; 3 B, Fig. 2-24, be two points close to the 
surface of a charged conductor, one oute 
side and the other inside. Let x be the — 
permittivity of the medium outside the — 
conductor. The problem before us is to — 
investigate the force on the charge re- — 
siding on unit area of the surface of the — 
conductor. Let E, and E, be the con. — 
tributions to the field strength E at A 
made respectively by the electricity on 
Fig. 2:24.—8tress at the (a) a surface element dS near to A and - 3 


ors a or, Saree (b) the rest of the conductor: Then 


E= E, + E, 

At B the electric field strength is zero. The contribution to this i8. — 

— E, from the first part of the distribution, and E, from the _ 
remainder. Hence, — E, + E, — 0, or E, = E, = 4E. E 
If « is the surface density of the electrification at A, the charge s 
on the element ôS is c. S and the force ôF acting on this charge-is i 
caused by the electric field strength at the point considered due to 5. 
the rest of the electricity on the conductor, i.e. the forse is 


ôF = o.6S.E, = $o. ôS. E. 


Hence p, the surface stress, which is the force per unit area at the 
surface of the conductor, is given by 


. OF 
p= lim = jcE. 


But D = 4o, so that the expression for the surface stress becomes q 


. The sign of this stress is independent of that of the charge and it 
is always directed outwards. > 


S" 
To prove that the stress is dm without assuming that the stress 


is determined by the field strength E we may proceed as follows. 
The proof 18 not a general one but it lends Support to our argument. 
Consider a parallel plate condenser, area A and thickness 2. 
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Then if edge effects are neglected, we have, with the usual notation, 


If F is the force on either plate tending to increase z, the work 
done by the force when x becomes a -+ dx is equal to the decrease 
in the potential energy of the system, ie. F dx = — dW. 


5 pa W mQ* 
es Ox kÅ 
2 
.. Force tending to decrease LES. 
2 
v Sarao aliod c2 pus dom xA. AT. 
[71 K 


Experiment.—The existence of the above stress may be shown by 
producing a soap bubble at the end of an insulated metal tube. When 
the tube and therefore the soap bubble is connected to a source of 
high potential the bubble expands until the reduction in pressure 
inside the bubble compensates for the surface stress arising from the 
charge on the bubble. 

Energy density in an electric field.—To find an expression for 
the energy density in an electric field let us consider the unit tube 
shown in Fig. 2:25, and make use of the fact that the flux of electric 
induction across any normal section of a unit tube of induction 


Fig. 2:25.—Bnergy density in an electric field. 


is unity, i.e. D ôS — 1. The unit tube considered begins on the 
surface of a positively charged conductor A and ends on the nega- 
tively charged conductor B. If 6S, and dS, are the ‘terminal ’ 
cross-sections of the tube 
D, 68, = 1 = Dp 08. 
Now since D, = 47:04, where c, is the density of the electrification 


on óS,, we have 
oe 470, [S m 1 
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or 2, OS, = total charge (numerically) at either end of the 
i unit tube i 
ES 
/ ae 3 
Now the total energy of the charges at the ends of the iube | 
arad is d 
li 1 1 1 
3 (zv. d a- g) = gx VA — Vy), : 
where V, and Vy are the electrostatic potentials at A and Ba 
respectively. The location of this energy is somewhat indeterminate 
but if the tube lies in an insulating medium which will be polarized, 
then at least some of the above energy will be distributed throughout 
that part of the medium through which the tube passes. It is cone _ 
venient to regard all the energy as being distributed in the portion E 
of the medium (or space) through which the tube passes. y 


If E is the electric field strength at any point on one of the 
generators of the tube - 


Bx B B. 3V B 
[3a-[ Eds = f -z= dV =V, — Vg. 
A A A ds A 


$ = 


b 
.. Energy in the unit tube — Í LO 
a 8x 


This energy may be distributed as we please along the tube; the . 
simplest, way is to distribute it at a rate = per unit length. Then 
the energy associated with the element of the tube shown will be — 
ae Since the volume of the element is ôS ds, the density of the E 
energy in ib is 


E. E 
ic ae 
But D 6S = 1, so that the above expression for the energy density 
becomes : E 
DE _ KE? 
8m — 8m 


Thus by assigning an energy density ee or DE to the 
1 : m 
medium, the total energy of the field is accounted f 


4 A basis so far upon which th ue 
-been developed. It has vie ch the theory of electrostatics has 
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exerts a certain definite force upon another electrical charge separ- 
ated from it, but the mechanism whereby the action occurs has not 
been discussed or revealed. Faraday founded a school of thought 
which definitely refused to admit * action at a distance’ as an ulti- 
mate explanation of electric phenomena and maintained that some 
intervening medium capable of acting as a transmitting agent was 
essential. Both Faraday and Maxwell used the concept of tubes of 
induction and imagined that each such tube is in a state of tension 
so that the force of attraction between two unlike charges, for 
example, was transmitted along the tubes of induction. In order 
that such tubes should not contract it was found necessary to 
stipulate that there was a force of repulsion between adjacent tubes. 
This system of forces gave rise to stresses normal to the surface of 
the tube and directed outwards. The longitudinal tensile stress 


and the pressure due to the normal stresses are each equal to ap 
TT 
[For a proof consult earlier editions of this book.] 
The capacitance of a concentric spherical condenser.—Let 


O, Fig. 2:26 (a), be tlie centre of two concentric metal spheres with 
radii a and b respectively (a < b). If Q is the charge on the inner 


(5) 
Fia. 2:26.—Capacitance of a concentric spherical condenser. 


sphere then when the outer sphere is earthed the charge on its inner 
surface will be — Q. If x is the permittivity of the dielectric 
between the spheres then the field strength* at P, a point on the 
Gaussian surface of radius r and centre O, is given by 


Q ERU 

: E= pe EU E= em 
* The expressions given are valid only because the charges are uniformly 
distributed on spherical surfaces. : ‘ 
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Let V, be the potential of the inner sphere ; it may be evaluated 
as follows, If P, is a point on OP produced and such. that 


in taking a small charge from P, to P is E: 


Sep) = Si ôr). [ PP, = ôr] 3 

Since V, is equal to the work done against the field per unit charge — 
in a small charge from the outer to the inner sphere, we hay 3 
i Q Q Ev; H i EN 

ovem hte ds 5] d 
capacitance is therefore 5 Dd 

: aem g 

[The same: result is obtained by writing n= 9 a 
fe 1 

Hence V = HE «, the constant of integration being determin 4 


by the boundary condition r = b, V=0. Thus «= EC 
The potential of the inner sphere is found by putting r = a, V = Vo 
when the above value for the capacitance follows at once.] aH 


cf. Fig. 2:26 (b). Let c be the radius of the outer surface cf the 
spherical shell, outside which there is air with permittivity xa. EQ 
is the charge on the inner surface of the shell, — Q is the induced — 
charge on the sphere when this is earthed ; let Qo be the charge on 
the outer surface of the shell. There will be a charge — Q; at - 


E=? e m 

xr? E 

The potential V of the shell is constant throughout and is given a 
by V — 0 work done per unig charge and against the fed in B 


b t > à = 
v= “= fer - 20-3) 
= : a, i ak? Ka b 
eere ges on aes conducting surfaces act at externa] | 
TP inis | 7 Points on : ir Own surfaces V as if the trated 
| at the centre of the sphere, the potential 'y were concentra‘ 


e 
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outer shell, and therefore of the shell itself, is also given by 
$,9 9.90 


Ka Ka Ka? Kaĉ 
Di. agin kh E 
T oea bj. c i 


Since the total charge on the shell is Q, + Q, the capacitance 
of the system is given by 


ex =| +Q oer i 1| 


Ce Qo +Q N K ab 
= VOR ——M = rj 
Qu 9) 
J Kab 
tel hs 


This result can be written down at once if we regard the con- 
denser as consisting of two parts, of capacitances ha and «c, 
arranged in parallel. | 


Examplé.—Obtain a value for the capacitance of a spherical con- 
denser for which a = 4:0 cm., b = 6:0 om. and a spherical shell of per- 
mittivity 4-0 and thickness 1-0 em. surrounds the inner sphere. The 
remainder of the space between the spheres is filled with an insulator 
of permittivity 6-0. 

It is assumed that the outer sphere is earthed. ‘Then if Q is the 
charge on the inner sphere, in the dielectric the potential V is, in 
general, given by the equation 


dV 
Das Ky = a 


where the symbols have their usual meanings. — 
Let V, be the potential at any point in the region 4 < r <5. Thon 
Ang 
fet" 
ie. » 4V; = 3 t As 
where A, is an integration constant. At r — 5 cm., we have 


4[v.]., -2 FA: 
In the region 5 <r < 6, we have in a similar way 
$072 4A; 


At rm 6, V, = 0,60 that Ay = — 2 
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_ At r = 5, the potential is continuous. Hence 


1 Q Q Qs Ay 
Fl-3858- Pg T 
8 
^À xal Te 
If V, is the potential of the inner sphere, then 


3 j Q XQ 13 
Vam Iv.) 716 45 Cio x ase 


C= 2 = 55-4 o.s.u. E 
a 
Example—It may be assumed that the charge density, p, in 


spherical distribution of electricity is proportional to exp -2 

0 
a radial distance r from the centro of the distribution and ry is a cha ; 
teristic length. If the total charge is Ze, find expressions for the field 


strength and electric potential at a point distant R from the centre — 
of the system, Beo 


y of gettin 
outside the distribution. There is no discontinuity at r = ro, altho 


this could be taken to bo the radius of the nucleus. The expressi 
for the chargo density cannot give the true distribution of electricity | 

If Q = Q(R) is the charge enclosed by a sphere of radius R and we. 3 
write p = A oxp (4 z), where A is a constant, then : 


. [R R ^ 
Q(R) = f 4npr! dr = axa | r exp (- sx dr 
1 © $ 
= 4zAI (say). 


To carry out the necessary integration, let r — 2ro. Then dr = ry da — 
and we have ; ¥ 


a 3 
I= f To*2* exp (— z)da E 
0 * = 


R 
= elec 1) exp (— x) + 2{ exp (~ 2) as)" 

0 
: R 
= rel &* exp (— a) + 2(z(— 1) exp (— 2) — exp (— aj 


2 QR) = ewe (D ee (- A) Hom (- 7) | | 
"o d er c 


celo CD tay 


"Spe 
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When E —- œ, Q(R) —- Ze, and we have 
js Ze 
Ze = 8Ar,*, ie. A = Bari 
Now atr = R, the field is due entirely to the charge within the sphere 
of radius R. Hence, if x is the permittivity of the medium in which 
the charges are situated, 


son SB - deem (C8 0] 


Since, in general, E — — |" we have 


Von = SO 4B, 


where B is an integration constant. But when R — co, V = 0, so 
that B = 0. Hence 


va Bb we OE OY 


The capacitance per unit length of a long coaxial cylindrical 
condenser.—Let Fig. 2:26 (a), p.53, represent the cross-section of a 
long coaxial cylindrical condenser, the outer shell being earthed while 
the inner cylinder is insulated and carries a charge g per unit length. 


Tho feld strength at P is a 


ie REC A 
A dr kr 


xa ean AL 
K 
where A is an integration constant. 
Now at r—b, V=0. E 
A= Ha, 
K 
and at r — a, V = V,, so that 
v=- Hina no. 
K K 


.. Capacitance per unit length = E AVA © (say). 
2n () 
ay 
The field strength within a charged cylindrical condenser.— 
Let V, and V, be the potentials of the conductors forming the con- 
denser, Then, with the usual notation and assuming that the 
condenser is very long; 


= pee print = --in A, 
E-2ÓM- P or V z ps 
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where A is an integration constant. Hence 


v=- Mort A, 
in(;) 
a 
so that fan LAS reel 


This expression gives the field strength in terms of the potential 
difference across the condenser and known distances ; it is inde- 
pendent of the permittivity of the intervening insulator and, of 
course, of any charge on the outer surface of the larger cylinder. 

A variable cylindrical air condenser.—To the ends of a 
wooden base there are attached two ebonite uprights carrying a long 
ebonite rod AB, Fig. 2:27 (a). This rod supports a brass tube M, 


Fre. 2-27.—A variable cylindrical air condenser. 


the outer radius of which isa. N is a coaxial brass cylinder carried 
on two metal supports to one of which is fixed a spring S making 
contact with an earthed metal rail R. The inside radius of the 
tube N is b. The tube M may be raised to any desired potential 
difference by connecting the source of potential to the terminal Ts 
which is in metallic connexion with M. A cross-section of the 
apparatus at N is shown in Fig. 2-27 (b). 

The absolute capacitance of such a condenser is unknown but by 
moving N a distance 1 to the right or left the capacitance may be 
respectively increased or decreased by an amount 


kl 


=C 


where, , > ^ 1. llt ; 
bigis Ee air, the numerical value of the permittivity x may be taken 
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The capacitance of two parallel wires in air and carrying 
equal but opposite charges.—It will be assumed that the diameter, 
viz. 2a, of each wire is small compared with their distance apart 2h. 
Let j and —4 be the charges per unit length on the wires. Con- 
sider the positively charged wire first. Ata point distent r from ite 
axis, and provided r is not too large, cf. p. 48, the field strength is 
2ü where x, is the permittivity of air, i.e. 


Kaf 


where V is the potential at the point considered. 
J KV = — 2ğlnr + À, 


where A is a constant which can- = __ £ 

not be determined. q * -d 
Now consider the potential at a 4 : 2a. 

point P, cf. Fig. 2:28, in the field ''j A — — l0; 


of the two wires. If O, and O Fic. 2:28.— The capacitance of two 
are the points in which the axes parallel wires in air with. but 
of the wires eut, the plane of the  9PPOsie changes per vus : 
diagram, then writing O;P = 1; and O,P =r, we have 

Kel 5 921n r, + A + 2]ln ri + Ay 
where A, and A, are the relevant constants. Now at the point 
where 7, — r, = h; the potential is zero, for such a point is equi- 
distant from the two wires, Le. A, + A, = O. 


vo m 2) 
xe nun vy 
When P is close to the first wire, 5, —a and Ta — 2h. 


ES NVS Hin (5) 


za Capacitance per unit length of the system is given by 

DIE d m n 

ks 

a 
[N.B. The above formula is true for a telegraph wire lying at a 
height À above the surface of the-earth (considered as flat).] 

An electrified soap bubble.—Let r be the radius of a soap 
bubble, Fig. 2:29, carrying & surface distribution of electricity of 
density c. This electricity will be on the outer surface only of tie 
bubble since the solution is & conductor. Let O be the centre of 
the bubble. Consider a small element of the surface formed by . 
neighbouring lines intersecting orthogonally on it. Let opposite 


4 
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pairs of sides of this element; have lengths a and b respectively, 
Let P be the pressure outside the bubble; P + p is the pressure 
inside, where p is to be determined. Let y be the surface tension - 


of the solution and let the bubble expand so that its radius becomes 4 
s 
0: 
(Pep) oS, 
DO Wa us d 
Fra. 2:29.—An electrified soap bubble. 1 


+ + ôr, heat being supplied so that there is no change in temperature 4 
of the film. B 


Let ôS = ab, the area of one side of the element considered, P 
Since the work done on the system while the bubble increases in” 
size is equal to the increase in free surface energy, cf. Vol. I, p. 400, - 


2z0* vA 
(P + p)dS ôr + —— 8S ôr — P 08 ôr = 2y(ôS, — 68), 
K 


where « is the permittivity of the surrounding gaseous medium, — 
ôS, is the value of ôS when r becomes r + ór, and the factor 2 is 
introduced because there are two surfaces to a film, 1 


E abp dr 4: 279. ab ðr = sai cy. + 2) ~ ab] 
K 


or 
a 
pj ie d, 
K r 


Poisson's and Laplace's equations for an electric field 
which is everywhere parallel to a fixed direction.—It will be 3 
assumed that the lines of electric induction in a certain field are 
everywhere parallel to the x-axis. Consider a small element of — 


volume in this field, 6x being the length of the element and ôS its 
constant cross-sectional area—cf. Fig. 2-30. 


Xr x 


Fio, 2-30.— Poisson's equation for an electric 


: field parallel to 
direction. 
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Let D be the electric induction parallel to the z-axis at all points 
in a plane at distance € from the plane through the origin of co- 
ordinates. At points in the plane defined by z + dz the value of 


aD 


the electric induction will be D + 2 
Consider the flux of electric induction across the faces of the 


element of volume selected. Since D is always parallel to Oz, the 
only contributions to the flux arise from the flux across the plane 
surfaces of the element. For the 2-face the flux is 


D-a ôS = D (00s x) 08 = — D o8, 
since the outward drawn normal at this face makes an angle 7 
with D. Across the (x + dx) face the flux is 


(S T”) 405 = (p + Zee) as 
<, Flux across the faces of the element is 
—Dp48 + (» «oes = rae is, 


and this by Gauss’ theorem is 4p 6x 08, where p is the volume 
density of the electricity in the element considered. Hence 


dD 
a 
i.e. = KE) = 4rp. [k= permittivity.] 
Since E=— a the above equation may be written 


df dV 
(F) = — 4np. 


This is Poisson’s equation, for the particular field considered. 
If p = 0, we have 

ZA 

—|( x)= 9, 


da\ dz 
which is Laplace’s equation for the field considered. Its usefulness 
will appear in the sequel especially if the medium is such that x is 
constant, for then Laplace’s equation becomes 
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that the lines of induction shall be 
everywhere perpendicular to either 
plate, ie. all irregularities caused 
by the edges of an actual condenser 
are ignored. 

Let the plane of the plate which 
is insulated and at potential bA 
contain O, the origin of a system 
of rectangular coordinates; the 


A other plate is earthed as indicated 
A in Fig. 2:31. Then, with the usual 


aL HS æ notation, 
Fia. 2-31—The capacitance of a D — iD +50 + 10. 
parallel plate condenser. Suppose that the medium be- 


and tho feld is parallel to the zaxis, £Y — o, 


where M and N are integration’ constants to be determined by the 
: conditions. 
Now at £z, V=V,. 
~ N=V,. 


And at z — t, V.— 0. 
^0 = Mi + Y, ic, m= —% 
SY ey c Ys, 
At z — 0 we also have; by Coulomb’s theorem, 


xK v j 
hich is the cepacitatice per unit area of the condenser considered. | 
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If each plate has an area A, the capacitance O is given by 


ou KA 
4ni 


in so far as ‘ fringing effects ' are neglected. 

Poisson's and Laplace's equations for an electric field 
whose lines of induction are all : 
straight and pass through a Dy 
common point.—This is & 80- 3 
called radial field. Consider a small e 
tube of induction emanating from 4 - 
the common point O, Fig. 2:32; & sPr?ów 
let dw be the solid angle of this cs 
tube and consider the. portion of E 
the tube cut off by spheres having wA 
O as common centre and radii T 0 i 
and r+ ôr. If D is the electric dd In - 
induction at points on the sphere 
of radius r, then the flux of electric induction across the surfaces of 
the element considered i8 


_ pato + [pei + 3«petyir|to = [Zon | 
Paci E 7 
and this, by Gauss’ theorem, is Anp(r* ôr ôw), where p is the density 


of the space distribution of electricity and (r*óco)ór is the volume 
of the element. Thus 


ld NS dD 2) — 
14 om = (2+? Pras 
and since 
dV £x dV 
D=KE=— kz : E b--Hm$| 


à 2 dV 
—| K—— f e = — Amp. 
N- CAL P 


This is Poisson's equation for this feld. If p — 0, we have 
df N , 2.dV 
a) T st de 0. 


This is Laplace's equation for this particular field. : 
If, in addition, the permittivity is constant, the two equations 
become -respectively 
av | 2dV _ _ 470, and av , 24V _o, 
te eee 
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The capacitance of a concentric spherical condenser with 


ite outer shell earthed.—Since the induction TS in the region 
between the charged surfaces of such a condenser satisfies the con- 
ditions given above, we have 

dy 


hf ramp constant. 
.dV M 


dr n 
where M is an integration constant. Integrating again we get 
V= x + N, 


where N is another integration constant, 
For the condenser shown in Fig. 2-26 (a), P- 53, we have at r =a, 
V=YV, (say) and at 7—b, V —0. Thus 


Vm — E, and o=- H; y, 


Hence 
M= Vea and N= Via 
a—6 a—b 
_Vaabfl 1 
V b— AB i] 
Let c, be the surface density of the electricity on the inner surface. 
Then 
;_ dV M KV. b 
= E = — =—-K = s e. 
Ww 1 b. d | aS a a(b — a) 
*« Charge on inner sphere — dnan, = Va =Q, say: 


Capacitance — © _ kan. 
a b—a 
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EXAMPLES II 


[Where necessary, assume the permittivity of free space and of air 
to be «x and «xa respectively; the numerical value of each may be taken 
to be unity.] 

2.01. Two small pith balls each of mass m are suspended in a 
vacuum from a point by two strings each of length 1. When each 
ball receives a charge g e.s.u. it is observed that each string makes an 
angle ¢ with the vertical. Show that q = 2l sin ¢ (ymg tan ¢)}. 

2.02. A small particle of mass m is given a charge + q e.s.u. and 
then- projected with an initial velocity tu em.sec.-! into & uniform 
electric field — 2E. Obtain the differential equation for its motion and 
use it to find (a) the time taken for the particle to come to rest and 
(b) the distance traversed in that time. [Assume that the motion takes 
place in a vacuum.] mu lmu? 

gE Bec., 2 qE em. | 

2.03. A condenser consists of two parallel circular plates of-12 em. 
diameter, separated by an air-gap of 0-10 cm. Calculate the work done 
in separating the plates to a distance of 0-50 cm. when (a) the plates 
are connected to a 150-volt battery ; (b) the plates are charged from 
the same battery and then insulated from it before the separation 
occurs, [9 erg., 45 erg.] 

2:04.. A condenser has a capacitance of 10 uF. and is charged to a 
potential of 150 V. . Calculate the charge in coulombs and in c.g.s. 
e.s.u. A second condenser has a capacitance of 2-Q uF. and is charged 
to a potential of 300 V. If, after charging, the two condensers are 
connected in parallel by wires of negligible capacitance, how much 
energy is dissipated ? [1:5 x 10-9 coul., 4:5 x 10® e.s.u., 0-184 joule.] 

2-05. Obtain, from first principles, an expression for the energy of 
a charged condenser. Be 

A spherical oil drop, radius 10-4 cm. has.on it at a certain time a total 
charge of 40 electrons. Calculate the energy that would be required 
to place an additional electron on the drop. j 

[Assume 1 faraday = 96522 coulomb., Avogadro's constant, N, is 
given by 

N = 6:023 x 10?* atoms.(gm.-atom.)-! 
or N = 6-023 x 10?? molecules.mole-!.] 
x [9:4 x 10-14 erg.] 

2-06. Derive expressions for the stress at the surface of a charged 
conductor and for the energy density in an electric field, 

. Two condensers of capacitances 0-10 JF. and 0:010 uF. are connected 

in series across a potential difference of 22 volts. If they are then 

insulated and connected in parallel, what is the loss of di re i 
“7 erg. 

2-07. Define electric field strength and potential. Establish the 
relation between them. 

Two plane electrodes, 0:50 cm. apart, within an electron iube are 
maintained at a difference of potential of 90 V. “stimate the strength 
of the electric field in the interelectrode space. low long will it take 
for an electron, starting from rest at one electrode, to reach the other ? 
[Assume that the charge on an electron is — 4-80 x 10-1? e.s.u. and 
that its mass is 9-11 x 10-2  gm.] [180 V. cm.—1, 1:78 x 10-* seo.] 

2-08. Two insulated metal spheres of radius 4-0 em. and 10-0 em. 
carry equal charges of 4-0 e.s.u. , Neglecting any mutual effect between 
the spheres, prove that if they are connected by a fine wire the loss in 

G.D.P.—y¥—p 
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energy would be sufficient to raise a mass of 0-5 mgm. through a height 
of about 1 cm. 2 ; 

2-09. Derive an expression for the capacitance per unit area of a 
large parallel plate condenser which has half-the distance between its 
plates occupied by a slab of material of permittivity x and the remaining 
half by air.’ [(Q2nt(7 + &,7))71] 

2:10. Two large parallel plates at a distance ¢ apart in air are main- 
tained at potentials 0 and V e.s.u. respectively. Find the stress at 
the surface of the plates and examine the effect of interposing & slab 
of insulating material, of uniform thickness x£(0 < x < 1) and permit- 

fn KaV* K 
tivity x, between the plates. Fe a Sa zl 

2-11. A parallel plate condenser is made up of fifteen metal plates 
each 6 cm. by 4 cm., separated by sheets of mica of permittivity 6 and 
constant thickness 0:15 mm. Calculate a value for its capacitance in 
microfarads. The condenser is charged to 240 V. and then connected 
in parallel with an uncharged condenser of capacitance 0-002 uF. How 
much charge flows into this latter condenser and what is the voltage 


drop across it ? [0-0119 uF., 0-41 uC, 205:3 V] | 


2:12. An insulated conductor, initially free from charge, is charged 
by repeated contacts with a plate which, after each contact, is given 
a charge Q from an electrophorus. If q is the charge on the conductor 
after the first operation, prove that the maximum charge which can 
be given to the conductor in this way is Qg(Q — q)-!. 

2-13. Three thin conducting spherical shells of radii 10, 20, and 
40 cm. respectively are mounted concentrically in a vacuum, the two 
inner ones being insulated and the outer one earthed. The innermost 
shell carries a charge of 60 o.s.u. and the middle one a charge of 100 e.s.u. 
Calculate (a) the charges on each surface in the system, (b) the potentials 
of the two inner conductors. 

[(a) 60, — 60, 160, — 160, 0 (b) 11, 8 e.s.u.] 

2-14. A condenser is to have a capacitance of 0-05 uF. It is made 
up of sheets of tin-foil separated by sheets of mica. ‘There are 30 sheets 
of mica and the area of one side of each piece of tin foil is 10 cm.*. 
If the relative permittivity of mica is 6-5, determine an approximate 
thickness for the mica which must be used. [0-033 cm] 

2-15. Experiments show that in air at normal pressure the maximum 
space rate of fall in potentialis 100 volt.metre.-!. Calculate values for 
the maximum charge and potential on the surface of the earth, if this 
can be regarded as an isolated conducting sphere surrounded by aif ' 
at normal pressure, [Radius = 6-37 x 10* cm.] 

[£8 x 105 coulomb., 71 kV.] ` 

2-16. A spark passes in air when the potential gradient at the 
surface of a charged conductor is 30 kV.cm.-!. What must be the 
radius of an isolated metal sphere which may be raised to a potential 
of 2 x 10* V. before sparking into the surrounding air takes place ! 
How much energy will be stored just before a spark passes ? 

: : [67 cm., 0-33 x 10° erg] 

217. Obtain expressions for the capacitance of a spherical con- 
denser (a) when the outer sphere is earthed, (b) when the inner sphere 
is earthed. Assuming that air becomes a conductor when the electric 
field in it exceeds 100 e.s.u., calculate the maximum quantity of elec- 
tricity that may be stored on an isolated sphere of radius 20 cm. 


[4 x 10* e.s.u.] 
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2-18. Three concentric hollow conducting spheres have radii a, b, 
c, and a « b< c. The outer sphere is earthed. The inner and outer 
spheres are connected together by a fine wire to form one * plate ' of 
a condenser; the other sphere is the second * plate ' of the condenser. 

ac — 
Show that its capacitance is aes y ifa, b and c are all measured 
in cm. and the spheres are in air. 

2-19. Three concentric thin spherical shells made of metal have 
radii, a, b, c where a < b < c. The ‘middle’ sphere is earthed by 
means of a fine wire passing through a small hole in the outer sphere ; 
the inner and outer spheres are connected together by a fine wire 
passing through a small hole in the sphere of radius 6. Show that 


the capacitance of the system, assumed to be in air, is 
ba [d 
ral 5 —6 Ted, 

If the above system is replaced by one consisting of long coaxial 
cylinders show that the capacitance per unit length cannot be found. 

2.90. A, B and C, D are the plates of two condensers of capacitances 
C, and C, respectively. The condensers are arranged in series by 
connecting B and C together. The system is charged so that D is 
at a potential V with respect to earth. The condenser C, is isolated 
from C, and. then connected in parallel with it. Show that there is 
a loss of energy equal to y 
1(C, — Coo, 


BG; POM S 

2:21, Find the capacitance per unit length of & cylindrical condenser 
of which the conductors have radii 2:5 om. and 4-5 cm. respectively, 
and the dielectric consists of two layers whose cylinder of contact is 


3-5 cm. in radius, the inner layer having à ive permittivity 4:0 and 
the outer layer a relative permittivity t [ex 10-t BE.) 
2.92. A-condenser consists of two cylinders of radii 5-0 and 


10-0 cm. separated by & medium of permit ivity 3:0. Calculate the pull 
per unit area on each of the charged surfaces ‘when the potential 
difference between the cylinders is 200 volt. — — — 
[442 x 10-* dyne.cm.-* (inner); L10 x 10-* dyne.cm.-* (outer)-] 
2:23. State Gauss’ theorem. Apply it to find (a) the electric field 
strength jab a given point between two long coaxial cylindrical con- 
ductors in air which differ in potential by V e. and (b) the capacitance 
er unit length of the system. : x 
T Calculaia he capacitance per kilometre of a concentric cable, the 
core of which has & diameter of 3-0 mm., the metallic sheath an inner 
diameter of 9-0 mm., and the separating insulator & relative permittivity 
of 4-5. EET [0.227 ad 
2:24, A coaxial cable consists of & metallic core 1-0 em. in diameter 
surrounded by an earthed metallic sheath 4-0 om. in diameter, the space 
between them being filled with & medium of dielectric mur A 
Calculate (a) the capacitance per 100 metres of cable, (b) the e a g^ 
feld strength at the surface, of the core when it is maintained a 


i : (G) 
5000 volts: with respect to i (a) 802 x 10- » uF., 1:2 kV. óm.-A] 
9.95. Use Gauss’ theorem to find an sion for the flux of electric 


induction across a plane circular area of radius a when a point charge d 
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lies at a distance z from the plane and on an axis normal to the area, 
Verify your result by another method. [2 q.s ] 
ng (a3 + 22)" 
2-26. An air-condenser consists of (wo coaxial cylinders fitted with 
guard rings. The inner and outer diameters of the outer and inner 
cylinders are 40 cm. and 30 cm. respectively. If the axial length is 
1-2 metres calculate a value for the capacitance of the condenser, 
What is the energy of the condenser when the potential difference 
across it is 1000 V.? [2-92 x 10-4 uF., 1-16 x 10-¢ joule.) 
2.27. A soap bubble has a radius of 1:2 cm. when charged to a 
potential of 12,000 V. Calculate the excess pressure inside the bubble, 
the surface tension of the soap solution being 24 dyne.cm.-}. 
[85-9 dyne.cm.-1] 
2.28. What must be the total charge on the surface of a soap bubble 
of radius 2 cm. in order that when the air inside the bubble is put 
into direct communication with the atmosphere the size of the bubble 
shall remain constant ? Assume that the surface tension of soap 
solution is 82 dyne.cm.-1, [142 e.s.u.] 
2-29. A spherical soap bubble, surface tension y, is blown at the 
end of a thin metal tube and given a charge Q. Show that when the 
pressure inside the bubble is equal to that of the surrounding atmo- 
sphere, its radius a is determined by the equation Q? = 32zx«,ya?. 
2:30. An isolated spherical soap bubble has a radius a and the 
pressure inside is atmospheric. If y is the surface tension of the soap 


solution show that the bubble has a potential | J me Joa 
a 
2:31. On the basis of the inverse square law of force between point 
charges, calculate (a) the potential at a point in the field of a system 


this point is Ar = sin? 0, where A is. a constant. (G) 
2-32. Calculate the final charges which occur on the positive plates 
of the three condensers, shown in Fig. Ex. 2-32 below after the switch S 


|i 
IME Earth 
WEU 
3 n --J0Vy— à 
Fro. Ex. 2-32, 


is closed. Tt may be assumed that the condensers are initially without 


= 
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If the condensers (1) and (2) are interchanged what is t 
on (3) when S is closed ? is i Cond 
[Q, = 27:5 uC., Qa = 18:2 uC., Q, = 9:340. ; zero.] 
2-33. An electric layer of uniform density, — c, is distributed over 
a spherical surface of radius a, while a second layer of density + c is 
distributed over @ concentric spherical surface of radius a + f, where 


t 5 pe c 
a9 Assuming that the system lies in free space, prove that the 
potential is zero at all external points and ázat = x, at all internal 
points. 

2.34. A condenser consists of a conducting sphere surrounded by 
a thin earthed metal shell. The centres are at a distance 2 apart. 
If the capacitance of the system is $(z), where $(z) is a known function, 
show that if the charge on the inner sphere is Q, the force tending to 


aa’ 
increase z is IUE Also write down the energy of the system in 
terms of the difference of potential between the two components and . 
again obtain a value for the force. : 

2-95. (a) A metal sphere of radius a is surrounded by a thin metal 
concentric shell of radius b and these have charges ae 3Q respectively. 

ba : 
Show that the energy of the system is it rM 
a 


(b) If the charges in (a) are changed to mQ and nQ respectively what 
does the expression for the energy become? — ^ 

(c) If the charges are unaltered but the radius. of the outer surface 
of the shell is c, obtain an expression for the energy of the system. 


LIEN Mond oy LO 9 , 10), 
[ose rinse ener actu Te 
2-36. - A point charge q is placed at the origin in a medium for which 


the permittivity is xo(l + ar), where Ky and « are constants, Show 
that the potential at a point distant r from the point charge g is 


Ln (1+ or). 
Kye 


2.97. C, and C, are two parallel plate condensers in air. Each 
plate has an area S. Initially the plates of C; are separated by & 
distance z and charged to a potential difference V ; the plates of C, 
are uncharged and separated by a distance y. The plates of C, are 
now separated so that its capacitance is reduced to xth its initial value ; 
C, and O, are then connected in parallel. Show that if edge effects 
are neglected the gain in energy of the system is 

pis bee dy = 1 í 
Saal — Nz + 

2.38. S, and S, are two metal cylinders in air arranged coaxially. 
The outer radius of S, is a, while the inner radius of S, is b. 8, is 
maintained at & potential V while S, is earthed. Prove that when a 
length z of S, lies within © the energy of that portion o` the con: 
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where « is an end oorrection. Hence show that an axial force of 


] '«,V* ^ 
-——— into 8,. 
In (=) 
a 


[N.B.— The expression for the capacitance is in error since end-effects 
have been neglected ; hence x cannot be found, but if the end-effect 
is independent of z, thé expression for the force is correct.] 

2.39. Two condensers A and B each consist of a pair of parallel 
circular plates of radius 7. Initially the plates of A are separated by 
a distance a and charged to a potential difference V, while the plates 
of B are at a distance f apart and are uncharged. -The plates of A are 
then moved to & distance ma and the two.condensers then connected 
in parallel. Prove that the gain in potential energy of the system is 

cor V (m — 1)8 — ma] 
. Balma +B) — 

2:40. Tfr is the least distance of a point P from an infinite straight 

line along which electricity is distributed with constant density 9, show 


that the field strength at P is a where x is the constant permittivity 
of the medium surrounding the distribution. Show that the corres- 
ponding potential is A — HN In r, where A is an indeterminate constant, 


2-41. Show that in an electrostatic problem in which the potential 
depends solely upon the radial distance r, the differential equation 


for V is 
ld 
a Ser) = ee 


A charge q lies at the origin in a medium whose permittivity is 1 + k 
where f is independent of r. Show that the potential is 


Ne gin (1+ P. 

2:42. By means of Gauss’ theorem show that the electric potential 
at a point distant r from the axis of two long coaxial metal cy]inders, 
the inner one of which is earthed while the outer one is maintained 
&t & potential V,, is given by the relation 


vv (2) + fue) 


where a and b are the radii of the cylinders and b >r >a. A vacuum 
diode consists of a cylindrical cathode 0:04 cm. in radius, mounted 
coaxially within a cylindrical anode 0-40 cm. in radius. The potential 
of the anode is 200 volts above that of the cathode. If an electron 
starts from rest at the surface of the cathode, obtain a value for its 
velocity when it has travelled 0:16 cm. towards the anode. Space 


charge effects may be assumed negligible and the specific charge (5) 


for an electron may be taken as — 5:27 x 10? e.s.u. gm. 
[7-02 x 10° cm.sec.7!.] 


XN 


CHAPTER III 


THE SUPERPOSITION OF ELECTRICAL EFFECTS. 
SOME ELECTROSTATIO INSTRUMENTS AND 
MEASUREMENTS 


The coefficients of potential, capacitance and induction.— 
Suppose that we have two conductors fixed in position and initially 
uncharged. Let us call them (1) and (2). Suppose that the result. 
of placing unit charge on conductor (1) and leaving the other un- 
charged is to raise the potentials of the conductors to p,, and Py, 
respectively ; these coefficients do not depend on the potentials or 
on the charges but simply upon the size, shape and position of the 
two conductors, and on the intervening medium. 

Then on putting a charge Q, on (1) the potentials of the con- 
ductors become pQ; and p,Q;. Similarly, placing unit charge on 
conductor (2) gives potentials Pı» pa. The p's are called 
coefficients of potential. M 

If Q, and Q, are the charges given to the two conductors, the 
corresponding potentials V, and V, are given by 


Vi = Pn PPa  - + «+ 0 
and eaaa A A R 
These equations may be solved as on p. 72; we find 
Q, = euV; + Vo 
and Qa = aV i + Vy 
NT Pia Den 25 | pte a 
EC ou PuPn — Pun. "m PiP: ~ PaPa 


The coefficients c,, and ca are called coefficients of capacitance, 
while c, and cn are coefficients of induction. 
To prove p,, = py,.—Let us suppose that a system consisting of 


two conductors is charged by bringing up the charge Q, from an 
infinite distance to the pen conductor, the second conductor being 
uncharged; when this has been done let the charge Q, be brought 
up from infinity to the second conductor. Then the work done in 
the first part of the operation is equal to the energy of the system 
under these conditions, viz. 


QV: 30V. = Qulp) o tur" 
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To find the work done in bringing up Q, let this charge be brought 
up in instalments so that at a certain time a charge 0Q, has been 
brought up, where 0 — 0 < l. The potential of the second con- 
ductor at this stage will be 

Pu + 22(0Q;). 

When the charge on the second conductor is increased by bringing 

up a charge Q,(50) from infinity, the work done is 
[PaRi + P22(0Q2)19, 90. 

The total work done in bringing up Q, is the integral of the above 
expression over the range 0 — 0 to 0 — 1, i.e. 

PaQqQi + FPQ. ] 

The total work done in bringing up Q, and then Q, is 

W = $019.7 + PQQ: + Pa. 

But if Q, had been brought up first and then Q, in instalments, 

we should have found that 
W = $P? + 2212929 + 27191’. 
c Pia = Par 

To prove c,4 = Ca Calling Pis = pa, = p, we have from our 

definition of the potential coefficients 
Pu + PQ, — Vi = 0, 
PQ: + PaRa — Va = 0. 

Solving these equations for Q, and Q, we have 


DO NM, UNS T 
|», = yi — Vy Pu Pup | 
| Dear — Va non P, 3s] 
3 — Vs + PaVa 
Qa e ae eS SOV Cia 
1 PaPa — p* uY 12 
— pV4 + puV 
and Q DESP fs oae ois Tey V. V.S. 
2 ROTEN e1V1 + CoaVa 


Hence the c's are known and we have cig = Cz 

Example. —Suppose that the first conductor is a sphero of radius d. 
Fig. 3:01, its centre being at O, and the second conductor is a very smal 
sphere placed with its centre at a point P. Let « be the permittivity 
of the surrounding medium. 


E 
4 t 


Fia, 3-01,—Electrostatic potential of 
& sphere due to a point charge. 
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(a) Suppose that P is outside the sphere of radius a. If unit c is 
placed on this sphere ? harge is 
n à 
Vp = E 
since the charge on the sphere acts as if it were concentrated at its 


1 i 
centre O. Thus pg = ZP But since p, = p,,, unit charge at P 


raises the potential of the sphere by an amount E if the sphere is 
insulated. ; 
(b) If P is inside the sphere of radius a, then when unit charge is 


given to the sphere, the potential at P is raised by an amount a 


1 f t S 

le pu Since pj, = Py, it follows that if the sphere is insulated 
and unit charge is placed at an internal point P, the increase in potential 
of the sphere is Ls and this is in- 
dependent of the position of P so long 
as P remains inside the sphere. 

Electric screening.—As an ex- 
ample of the use of the coefficients 
of capacitance let us consider 
three conductors A, A, and Ag, ; Z 
arranged as in Fig. 3:02. Then A, Fie. 3-02.—Electrical screening. 
is a closed surface with A; inside sts 
and A, outside it. The relations between the charges and the 
potentials are i 


Q,—c«Y-enVaenVs 5 00 07 (i) 
Qa = Vi taa deu ae yi pst (ii) 
and Qa = aV beg Peas 0 MD 


To discern what we can about the c's let us consider the red 
special case. Let A, be earthed so that V — 0 and let A, be wit 
out charge. ‘Then since A, is free from inside charges its potentia. 
is zero at all points within. Under these conditions equation (i) 
becomes : 

O = 0 H O + es Vs- 
But V, may have any value whatsoever: Hence 
ey = O = 03 . 
i i i i itheut 

This proves that A, may be raised to any potential wi 
affecting A,, or vice versa. The conductor A, is said to tg " 
from the field due to Ag; thus the interaction between A, an an 
is completely nullified by interposing à closed conductor surroun 
A, and maintaining it at zero potential. 


` 
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The forces and couples on any member of a system of 
charged conductors.—The stress at the surface of a conductor 
2 
has been shown [cf. p. 50] to be -. We are now in a position 
to determine the resultant force (or couple) on any conductor in 
a system in terms of the electrical coefficients appropriate to that 
system. As usual, we limit ourselves to a system of two conductors, 
Let the positions of these conductors be specified by the co- 
ordinates £y, 2, so that the p's and c’s are functions of the z's, 


_W, the energy of the system is consequently also a function of the 


z's, Hence, in general, a change in any one particular coordinate z 
will change some or all of the p’s and c's and so alter the energy of 


the system. 


Tf Wo is the energy of the system expressed in terms of the 
charges on the conductors and the coefficients of potential, let X 
be the force on a conductor tending to produce a displacement ôx. 
The work that would be done in such a displacement is X dz and this 
could only be done at the expense of the store of potential energy in 
w system, and it is therefore equal to the corresponding decrease in 

Q ie. 

X 6x = — 6Wo, o X= - 27s. 

In this differentiation the Q's are constant and the differentiation 
is performed on the p's which alone are functions of z. 

If Wy is the energy of the system in terms of thé potentials of the 
conductors and the c's, then although Wa = Wy it is not open to 
us to substitute Wy for Wa in the above equation because of our 
hypothesis that the charges remain constant during the displace- 
ment. 

If we take as an alternative hypothesis that the potentials are 
kept constant while the conductors are displaced, this introduces 
another physical consideration, viz. that any alteration in the 
positions of the conductors alters the potentials and in such circum- 
stances the potentials can only be kept constant by connecting each 
conductor to a battery, i.e. with a source of energy on which it can 
draw. In such instances it cannot be argued that the work done in 
a small displacement is the exact equivalent of the loss of energy; 
because we are-assuming that there is a large store of energy available 
for doing work, 

Now, in general, W — $2 (QV) Thus 

Wo =19:V,+43Q.V, 0c 
= EPa? + Paaa F Pa, Dou = Pail. 
^. age = Paa + Paa — V,, 
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and e = 7129, + PQ, = V4. 


Similarly, since 
Qi = CVs + Gay 
and Qa = Cis Vi + eisVs, 
Wy = Qa Va + 3Q3Vs = den Vs! + eu Vi Va + dena. 
ow: 
X V. = V1 + Ys = Qi 
aw. Vy 
and pA = CV, + 04V, = Qy 
E" Wa + Wy = QV, + Vy 
Consider a small displacement óz without any restrictions on charges 
and potentials, i.e. suppose that charges, potentials and positions all 
undergo small changes. 


Then 
9Wq + 0Wy = &(Q,V; + QV9). À 
Now Wa is a function of Q,, Qs and z, the distance between the 
two conductors ; similarly for m e 
. ow, aw Waa, 0Wy 2Wy Wy 
= QV, + Vida + QV, + Vaba 


. Ws: aW, 
ecu fu ME 
aW, Wy, 
X=—— Se + 


Theorem.—When a system of conductors is maintained 
with each at a constant potential by connesion to a source 
of electricity, the total energy supplied by the sources in any 
displacement of the system is double the increase in the 
electrical energy of the system. ; : 

Consider charges Qi, Qs, . . . a6 potentials Vj Vs... Then 
the total energy is 

W-RVo RA 

Let a displacement be given io the system so e charges 
become (Q, + qj), (Qa +a) . - , the potentials of the individual 
conductors being kept constant. "he energy of the system : 

W w = AQ + aV + HOi + Vs + ie 
80 that the increase in energy is : 
v = fiV H das 53 Sed 
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Now the quantities g,, ga, . . . have been drawn from sours 
of energy at constant. potentials V,, V, . . . and therefore the 
energy given up by these sources is 

UV; + Vs +... = 2v, 
which establishes the theorem. 


Example.—Let us use a parallel plate air condenser to illustrate the 
above theory. 'The condenser is shown in Fig. 3-03. It consists of 


Unit A 
ra ae area ve 
TEC Y; 
+0 


1+0 
E | i [Air] 
Lu -0 L u 
! 1 7 
L L 
Fro. 3:08. 


two parallel plates each of area A, the charge on unit area of the positive | 
Plate being o. Let V, and V, be the respective potentials (Vj <W) 4 
and suppose that the plates are at a distance z apart. ] 
2, if ie, is the permittivity of air and edge effects are neglected, i 
4202 
Vs =V, —, ag W = jA«(V, — V). 


2nActe k,A(V, — V4)* 
ve = tt - : 
Wee and W E 
The force tending to inereaso x is either ; 
_ aWe — _ nAg? aWy A(V, — V,) QnA, | 
MM UM S A uo — - ee 


t 2 
The numerical value of the stress is therefore 277. everywhere and | 
K 


is such that the resulting forces tend to draw the plates closer togathet 
The attracted 


disc electrometer.—This electrometer consists 
essent * & Buard-ring condenser and a balance, the underlying | 
Principle being that the mechanical pull on the movable plate of 
a condenser is balanced against the gravitational puli on a know! 
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with the stop K. This adjustment may be effected by adding sand 
to the balance pan D. 


KG 


P.D.across 
E : : 
uU 


Fig. 3-04.—An attracted disc. electrometer. 


Let V be the potential of the lower plate at a distance t from 
the upper one and m be the additional mass required in D to restore 
equilibrium, i.e. to make B and C coplanar again. Let c be the 
numerical value of the density of the charges on the central portions 
of the condenser plates. If S is the area of the plate B (strictly 
the mean area of the aperture in O and the plate B), the total pull, 


220°S 


mg, on it is , where « is the permittivity of air. But 


a 


f = electric field strength = a. 


a 
a v=x f? 2 
n 


Since, if x, is assumed to be unity, all the quantities on the right- 
hand side of the above equation are known, or measurable, V may 
be calculated. 

In actual practice it is found difficult to measure t accurately, 
80 that the following modified procedure is adopted. Let A be 
connected te a constant source of potential, Vo, the plates being 
at a distance t apart. Then 


2nmg. 
E. 
Now let the potential to be measured, say V, be connected in 


series with V,, the total potential being Vg + V. Let A be lowered 
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' by means of the screw H, through a vertical distanco A until the 
balance is again equilibrated. Then 


2 
Y V = 3 + 0), [22 
Ka 
From these we have 
Vu 2 ~i 2nmg. 
KS 
The quadrant electrometer.—This instrument enables us to 
compare potential differences more accurately than can be done 
with gold-leaf electroscopes. Lorp KxLvrw made the first reliable 


quadrant electrometer, but the form chiefly used to-day is due to - 
Douzzanxx [of, Fig. 3-05 (a). It consiste essentially of a cylindrical - 


en 


Fig, 3-05, (a) A Dolezalek quadrant electrometer. 
(b) A quadrant, 
(c) Diagrammatic represeutation of a quadrant electrometer and 
its connexions. 


box divided into quadrante, one of which is shown in Fig. 3-05 (b). 
Diagonally opposite quadrants are connected by thin wires and an 
. Aluminium needle is suspended symmetrically in a horizontal plane 
between them, The needle is suspended by a fine phosphor bronze 
vire which is raised to about 100 volts by being connected to 
‘one terminal of a battery, the other terminal being earthed— 
oy 3:05(c). Each quadrant is supported on a quartz pillar which 
never be touched by the hand if the insulation is to remain - 
unimpaired, Communication to the quadrants is made by means 


of metal rods and springs i | 
the i qa ae s cose rron dii 
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In some of these instruments the suspension consists of a quartz 
fibre which is chosen on account of its constant elastic properties 
and because the insulation resistance of quartz is so high that the 
needle does not lose its charge for a considerable time. The needle 
is then charged by touching it with a charged rod. The base of 
the instrument is fitted with serews so that it may be levelled and 
it is advisable to surround the entire instrument with an earthed 
piece of gauze to protect the quadrants and needle from stray 
electric fields. A mirror is rigidly attached to a thick wire fixed to - 
the needle and coaxial with the suspension, so that small angular 
displacements of the needle may be measured. 

The principle underlying this instrument is that when there is & 
difference of potential between the two pairs of quadrants, the needle, 
having positive charge, moves away from the quadrants with the 
higher potential. ‘The energy of the needle is spent in doing work 
in twisting the fibre. For small potential differences the deflexion 
of the needle is proportional to the potential difference. 


Approximate theory of a quadrant electrometer.*—Let A 
be the area of one face of the needle and § be the area of one 
face of the needle under the V, quadrants; then A — B is the 
area of one face of the needle under the V, quadrants. d 

If h is the separation above and below the needle and a quadrant, - 
we can regard the system as one of plate condensersif edge-effects are 
neglected. Then the energy of the electrical system is 


W, = = H(CV4) 
18 1A—8 
=2 x igg 0 VU +2 Xa amn e Vt. 


The couple tending to turn the needle in the direction of 6 
increasing is + > Now S is the only term in the expression 
for the energy which is a function of 0. 

. Wy _ (V. Vat = S VS. 

ur c anh dà 
Now r? 00 = ôS, if r is the constant radius of the needle. 

_ Wy _ BVa — Va V Vl 

' "dé 4nh i 
and in the position of equilibrium this is 70, where 7 is the torsional 
constant for the suspension. Thus, a being a constant, 

0 = a(V4 — Vals — (Vs + V9 


..* Of, earlier editions of this book for a more complete theory of this 
instrument, A 
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Two methods of using a quadrant electrometer.—The 
deflexion of the needle of a quadrant electrometer has been shown 
to be given by the expression 

0 = o(V, — Vi[Vs — (Vs + V9] 
where œ is a constant. If V,2» V, and V, we may write for a fixed 
value of V;, 
0 = kV, — Vy), 
` where k is a constant. In such circumstances the instrument ig 
said to be used heterostatically. ; 

If the insulated quadrants are at the same potential as the needle 
then we have, if V, = 0, 

= «VV, — $V.) = 43«V,* = 8V?. [B = ja = constant 

and V, = V (say)] 

In this instance the deflexion of the needle is directly proportional 
to the square of the potential on the needle and the instrument is 
said to be used idiostatically. It should be noted that V is the 
root-mean-square (r.m.s.) value if an alternating potential is. 
applied—ef. p. 507. 

The theory of an electrostatic voltmeter.—It has just been 
shown how a quadrant electrometer may be adapted to measure 
alternating potential differences. The formula involved may be 
derived by considering the energy stored in the system and the 


re 
(a) (5) 
Fic. 3:06. —Theory of an electrostatic voltmeter. 


method applies to many commercial forms of electrostatic volt- 


Mis 2 Bo. proceed, let us therefore consider the arrangement — 
d Fig. 3:06 (a); A and B are the fixed plates of the system — 
wane N I5 a moving component suitably suspended and capable of - 


ae ae ee ee ee 
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rotation about & vertical axis. A is earthed and the potential 
difference V applied as shown. Let © be the capacitance of the 
system and suppose that N takes up an angular position defined 
by 0. Let the applied potential difference be increased to V + ôV 
so that 0 becomes 0 + 00. In this process a charge 6Q = VóC + 
QàV flows on to the parts B and N. 

The energy supplied by the battery is V.6Q = V2.8C + CVóV, 
while the increase in the energy of the field is #V?.6C + CVOV ; 
the increase in the energy of the suspension is 78.60, where T is 
its torsional constant. Using the principle of the conservation of 
energy, we have 


V2. òC -+ OV8V = 4V#.8C + OVOV + 2000, 


ie. 10— ive. 
Hence = AVES, 


where A is an instrumental constant. In a well-designed instru- 
ment E can be made constant for its working range, 80 that the 


deflexion is directly proportional to the square of the applied voltage. 

The foregoing treatment may be applied to an instrument with 
a direct-attraction type of movement, of, Fig. 3:06 (b), by writing z 
to define the separation of the plates; this variable replaces the 0 
of the earlier analysis. Then, if F is the deflexional force, : 


dC 
= + 
Fe jv. 


[For a close-spaced parallel plate air-condenser, in which edge 
fects i Kah so that C _ KoA. which is 

effects may be ignored, C= i 80 ice 
not a constant.] 

Two commercial forms of electrostatic voltmeter.— The 
structure of a Kelvin multicellular voltmeter is shown in Fig. 3-07 (a); 
it is essentially a quadrant electrometer with & large number a 
moving vanes, rigidly connected together to form the needle, à 
a correspondingly large number of fixed quadrants. The large 
number of quadrantal cells is necessary, cially when the range 
of the instrument is low, to obtain & sufficiently high scene 
couple; the range of the instrument is usually from xdg 
volts, although instruments to cover the range below 40 volts have 
been. constructed. / oe Meare 

Since the moving system is suspended, all bearing friction 18 
eliminated and the coach spring is added to protect the suspension 
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from damage by shock ; Similarly, a clamp is used when the instru. | 
ment is in transit. The pointer and scale, which must be calibrated, 
are of the ‘ edge-wise ' type, and a torsion head, which may be 
rotated very slowly by a worm-wheel attachment, enables the 1 


A simple form of electrostatic voltmeter, suitable for the Tange 
from 1-10 kV., is shown in Fig. 3:07 (b). The needle N, which is — 


Volt xo? | 


es Coach spring 


(5) 


— Two commercial forms of olectrostatic voltmeter. 


Fic. 3-07. 


own voltages; by adding small masses 71, and m, to short arms 
attached to the lower part of the needle th. 
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Esample.—À horizontal circular insulated plate a, Fig. 3:08, is close 
to a similar earthed plate b. A light metal rod on an insulated pivot 
O carries & similar plate c. x 
The centres of these circular 
plates lie on a vertical line 
and, when all the plates are 
at earth potential, c is mid- 
way between a and b; the ü 
M is kept horizontal by & Fie, 3-08, 
counterpoiso M and e small : : 
rider of mass m. Show that when the potentials of a and c above earth 
are respectively v and V, equilibrium will be restored by moving m 
through a distance z given by z = k(2Vv — v), where k is & constant. 


Find the voltage sensitivity, d in em. volt.-i, if the area of each 


plate is 15 cm.*, the distance between a and b is 0-20 cm., V. is 100 volts, 
m is 0-010 gm., and the distance between O and the centre P of the 
jate c is 5'0 cm. 
If A is the area of each plate, a and 1 the distances indicated, the 


potential energy of the system is given by 
1 «4 À "es kA S 
WesisVtiggcey n 
where x, is the permittivity of air; its numerical value may be taken 
88 unity. , f 
;, Force tending to increase a is 


Tf this force is F when æ = $i, we baye 


ps Gun ay save aur 


If z is the outwards displacement of m required to restore equilibrium, 


and OP = 1, 
mgz = |F| T = kv — v?» 
x,Al 
where k = gaë? constant. ' 
dz 2k 
Mu "i =v). 
(2) au — — — — 
To) eau. 7 2a X (020)? X 0:0101 x 980 300 
(E) - ages x 15. 
Fo) vor, " 688 x 4 x 980 800 90" - 


= 0.0064 em. volt. - 

To determine experimentally the capaci'ance of a quadrant 
electrometer and a small air condenser arranged in P x 
with it.—[This is often referred to 88 & determination of t P 
capacitarice of an electrometer and ite. connexions] Tet % 
Fig. 3:09, be the electrometer whose needle is maintained at & high 
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potential (100 V.) by means of a battery A. It will be supposed 

` that a fixed air condenser, C’, is permanently connected in parallel | 
with the electrometer. Let C, be the capacitance of this system; 
‘its value can only be found experimentally. The key K, enables - 
the insulated pair of quadrants to be earthed when necessary. This 
key, cf. Fig. 3-09 (b), consists of an insulated piece of wire bridging 
two holes drilled in a block of paraffin wax and containing a small 
quantity of calcium chloride. After a short exposure to the 
atmosphere the chloride becomes moist and conducting. By closing 


(a) (5) 


Fia. 3-09.—Capucitaneo of a quadrant clectrometer and 
1 its connexions, 


the key K, the insulated quadrants may be connected to one pole 
of a battery B, the other pole being earthed. C is a standard 
parallel plate air condenser; one plate is earthed while the other 
may be connected to the insulated quadrants of the electrometer 
by closing the key Ka. Let K, be open and K, closed, the deflexion ' 
9f the electrometer needle being 0. If Q is the charge on the 
insulated quadrants and the connexions to them, C, their capacit- 
ance, is given by Q = C,V = “C0, where V is the potential differ- 
ence applied and « a constant. When K, is opened the deflexion 
is unaltered if the electrometer is in working order, but on closing 
the key K, the deflexion is reduced to 0,, the charge Q being shared 
between the capacitances C, and C. Then 


Q = 0(Cy + O6. 
^ (Co + 00, = 0, 


or Cy =6. 
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between the plates; it is usually too small to be detected by a 
galvanometer. One method of measuring such a current is due 
to Bronsox (1906) and is as follows. A resistance R, Fig. 3:10 (a), 
of the order 1019 ohms, is joined in series with a battery B of from 30 
to 300 volts or more and a condenser C. When the air between the 


Cm Ot a— X-rays [or other 
Pa x dt 
Ta. agen 


Fic. 3:10,—Measurement of ionization. currents by means of a 
quadrant electrometer. j 


plates of the condenser is exposed to X-rays a current flows in this 
circuit, thereby, creating & potential difference between the ends of 
R. These are connected to the opposite paire of quadrants of an 
electrometer and the steady deflexion of the needle is recorded. 
Let this be 0,. The electrometer is calibrated by placing a Daniell 
cell [1-08 volts] across its diagonally opposite quadrants. Let the 
deflexion be 0,. Then the potential difference corresponding to 0, 
; NA .108 . 0 
is 1-08 x (z) The current in the circuit is therefore cU [A 
f 3 
amperes, if R is measured in ohms: 


(b) The steady-rate method.—Suppose that.a layer of some 
radioactive material, such as cleveite, is placed on the lower plate 
of a condenser C, Fig. 3:10 (b): This plate is connected to the 
positive electrode of a battery B, the other electrode (of the portion 
used) being at earth potential. Eisa quadrant clectrometer whose 
insulated quadrants are connected to the upper plate of the con- 
denser C; they may be earthed by means © the key Ky. ©, is 
& second air-condenser of known capacitance which. may be placed 
in parallel with C, the key Ka being used to carry out this operation. 

All electrical quantities are ab first expressed in practical units. 


86 ELECTRICITY AND MAGNETISM 


Let q be the charge at any instant on the insulated quadrants and 
the condenser plate to which they are connected. Let C, be the 
capacitance of the ionization chamber together with that of the 
electrometer and its connexions. This is the capacitance we have 
previously determined experimentally; here it is eliminated. Then 


g = Cw = Os(x6,), 


where v is the instantaneous value of the potential on the insulated 
quadrants, 0, is the instantaneous deflexion and x is a constant, 
Then the current I is given by 


I-4$- a0, 


Let C, be the capacitance of the standard condenser now placed 
in parallel with Cy. Let 0, be the deflexion at any instant. . Then 


T= «(C + C5. 


M UNE o Qu... ^ 
6, O (6, — 6,) 
1-40,^^ 

6, — ó, 


To standardize the electrometer the procedure is as follows. By 
means of a key K, a Daniell cell of e.m.f. 1-08 volts is placed across — 
the quadrants; ‘et the steady deflexion be 4. Then 1-08 = ad. 


I= o, : UU amp. 
6, — 6, 
108, 6,6, 


amp., 


$ "6. —6, 


1 
6,—6, 9x101 
where C, is the capacitance in e.s.u. of the standard condenser 6. 


The Lindemann electrometer.—This instrument, which works 
on the same principle as a quadrant electrometer, was designed in 
1924 for the measurement of small potential differences and very 
small currents. It is very compact, has a stable zero, a constant 
Sensitivity and, unlike a quadrant electrometer, it does not require 
levelling, i.e. it is insensitive to ‘changes of level and of tilt. 

The working parts consist of four polished plates, insulated from 
each other but connected diagonally; these plates, cf. Fig. 3-11 (a), 
are fixed in position and are known as the quadrants, In addition, 

there is the moving system which is mounted mid-way between the 
two pairs of plates. It consists of a quartz * needle ® mounted on 


& 
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a gilded quartz fibre, 6u thick and stretched on a U-shaped quartz 
frame a8 shown in Fig. 3-11 (6); the tension in this fibre is about 
one half the breaking load and is independent of temperature. 
Each upright limb of this frame has a saw-slot about 0-1 cm. deep 
and in these the ends of the torsion fibre are mounted. One end 
is fixed in a slot by means of Wood’s metal and at the same time a 
thin copper wire is inserted to serve as a lead. A load of appro- 
priate size is attached temporarily to the protruding end of the 
fibre to impart the necessary tension. Shellac is melted at the slot 


Microscope 
directed 
| downwards 
Insulation Index viewed through 
VA microscope 


(a. bs 
Fio. 3-11.—Essential features of a Lindemann electrometer. 


concerned and when it has re-solidified the protruding part of the 
fibre is removed. Across this torsion fibre the so-called needle is 
fixed. This lies vertically and symmetrically across the torsion 


point where the two fibres are attached to each other being at the 


parallel to one another; each is 
diameter. Their ends are sealed to- 
plane of the quartz 


frame to the torsion fibre by means of electrolytically deposited 


copper. By means of shella; £ ; 
fixed to the upper end of the needle + it 1 always alen 
torsion fibre and serves a8 a pointer which enables the ro 
the needle to be determined by observing, tenon microscope 
pointing downwards, the displacement cara oe i 

The above arrangement is enclosed in ® cylindrical brass iex 


88 ELECTRICITY AND MAGNETISM 


about 4 em. in diameter and 3 om. deep; Fig. 3-12 shows the 
external appearance of the instrument. A small glass window is 
provided in both the top and bottom of the box. This permits the 
microscope to be focused on the index P, when any motion im. 
parted to the needle is shown by the displacement of the image of 
P on the graticule scale in the eye-piece of the microscope. A and 
B are terminals connected to the respective quadrants, while Cis 
a third terntinal connected to the needle. A small cylindrical 
chamber D contains silica gel to absorb moisture from the interior 
of the instrument and the terminal E permits the case to be earthed, 


0 


Fig, 3-12.—A Lindemann electrometer. 


Two very important features of a Lindemann electrometer are that | 
its period is less than one second and its capacitance about 2 pE, f 
ie. 2 x 10-5 F, 7 

Now although the principle of working is the same as that ofa f 
quadrant electrometer, it must be noted that with a Lindemam 
electrometer the potential to be measured is applied to the moving 
system while the quadrants are kept at fixed potentials; with 
quadrant electrometer these functions are reversed. The needle is 
deflected towards that pair of quadrants whose potential differs 
most ftom its own. ; 

Fig. 3-13 illustrates a simple circuit showing how this electro- 
meter may be used to measure a photoelectric current. To set up 
the instrument the terminals to the plates and the needle are all 
earthed and the £ mechanical zero’ viewed on the eye-piece scale. 
The potentials of the plates are then adjusted to have equal and 
opposite values when the needle remains at the mechanical zero. 
Usually a H.T. battery with 3 V tappings is used for this purpose, à 

. fine adjustment being made with the aid of a potential divider 

. incorporated at the centre of the H.T. battery; the diagram is 
self explanatory. .. : 

NEL practice the plates are at -L 15 V. with respect to earth; 

_ higher values lead to instability but just before this stage is reached 


i Daa a te Thi 
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the instrument is very sensitive. The deflexion of the needle, as 
measured on the graticule, is a linear function of the potential dif- 
ference applied to the needle and a sensitivity of 400 eye-piece 
divisions per volt is not uncommon. When the sensitivity has been 


Fra. 3:13.—A Lindemann electrometer arranged to measure a photoelectric 
current. Any potential difference to be measured is applied across T;, T, 
and the switch enables the needle to be earthed or connected to Tg. | 


determined experimentally, any unknown potential difference be- 
tween the needle and earth is readily deduced. In the present 
instance this potential difference exists across the large and known 
resistance R, so that a value for the photoelectric current is easily 
obtained. With such small currents as these it is essential to add 
a guard-ring to the photoelectric cell, cf. Vol. Vi. 


The van de Graaff electrostatic generator.*—The basic idea 
of a belt type of generator probably dates from Kelvin's famous, 
water dropper [John Gray, ‘ Electrical Influence Machines *, 1890] 
and, in fact, Kelvin suggested such a generator in. which charges 
would be carried to the electrode on a conveyor belt consisting of 
alternately insulated metal segments. ‘The first really successful 
generator of this type is due to VAN DE GRAAFF. ; 

The principie of operation of a van de Graaf electrostatic 
generator is shown schematically in Fig. 314. A and B are 
two metal spheres about 50 cm. in diameter and they serve respet- 
tively as the positive and negative high-tension terminals of the 
generator; belts made from multi-ply rubberized fabric are shown 
transporting to them positive and negative electricity from the 
charging outfit. The charge is ‘sprayed’ on to e» belt as it 


passes between a metallic surface and one ES nde 
so adjusted as intai -dischar ies 
justed as to maintain a brush-discharge metallic sphere 


and the neighbouring point. Thus at D, the small meta £ 
is charged positively Eom the generator and so the cape 
metallic point receives a negative charge- This is discharg i 
the point and collects on the belt which carries the Charge Vm Ws 
When this charge arrives inside the large sphere B it is collected by 


* Phys, Rev. 43, 149, 1933. 
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the point G, i.e. an induced positive charge appears on G while an 
induced negative charge appears on the surface of B. The charge 


Glass insulator 
supporting sphere 


Belt of silk 


SSS SSS 


— 
<= 


Motor driven pulley 
(earthed) 
Ø 
8—- 


generator 
(70-20) kV. 


Fia, 3:14.—The principle of a van de. Graaff electrostatic generator. 


induced on G disappears as-it is neutralized by that removed from 

the belt. The net result is that B acquires a negative charge. 

In the same way the sphere A acquires a positive charge. 

To understand more fully 
how this ‘spraying process’ 
works, let us consider the 
state of affairs between the 
positively charged and pointed 
conductor C and the nega- 
tively charged small sphere 
close to it. In between, as 
shown in detail in Fig. 3-15 (a), 
the d of insulating mater- 
TIN à 5 i which travels upwards. 

el ss EV aaa nonae Because of the large pum 

generetor. PV field in the air near 

: the point ionization 
occurs, i.e. both positive and negative ions are Eu The sum 
of ions is copious in the region between C and the belt, cf. Fig. 
915 (b), and the positive ions, drifting with the feld, strike the 


ELECTROSTATIC INSTRUMENTS 91 


belt and adhere to it; these ions are earried upwards. On the 
other hand the negative ions move towards the pointed conductor C. 
Inside the sphere the charge is removed from the belt by the well- 
known and simple ‘ action of a point’ process. It should also be 
noted that at the same time a relatively small number of negative 
ions may be sprayed on to the other side of the belt; these will 
not be removed until the belt passes over the lower pulley which 
is earthed. 

The voltage which is attained by this device is limited only by the 
corona breakdown at the surface of the spheres, and this depends 
upon their size and the degree of smoothness of their surfaces. The 
current output is equal to the rate at which the charge is carried into 
the spheres and is therefore equal to the product of the surface 
density of the electricity on the belt and the areal velocity with 
which it enters the sphere concerned. To provide as large a current 
as possible the belts are designed to operate at the greatest possible 
speed and multiple belts can be used, 


Pressurized van de Graaff generator.—Higher voltages can be 
obtained from a van de Graaff generator if the entire electrode 
system is enclosed in a high pressure tank and the conveyor belt 
made from rubberized fabric, Air is not used in the tank since the 
presence of oxygen increases the risk of fire should a spark occur. 


The mainly cylindrical vessel, which is about six metres long and 
n diameter, is therefore filled with 


somewhat less than two metres i retore Hi 
nitrogen at a pressure of about seven atmospheres and this reduces 


corona losses. In still more recent forms of this type of high voltage 


Q is a d.c. generator Si die igi sphere 
Fic. 3-16.—A pressurized van de Graaff generator. 
3-16, a small percentage 


ich is shown in Fig. 
oan pom vapour, CCl, or of “er 
vapour, COl,F, and known co! y as 'freon ae ad A u 
the nitrogen ; this reduces still further the corona : 


ESL 
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boils at — 29-8°C., and at 20° C. its equilibrium vapour pressure ig 
about six atmospheres. Its dielectric strength is about equal to 
that of air at a pressure three times as high but its use with electro. 
static generators is complicated by its slow decomposition under 
conditions of ionization and sparking. Since 1946 some workers 
have replaced freon by sulphur hexafluoride, SF, with a sublima- 
tion point at —63-8° 0. It is much superior to freon on account 
of its greater chemical stability and an equilibrium vapour pressure 
-of twenty-four atmospheres at room temperature. 

The voltages attained with these generators are usually in the . 
range 1-6 MV and by using suitable electronic controls may. be 
Stabilized to within +0-1 per cent. Such an instrument is in- 
dispensable for precision measurements concerning nuclear re- 
actions with energies not exceeding 10 MeV. 


Tandem electrostatic generators.—Since 1960 a technique has 
been developed for utilizing the terminal potential of a van de 
Graaff generator several times in Succession, ie. the energies of 
accelerated particles are increased Several times above that acquired 
by a single acceleration. Here only a two-stage tandem electro- 
static generator will be discussed ; Fig. 3-17 indicates the mode of 


Gas (or collodion) ES 5 
Stripping canal Positive ion sourci 
High pressure tank 


Fia. 3-17.—A tandem electrostatic generator. 


Let us suppose that protons are to be accelerated. These are 
produced-in a high-intensity radio-frequency source at S and then 
pass through an ‘electron adding canal. This contains gas at 
such & pressure that about one Per cent of the protons emerge as 
negatively charged atomic hydrogen ions. The negative-ion beam is 


`D 
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deflected by the analysing magnet M;, so that monoenergetic ions 
enter the accelerating tube and move towards the high-voltage 
terminal. Inside this the swiftly moving negative ions pass into 
a ‘stripping canal’, where a very thin sheet of collodion, or gas at 
a suitable pressure, causes two electrons to be removed from each 
ion, ie. protons appear; the energy loss in this process is only a 
few hundred electron-volts, i.e. it is negligible. "These positive ions 
are then accelerated to earth potential so that their final energy is 
thereby doubled. A second magnet M; deflects the protons through 
90° before they bombard the target. 

The measurement of high d.c. (or z.f.) potential differences. 
—Fig. 3-18 (a) shows diagrammatically the essential features of 
an attracted disc electrometer for the measurement of potential 
differences up to 0-25 MV. A hemispherical metal dome S encloses 
a sensitive balance B from one arm of which hangs a moyable 


t 
iU 
t ' 
È 
X 
=e ing : ; (b) 
Proton energy UT 
= Earth @) (MeV.) 


Fra. 3-18.— The measurement of high d.c. potential differences. 


metaldisc D. This is flush with the lower surface of a metal plate 
R which serves as à guard ring; the clearance between D and R 
is about 0-01 cm. The diameter of the disc is within the range 
10 cm. to 20 em., while that of R is 100 em. Light reflected from 
ed to the beam of the balance increases its 


a plane mirror M attach 1 
sensitivity and also enables an observer at a safe distance from the 


instrument to ascertain when D is restored to ite zero position. 
This is brought about by adding standard masses to the appropriate 


pan of the balance. A bank of condensers P between a high potential 


electrode V and earth acts as a potential divider and the electric 
field across the gap AD is kept uniform by providing equally spaced 


‘ guard-hoops such as HH ; each hoop is connected to the appro- 


priate point in the potential divider P. i f 
Tf 2r is the effective diameter of the diso we have, with the usual 


94 ELECTRICITY AND MAGNETISM 
notation, 


megan 2no 
mg = me 
where dro = k,E = kev 
v= salt ied e.s.u 
Ka 


An alternative method for ascertaining the terminal potential of 
an electrostatic generator is to measure the current through a stack 
of high resistors in parallel with the machine. By carefully shield- 
ing these resistors they may be made free from corona losses ; then 
the method is an accurate one. To effect this the resistors are 
connected between successive equipotential rings and the total 
resistance of this bleeder column should be of the order of 104 
megohms per million volts so that the current through it is about 
100 uA. This is measured by a microammeter inserted at the 
earthed end of the resistor column. 

Other methods depend upon (a) the deflexion of charged particles 
in magnetic or electric fields, and (b) the fact that certain nuclear 
reactions may be initiated at sharply defined thresholds, i.e. voltage 
levels. Thus 

gli? + ,H! — qn! + Be? + Q, 
is an endoergie nuclear reaction, i.e, Q has a negative value. This 
means that the bombarding protons must have a certain minimum 
or threshold value for their kinetic energy befor the reaction can 
occur. The neutrons which are released may be detected by 
allowing them to enter a chamber filled with boron trifluoride. 
The reaction is represented by the equation 
on! + sB —> (Bu) — Ti? + „Het, 

and it is the strongly ionizing pro: of the a-particles which 
permits them to be detected. As “gab of Be ennt a 
graph similar to that shown in Fig. 3-18 (b) may be drawn; it 
shows the threshold value of the energy of the bombarding protons 
to be (1:882 + 0:001) MeV. 

When a series of such values for several nuclear reactions is 


known, an accurate means for standardizing high voltages becomes 
available, 


EXAMPLES IIT 


3-01. Each time the plate of an electro: i i i 
pla phorus is charged it acquires 
$3 siad Q and when it, is brought into contect with an uncharged 
conductor this acquires a charge «Q, where 0 < « < l. 
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Prove that the maximum charge which may be given to the conductor 
after repeated contacts is «Q(1 — a)71. 

3.02. Describe, in detail, how the force between. the plates of a 
condenser is utilized in an absolute electrometer, 

Two condensers of capacitances 0:1 uF. and 0-01 uF. are connected 
in series across a potential difference of 22 volt. If they are then 
insulated and connected in parallel, what is the loss of energy in ergs ? 

[147 erg.] 

3.03. Two parallel plate condensers of capacitance 0l uF. and 
100 pF. are arranged in parallel with one side of the system earthed 
and the other insulated. The potential of the insulated plates is raised 
to 12 V. and then the system is isolated. Calculate a value for the 
potential difference across the smaller condenser when the earthed plate 
of the other is removed to infinity. [L2 x 104 V.] 

3.04, An attracted dise electrometer is immersed in an insulating 
oil whose permittivity is 4. How must the distance between the 
plates be changed so that the suspended disc may remain in the plane 
of the guard-ring (a) if the charges on the plates are kept constant, 
(b) if the potentials of the plates are kept constant ? 

[(a) impossible, (b) tx = 21.] 

3.05. The upper plate of a parallel plate con: r is earthed and 
suspended from a closely coiled helical spring, for which & force f dynes 
is required to extend it bylem. The plates are horizontal and initially 
at a distance a em. apart. When the potential of the lower plate is 
raised to a value V e.s.u. and the upper plate is at a distance z cm. 
below its initial position, show that the resultant downward force 


acting upon it is given by 
VIA 


F = gn(a — z)? 


— ft, 


dE i 
where: A is the area of a plate. Find 77 and show that it F = 0 when 


& — m, then for a small displacement ôx from this position 
92, — 2) 
óF - CERO ôx: 
Discuss the equilibrium of the system. 
3.06. Three parallel plates, A, B and C, each 1t ; 
maintained at potentials, 40, 90 ‘and 0 volts respectively. B is between 
maintained and D being separated by 1 mum. and B and C by 3 mm: 


W. i fr ing ? 
hat force will prevent B from moving (95i dyae tuia B as GJ 


3.07. The plates of an air condenser are connected to an electrometer 
and the system is charged. The deflexion of the needle is 

and then the spaco between the plates 1s completely filled with a sub- 
stance of permittivity 5, the condenser plates remaining 1n : ^" 
during this process. The deflexion is again observed and it is foun 


to be less in the ratio 500 : 101. Nobis eager col of E TT 
is 0 h meter and its e ; 
is 0-01 yF., find that of the electro! [135 X 20-4 uF] 


conductors 


6a cm.* in area, are 


4.08. Obtain an expression for the energy of a system of 


in terms-of their charges and potontials. EEN 
Show that if the plates of & parallel plate condenser are maintained 
at a constant potential difference by a battery of cells, and one plate is 
permitted to move slightly, the work done by electric forces is half the 


energy taken from the battery during the displacement. 


^ 
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3-09. A quadrant electrometer and its connexions have a capacitance 


of 60 cm. The instrument is used heteróstatically and the insulated | 


quadrants are charged. They are then connected to à parallel-plate 
air condenser without an initial charge and the deflexion of the needle . 
is reduced to one-third of its initial value. The distance between the 
condenser plates is then reduced by 0:4 em., and the deflexion is halved, 
Obtain values for the initial Capacitance of the condenser and ihe 
separation of its plates. [120 e.s.u., 0-667 em] 

-10. Describe a quadrant electrometer and explain how it may be 
used (a) to compare two resistances, and (b) to measure an alternating 


eurrent and the resistance of the insulation. Indicato any assumptions 
you make. [2:50 x 10-13 amp., 1-77 x 1014 ohm.] 


60x cm.? and are 2-5 cm. apart, obtain a value for tho ionization current 
in amperes. [5 x 10-* amp.] 

3-13. A high-voltage generator for tho production of high speed 
electrons consists of an inner spherical electrode of radius a, surrounded 


iron, charge -e, mass m, and initially at rest, is released. If tho electron 
arrives with velocity u at the outer electrode, prove that the charge 


ab 
im To — aj + ko) — (x — Kg) cos Fua, 


How will the above expression be modified if tho is in the 
aboy generator is in 
form of a cylindrical condenser whose cross-section is identical with 


3:14. Prove that the capacitance per unit longth of a coaxial cylin- 


k 
dh (y where the symbols have their usual 


a 
M 


Suppose that tho inner conductor of such a condenser is supported 
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by triplets of sectorial spacers arranged in planes normal to the axis 
of the condenser. Six spacers are made by dividing a circular ring of 
insulating material into six equal parts ; the ring has inner and outer 


radii a and b, is of thickness £, and its material has a permittivity 3. 
If there are N triplets of spacers per unit length of the line, prove that 


the average capacitance per unit length of line is x, ERU 2 
21 (2) 

3.15. An air condenser is formed by two equal rectangular metal 
plates, height & and breadth b. 'The planes containing the plates are 
inclined to one another at an angle 0, which is not large, and the 
distance from the nearer edge of each plate to the line of intersection 
of the planes is a. It may be assumed that the lines of force are circular 
and the field strength, E, constant in magnitude along any such line. 
If V is the potential difference between the plates, and r the least 
distance of a point from the above line of intersection, neglecting all 
edge-effects, prove that 

EA 
nro 


and if c is the surface density of the electrification on the positive 


l ze 
plate, o = PEE 


Write down an expression for the energy of the condenser and show 
that the couple tending to decrease 0 is 


Kk, Vh ( 3 
"gaps In(1 +=). 
3.16. Obtain an expression for the strength of an electric field in 
terms of the potential gradient along the lines of force. 


z 
Suppose that two straight lines OA, OB, enclose an angle of 8 and 


that along OA lengths OD and DA, equal to 15 cm. and 60 em. respec- 
tively nre marked off. Similarly, lengths OE and EB, respectively 
equal to 15 em. and 60 cm., are marked off along OB. Now suppose 
that the lines DA and EB represent the edges of & variable air con- 
denser consisting of two square metal plates carried on insulating arms 
which are hinged atO. If a difference of potential of 600^ V, is main- 
tained across the plates, find the couple which the mutual attraction 
between the plates exerts about the hinge at O. [510 dyne.cm.] 


G.D.P.—V—E 


CHAPTER IV 


THE FUNDAMENTAL PROPERTIES OF MAGNETS 


a mineral known as magnetite were known in classical times. This 
mineral consists mainly of an oxide of iron, Fe30,, and it is sometimes 
known as lodestone, Its remarkable properties are (a) that a largo 
piece of the mineral is capable of picking up smaller pieces of the 


the distance apart. He also showed that this force is directly 

Proportional to the ‘strengths’ of the poles. If F is this force, 

deese positive when the force is one of repulsion, between two 

poes of strength m, and m, at a distance r apart in air, then 
Coulomb found that = PM 

: Pe qun 

ri 
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where « is a constant. Since tho units of distance have already 
been fixed it convenient to select a unit of magnetic pole strength 
or, more briefly, the unit magnetic pole, so that the above constant « 
isunity. Thus the unit magnetic pole is a pole of positive magnetism 
of such strength that when placed 1 om. away from an equal pole in 
a vacuum, the repulsive force between them is one dyne. | 


Then — 


Since, in practice, it is impossible to obtain a ‘ point ' pole of unit 
strength, the above definition is not all that could be desired, for the 
question arises as to the precise points in the poles between which 
the distance is to be measured and, moreover, if poles of such 
strength are brought together there is a tendency for one to reduce 
the strength of the other. This latter difficulty is only apparent, 


however, for poles of Hi the unit strength could be considered, 
n 


where n is large, when the force would be n~? dyne. 

Moreover, strictly speaking, if pip 18 the permeability, cf. pp. 109 
and 363, of free space, the equation for the force of repulsion between 
point poles in free space should be written 


This equation is correct dimensionally. 


Strength of a magnetic field.—The field strength at a point 


in a magnetic field is given in magnitude and direction by the force 


per unit pole which a small north-seeking pole would experience if 
situated at the point in question, provided that the small pole is 


"e m (b 


(a) 
Fra. 4:01.—Magnetie field strength due to a magnetic pole in a vacuum. 


so feeble that its presence does not disturb the configuration of the 


original field. 3 ; 
The field strength, H, at a point Pina vacuum and at a distance r 


from a magnetic pole of strength m may be calculated as follows. 
Let O, Fig. 4-01, be the point at which the magnetic pole is situated 
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and let ÔF be the force acting on a small pole ôm at P. Then 
?* móm oF m 
ôF = exits lor A emus 
oF m 
X = lim ELT 
dec ôm r 
In vector notation this is written 
~ m 
| nd 
where ? is a unit vector in the direction of r increasing. 
When the pole is surrounded by a medium, with permeability p, 
the above equations become 
H=, and A =A, 
nr Hr 
Hence, strictly speaking, in a vacuum, with permeability ju 
(numerical value unity), A 


Hu. and a7” 
Hor Hor 
Couple on an ideal magnet in a uniform field.—Let NS, 
Fig. 4:02 (a), be an ideal magnet, i.o. a magnet with point poles, 


H(oersted) 
r ! 4 SH 
Tnitial~ . 
i (dyne) pashon : ^ 
a ep i or 
(m) 
S 0 
enr 4 Position at 
~ right angles 
mH S OH | 
(a) (5) 


Fra. 4:02.—(a) Couple on an ideal magnet, 
(b) Couple required to hold a magnet at right angles to a small 
magnetic field, 


Suppose that it is held at rest in a uniform magnetic field of strength 
H and its axis makes an angle 0 with the field. Let 21 be the 
distance between the poles. The force on each pole is mH, but 
since the forces are in contrary senses they constitute a couple 
of moment mH(2/) sin 0. The quantity 2ml is the magnetic moment 
of the magnet ; it is denoted by the symbol M. Thus the couple 
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on the magnet, due to the field H, is MH sin 0 and a couple equal 
and opposite to this must be applied to the magnet to hold it at 
rest and with its axis inclined at an angle 0 to the field. H. 


Magnetic moment.—The definition of magnetic moment given 
in the preceding paragraph is not altogether satisfactory for it 
involves the idea of a magnetic pole and, moreover, the magnetic 
field in which the magnet is placed must affect the distribution of 
magnetism in the magnet. Jf, however, the magnet is placed in 
a uniform magnetic field of strength ôH, a couple will be exerted 
on the magnet whenever its axis does not coincide with the direc. 
tion of the field 6H. Let dJ” be the couple required to hold 
the magnet at right angles to the field 6H, cf. Fig. 4:02 (b). Then 


lim ce = M is called the magnetic moment of the magnet. 

The work required to effect the rotation of a freely sus- 
pended magnet in a uniform horizontal magnetic field.—To 
calculate the work which must be done on a magnet in order to 
deflect it from its equilibrium position in a uniform horizontal 
magnetic field into the position it actually occupies, we may proceed 


as follows. 


(a) 
Fra. 4-03.—The work required 


to effect the rotation of a magnet in a uniform 
magnetic field. 


Consider Fig. 403 («), in which the axis of a bar magnet NS 
makes an angle 0 with a uniform magnetic field H; the magnet is 
assumed to be suspended by à torsionless fibre passitig through O, 
the centre of the magnet. The forces on each pole are mH. The 
work done on the magnet in effecting its displacement from its 
equilibrium position AB, cf. Fig. 4-03 (b), is 2(mH). AP, where P is 
the projection of N on AB. If 21 is the magnetic length of the 
magnet, i.e. | = OA, the work done is 
2mH(0A — OP) = 2mlIH(1 — cos 0) 

= MHA -- cos 0). 


102 ELECTRICITY AND MAGNETISM 


Tt is convenient to refer to this work as the rotational potential 
energy of the magnet ; this is necessary in order to avoid contusion 
with the potential energy, cf. p. 388, which a magnet possesses 
because it is magnetized. 

Potential due to a magnetic pole in free space.—The potential 
. at a point in a magnetic field is defined as the work done against 

the field per unit positive pole in bringing up a small pole from 
infinity to the point in question. 

"Thus, if the field is due to a single pole m in free space, the mag- 
netie potential, Q, at a point distant r from it is given by 


di ce) 
i y —,(— dr) |óm 
Oi elim Woden. | 
óm óm mu 
Alternatively, we may use the facts that H = — 2S and, for . 
a single pole in free space, H = 5, Hence 
: Ho 
Q= -— |Z dr= Z +4, 
Kor Hor 


where A is an integration constant, which is necessarily zero if — 
Q —0 when r — oo. Thus, as before, : 


Qt. 
Mo? 


Fie. 4-04,—Magnetic potential and field strength due to a 
magnetic dipole, 


Potential and field Strength due to a dipole.—Tho magnetic 
potential at a point P in the field of the dipole shown in Fig. 4-04 (a), i i 
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and assumed to be in & vacuum, is given by 


Qy-— AS) E AE zb a] 
MONT] Mar OsNr 
m[90/1Nyor , 0 /1N00 
- adelante)” 


= sc a) cos (x +6) ôs +0 = 
Pa st 
where M is the magnetic moment of the dipole. This expression 


` for Qp may be written i or et 
Mor” bol 
The components of the field strength at P, cf. Fig. 4:04 (5), are 
given in the usual way by 


M cos 0 


as 
Mor 


0Q 2M cos 0 

H =-= ; 

or Hot 
and _ 102 | Msin 6 
(MIR E 


^ 
HerB pee apt 
The magnitude of this field is 
H =" vicos? rame Mv Faas, 
ms 


and its inclination ¢ to the radius ond is given by 
H, 
tang =F = }tan 0. 


Magnetic field due to a dipole at a potat (a) on its axis 
and ©) on a line passing through the centre of the magnet 
and normal to the axis.—(a) Let the point be (r, 0). Assum- 


2M 
ing that the magnet lies in a vacuum, we have H, ETA and 


H, = 0, so that the poco field is directed along the axis of the 
dipole. 
(b) Let the point be (r, ae Then me 0 and mi 


so that the field is parallel to: 
contrary to the positive 
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Gauss’ verification of the inverse square law.—In developing 
the equations for the field strength due to a magnetic dipole the 
inverse square law has been assumed. If we assume that the force 
between poles varies inversely as the nth power of the distance, 
then, at a point distant r from a pole of strength m situated in an 
isotropic medium with permeability u, the magnetic potential is 


given by 
TY fm m 
"m ^k Bs 2) = un — Yer! 


The potential due to a dipole of length ds is given by 


un det 31.9 
um "uen ez Ga * aa) | 


m. a 1 Mar a/1\ 00 
E EC T ae) a] 


= — cos 0 a iu toos 0 
u(n — 1) n uut 
$ 0Q nM cos 0 102  Msin8 
SH ccc nuoc. SY 
E or pret And Has r 00 pri 


It therefore follows that at the points (r, 0) and (r, 47), the tangent 
A and B positions of Gauss, respectively, the fields are given by 
nM : M 
H4 = gar and Hy = P E 
each field is parallel to the axis of the magnet. 

It is this last fact which enables us, when the surrounding medium 
is air, simply to compare by means of a deflexion magnetometer, 
H, and Hs with Ho, the horizontal component of the earth's raag- 
netic field and, hence, following Gauss to show that n = 2. 

In 1832 Gauss carried out a series of experiments on the above 
lines. The magnet which he used was about a foot long and had 
a mass of about 11b. The magnetometer was of the reflecting type 
and carried a plane mirror at the end of the suspended needle. A 
horizontal scale in mm. ete. and more than a metre long was fixed 
above a telescope five metres away from the magnetometer needle. 
The telescope was arranged so that the image of the horizontal scale 
above it, which was formed by reflexion in the plane mirror, could 
be observed. In this. way/small angular displacements of the 
magnetometer needle could be measured ; a displacement of one 
scale division across the fiducial mark in the 9bserving telescope 
corresponded to an angular retation of 22 seconds. A rotation of 
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one-tenth this amount could be estimated by eye. Now Gauss was 
fully appreciative of the fact that the chief uncertainty in these 
„experiments was in estimating the distance between the poles of tho 
magnet. He therefore decided to work with the magnet at distances 
between 1 and 4 metres from the magnetometer so that the fraction 


IR always small and certainly negligible when r exceeded 2 metres, 
s e 


Soràé of the results he obtained on 24-28th January 1832 are 
included in the following table. ; 


Distance of magnet 
from magnetometer (r) 


LHH metre. o e o »-1 225 BEN (p 10 19.3" 
20-55 Nu 371627 | . 19' 1-6" 
40 MEL 4359 | 2222 


we have 


2ml 


= alam 


# UU M = Ql.) 
i % 00, er 2Mr d cP j i3 
ee o nmm | 
and [H] — —— 7 — 0. à 
r ij OHNE 
Thus the magnetic field at P is directed along r in the are i 


of r increasing. magneti metic poten 
(b) If P is the point (r, 42), Fig 4:05 (b), the t cannot : per 
at P is, by symmetry, zero, and the field strength 3 
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be evaluated by differentiation at once. Consider, however, the 


potential at Q, the point whose Tectangular coordinates referred to, 


P "n. 
(r, 2); La y 


ag : i 


21-5 ti r2 l 
: -m l'im 
(a) So Xx 


Fra. 4-06.— Potential and field strengths due to a 
the points (r, 0) and (r, 4s). 


-O, the centre of the magnet, are (x, y) Then 


finite magnot at 


Qy = lo E ^ il 
MVO- a) + yt Varius 
‘Let the magnetic field strength at Q be (Hz, H,). Then 
H, êR emi. T al ] 
: MEL s Ey! VQ jy: 
Ms =|- E d.. Ca | (0 4 »] 
AL ((—2 + yt (aru. yr 
£ m —l 1 M 
"Bel erm - exm]7 pe ey 
Similarly ; 
[= 2-0 = 0, 
yr 
5o that the resultant field has magnitude aur m and is directed 
in the negative direction and parallel to the x-direction. 


The magnetic field Strength due to a 
on its axis.—Let m be the Pole-strength, 21 the magnetic length 
of the magnet NS, Fig. 4-06 (a), and r the 
at which the field 


+m is ME i This is considered positive. The force due to 
= mis — simà These two forces act along the direction of r 
ur +1) Meo 
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Fre. 4-06.—Field strengths due to a finite magnet at the ps (r, 0) 
(r, 1r); the tangent-A and the tangent-B positions of Gauss. 


increasing so that their resultant ôF, is given by 
aoi m o m un UN 
^al S irr nt pir? — i 
where M is the magnetic moment of the magnet. 
The field strength at A is the force per unit positive pole, viz. 
ôF, + ôm = Hy, say. 
2Mr a 2Mr 
Bang "O0 C By 


If (= 0, this expression becomes 

= 2Mr 
[4]. 7t n m7 
dale 


The field strength due to a bar magnet at a point on the 
straight line bisecting its length at right angles.—Let B, 
Fig. 4-06 (b), be the point (r, 37) and suppose that a pole dm is at B. 


m dm 
The forces oH it MG re along BP along BQ. 


óm 
and —— ——. 
pr? + 19) u(r? + 7) 
The resultant of these forces is along BR, where BR is parallel to 
NS, and is given by 
1 2m dm 1 


2M 
i 


aE GS T 
i E enc. B rM M 
<. Hg = lim 55, nu (ri + yr OE aote ura ny 


^ 
where Ü is a unit vector perpendicular to 7 and parallel to NS. 


angle 0, the work done on 
the magnet, cf. Fig. 407, 
MH(I — cos 6). 


This measures the rotational 
potential energy of the magnet 
in its displaced position ; in 
the position of static equili- - 
brium the rotational potential 


energy of the magnet is taken 
Fra. 4:07.—The small oscillations of a to be zero. 
magnet in a uniform magnetic field. 


conservation of energy, 
Hoy! + 0 = Ho? + MH( — cos 6) 
= HÓ* + MBü — cos 0). 
Differentiating with respect to time, we get 
0 = 10.0 4+ MH sin 0.6, 
16 6 is not-zero, and 6 —. 9, we have 


G+ ey 0. 


Thus the motion is simple harmonic with period T = 27 Ey 


uction of a factor 4, the permeability 
ation for this procedure comes from 
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analogy with the corresponding problem in electrostatics, To . 
examine this question more fully, while at present making no 
attempt to account for the magnetic properties of material media, 
it will be assumed that when an isotropic medium is placed in a 
magnetic field it acquires a certain magnetic moment per unit 
volume. This is termed the intensity of magnetization in the 
medium, and is denoted by the symbol J. [This term is discussed 


more fully in Chap. XL] For most media the direction of J coincides 


with that of the magnetic field B. 


Magnetic field strength and magnetic induction.—The 
magnetic field strength at a point in air [strictly speaking, in a 
vacuum], is defined as the force per unit positive pole on & small 
positive pole placed at the point. When it is desired to measure 
the force on such a pole inside a magnetizable substance, and all 
Substances are magnetizable although the degree of magnetization 
varies enormously, a cavity must first be made in the specimen so 
that the small pole may be introduced into it. Now the walls.of 
the cavity will exhibit magnetie polarity which will contribute to 


dH Hy 
dA e 
(a) D) 


Fra. 4-08.—Magnetio induction. 


the total force on the small pole in the cavity. The contribution 
will be determined, in part at least, by the shape of the cavity, 
which must therefore be carefully specified if the physical interpreta- 
tion of this force is to have a definite meaning. . 

Let us consider the force per unit positive pole on a small positive 
pole, óm, at the point P, Fig. 4-08 (a), near the centre of a cylindrical 
eavity, whose diameter is small compared with its length, and whose 
axis is in the direction of the magnetization at P. The induced 
magnetism. will appear only on the ends of this cavity. If J is the 
intensity of magnetization, and « the cross-section of the cavity, 
the charges of magnetism at the ends of the cavity will be Ja and 
— Ja respectively. The force on the small pole ĝm at P due to 


, 2 ALME 
the magnetism on the walls of the cavity s(t y whens. 


r, and rz are the distances of ôm from the ends of the cavity. This 
is zero, since both r, and 7, are very long compared with the width 


anl 


field. Let B be the area of each plane face of the disc. It is only 
On these faces that induced magnetism will appear. Now the 


is H + W and is a measure of the magnetic induction, B of the 


material, which, by analogy with the Corresponding problem in 
electrostatics, of. p. 26, is defined by 


B= MoH 4- AnxJ, 
The unit of magnetic induction is the gauss. 


Magnetic Susceptibility and magnetic permeability.—The 
quantity y, defined by the equation, J = yH, is termed the 
magnetic susceptibility per unit volume of the máterial of the 
Specimen. 

The permeability, H, Of the medium is defined by the equation 
B — JH. Since B = mH + 474, it follows that 


Since the magnetic induction B is related to the magnetic field 
strength H in the same way as electric induction or displacement 


at à point at a di ce r from a pole of Streng;h m in a medium 
wi permeability ig #, is given by 


f=” or Hop 


y? uri 
The magnetic induction is 
opi 


Similarly, the ‘magnetié Potential due to a pole of strength m and 
surrounded by an isotropie medium with permeability u, is given by 


» Q2". 


Ti 


a ee MT - 
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Gauss’ theorem.—This states that the flux of magnetic induc- 
tion across a closed surface, with a unique outward-drawn normal at 


every point on it, is always zero, 


3 | Bads — 0. 


To establish this theorem for isotropic media, since B = JH. 


+ 4a, we may rewrite the above equation in the form 
" f Baas m | Faas Zio, 


Now the whole of the volume enclosed by the surface may be 
divided into cylindrical elements of volume dv, and each with its 


axis parallel to the J. The magnetic moment of an element will 


be Jàv and thus each element may be replaced by an ideal magnet 
which will consist of two equal and opposite poles at the appropriate 
distance apart and, of necessity, be situated in a vacuum. From 


the analogy existing between H and E, we infer at once that 
ite f Ha dS — 4nE(m), 


all the poles enclosed by S. Now since 


where X(m) is the sum of Now sii 
poles only occur in pairs, equal in magnitude and opposite in sign, 


the only cylindrical elements which contribute to (m) are those 
which are intersected by the Gaussian surface. When this occurs 
one pole of the ideal magnet will lie within that surface ; two 


possibilities arise. 

Consider therefore, as shown in Fig. 4:09, the two elementary 
magnets M, and M,, each being cut by S. In the first instance the 
negative pole lies within S whereas in the second it is the positive 
pole which is thus situated. For M, let 68, be the area of the inter- 
section and suppose the normal to it makes an angle t; with 3. 
If 1, is the axial length of this magnet, its magnetic moment is 


> 
Ji,(cos x, 68,), so that for it m, = J cos o, 08, = J'i óS,. The 
strength of the enclosed pole is therefore — Jhi 08,. 

For M, the cross-section intercepted by S has an area 
ôS, cos(z— x5)? its magnetic momentis therefore J/, cos(zt — 24) dS. 
Its positive pole, which is now the one enclosed by 8, has a strength 
given by d 
mg = J cos(z — æa) OS, = — J cos. Sa 


SOTA 
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Hence the sum of all the poles within § is 


bx f T-a ds. 
My [Baas ži safo na J Fras}, 
ie. ( Bads — o. 
J 
The unit of magnetic flux is the maxwell. 


Fic. 4-09.—Gausg’ theorem in magnetostatics, 
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EXAMPLES IV 


401. A deflexion magnetometer is situated with its centre at a 
point O where the earth's horizontal field is Hj, A bar magnet of 
moment M and magnetic length 2} is suitably orientated and placed 
with its centre at a point P in the same horizontal plane as O, the axis 
of the magnet being parallel to OP and making an angle 0 with the 
magnetic meridian. Derive the condition that the magnetometer 
needle should set at an angle of 90° with H,. 

Discuss how a method making use of the above analysis could be 
used to determine a value for the magnetic length of the magnet. 

402. Two magnets, A and B, are suspended horizontally in turn 
from the same torsion head. To twist A through 30° requires a twist 
of the torsion head of 270°. To twist B through 30° the torsion head 
must be rotated through 360°. Compare the magnetic moments of 
A and B. 

Obtain a general expression for the comparison of the magnetic 
moments of two magnets by the method suggested in the first part 
of this question. $i—9, _ Masin 2] 

9-73, Lour eq p 
4. —0, Mpsin6, 

4:03. A bar magnet of overall length 10 om, (24) lies in the magnetic 
meridian and there is a neutral point on its axis 16 em. from its centre. 
When the magnet is reversed the neutral point is 11-5 em. from its 
centre and on a line bisecting at right angles Sys length s ihe pee 
The semi-magnetic length of the magnet =! = «A. Take, in turn, 
a= 0, «= land assuming Hy, the horizontal component of the earth's 
magnetic field, to be 0:2 oersted, calculate values for the magnetic 
moment of the magnet. If M, and M’, are the calculated values of 
the magnetic moment when œ = 0, plot the points (My, 0), (M'o, 0). 
If M, and M’, are the corresponding values when œ = 1, plot the points 
(M, 1) and (M^, 1). Join by a straight line the pointe (My, 0) and 
(M,, 1); also join (M^ 0) and (M^; 1). From the diagram determine 
a value for x for which the caleulated moments will be equal. 

Explain how a more accurate value for a may be qu as. 

404. A small compass needle is placed at a distance 7 from the 
centre of a bar magnet (m, 1), (a) in the tangent A position and (b) prl 
the tangent B position of Gauss. If @ and ¢ are the deflexions o! 
the needle in the two instances respectively, show 


tan 6 P n(n + Din + 5), 
tan ¢ mi as $ ; 


if the law of force is such that the field at distance r in air from & pole 
m ; ; ; 
of strength m is given by H =>, where n i & constant, and terms 


2 
beyond A are neglected. 


CHAPTER y 


TERRESTRIAL MAGNETISM AND ATMOSPHERI( 
ELECTRICITY 


The magnetic elements. To Specify completely the earth’s 
magnetic field at any point it is necessary to state its strength and 
its direction in space. 

To describe this direction the angle of declination is first given ; 
this is the angle between the 
geographical meridian - and 
the magnetic meridian at the 
Station concerned. Let this 

o angle be 6. Then the angle 
between the horizontal in the 


Plane containing 
the geographical 
meridian 


Plane —- 


Containing plane containing the mag. 
the magnetic Hy netic meridian and the actual 
meridian 


direction of the field at the 
point considered is stated ; 
this is termed the angle of 
" dip, 4. 
Fie. 5:01.— The magnetic elements, Thus when H, the total field 
Strength, together with the 
angles 8 and ¢ are known, the magnetic state at a point O, cf. 
Fig. 5-01, is completely determined. Since, however, H, and Hy, 
the horizontal and Vertical components of H; are given by 
Hy = H cos 4, and Hy = Hsin 4, 


it is more usual to regard Hy, 0 and d as the (independent) magnetic 
elements at a given station, 


Measurement of the angle of di». For details concerning the 
structure of a dip circle, the method of using it, and the elimination 
of the more important errors that arise when a dip circle is used, 
the author’s “Intermediate Physics ’ may be consulted. 


Calculation 9f the dip in a given latitude (ideal case).— 
81s an important Problem since the earth’s magnetic field may, 


iic first a tion, be regarded as due to a ‘small’ magnet 
at its centre, We shall 
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of the small magnet, with magnetic moment M, points to the 

geographic north as shown in Fig. 5:02. Let P be a point on the 

surface in latitude A (south). If = 41 — 4, the magnetie potential 
M cos 0 


37 where 
Har 


at P is given by Q = 


Northern 


&' 
Mg is the permeability of air. Hence 
Hemisphere 


the vertical component of the mag- 
netic field at P is 


02 2M cosd N 

—— | O a : Southern | 

H, = ai [cf. p. 103] pment Ae 
_ 2Msin A 
ES 


The horizontal component of the 
magnetic field at P is Hy, where 
Fra. 5-02.—The dip in a given 


102  Msinü  Mcosd latitude (ideal case). 


If ¢ is the angle which the resultant magnetic field, H, at a 
station in the ‘southern hemisphere ' makes with Hy, ic. with Hy 
[$ is the angle of dip], then 


tan d = t = Scot 0 = 2 tan 2. 
H, 
[In the ‘ northern hemisphere ’, 0 = ($æ + 4) ; the vertical com- 
ponent is negative, i.e. it is directed towards O. Also, 


tan ¢ = — 2 tan À, 
but, by convention, 0 < $ < y so that the minus sign is neglected.] 


Experimental determination of H)—To determine the 
absolute value of the horizontal component of the earth's magnetio 
field two experiments are necessary. In the first or deflexion ex- 


periment the value of = is ascertained by using a magnet in the 
tangent A [or B] position of Gauss. If 0 is the mean deflexion of 
the magnetometer needle, and fta, r and | have their usual signifi- 
cance, we have 
os = Ball” E Pant - «erg.oersted.-? (say) . (i) 
0 r 
The second or oscillation experiment consists in a govern 
of MH, by suspending the magnet in the position where the magne: 
meter was situated and observing its period T. Then, with the 
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notation already explained, 
à —— 2 
T- 2a, f itt y o MHy = = = Berg. (say) " 


From the quotient of equations (i) and (ii) we have, 


pow 27 2rI hr 
H, = zi or H, 7 uma — B) ian à Oersted, , (ii) 


[If the tangent B position is used, the fina] equation reduces to 


2m I 
ced Ha ÜN (r2 + Pitan o 00ted.] 


These same. two experiments also enablo us to determine tho 
absolute value of M, for tlie squaro Toot of tho product of the first 
two equations gives 


lr _ 72 Sy Ree 
M= Væ = T : au 2 tan 0 erg.oersted,-1 , (iv) 


In all experimenta] Work on these lines the errors are never so 
small that u, may not be taken as unity. 


Example.—A bar magnet, A, suspended horizontally by a fine wiro 
which is attached to a torsion head, Sets in the magnetic meridian 
when the wire is freo from torsion. The magnet is deflected 30? from 
the magnetic meridian when the torsion head is turned through 180°, 

hen A is replaced by another magnet B, tho latter is deflected 


uming the moments of inertia of the ma;':ets about their axes 

of rotation to be equal, compare their periods whon they oscillate with 

small amplitudes about their rest Positions in the magnetic meridian 
i i ted 


on 
If b is the couple per radian twist in the Suspension, we have, with 
the usual notation, 


MAH, sin 30° — y s) Xom, 


and MBH, sin 60° = m) Nm 
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magnet. Hence 


Ta = a j 1 am ae ee 
V Maly + (MAH, sin 30)5- "+ 08 VME, 


Ts = ax j ia NE D SEA O DEAE 
MaE, + Hang, Nia 4 V9.2 ViR, 


— 4^. after some reduction, we find, 


Ta Ma fa + 0-346 i 
t Jera 


comes down to the earth's surface if its distance above the earth’s 


surface at the magnetic equator is 120 kilometres, [It may be assumed 
| that the earth 


— netie field is id 


Fro. 5:08. 


B P ia a poih on dta liner ahat en are (r, 6), as 
indicated. Let P, be the int on the same line of force at which tho 
tange: Î to NS, the dipole, I hi the height of Ps above 


r = À sin? 0, 
_ Where A is a constant, cf. p. 21, we have 
(a +h) = A sin? jer = A, 
i.e. f = (a + h) sin? 0. 


id 

d 

fü 4 

H Let Q bo the point in the southern hemisphere at which the above 
4 line or Toreo intel dhe aithi sestaest T TAAN beta Pt 
t 53 
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as shown in Fig. 5:03 (b). Then 
a = (a + h) sin*0,, or sin! 0, = eu ie. 0, = 82° 12’, 


The magnetic latitude required is $æ — 0,, i.e. A = 7° 48’. 
[If ¢ is the angle of dip at Q and xa the permeability of air (assumed 


constant), 
2M cos 0, , M sin 0, 
tan ġ =" e Duxuar 200, 
$ = 15° 19'.] 


Direct measurement of the surface density of the earth's 
charge.—In 1752 LxMONNIER discovered the existence of an 
electric field in the air above the earth’s surface. The direction of 
this field is such that the charge on the earth's surface must be 
negative. This is known as the ‘ fine-weather ’ charge since, during 

. & thunderstorm, the sign of the charge may be reversed. If V and 
V + OV are the potentials at points at distances z and z + dz, 
respectively, above the earth's surface, as shown in Fig. 5:04 (a), 
then the electric field strength E, considered positive in the direction 

_ of z increasing, is given by i 


Ka 
where x, is the permittivity of air and ø is the surface density of 
the electrification; x, is always taken to be unity. S is known 


, a8 the potential gradient and, in general, experiment shows it to be 
positive, i.e. c must be negative. If the potential gradient near the 
earth's surface is known then g may be calculated, while if « can be 
ee experimentally then the potential gradient becomes 

. known. 

In fine weather the potential gradient has a numerical value of 
about 100 V.metre.-! ie. ¢ = — 0-9 millicoulomb per square 
kilometre. 

Now the charge on any surface due to the earth's electric field is 
so small that a sensitive electrometer must be used to measure it. 
The instrument devised by C. T. R. Wirsox * to measure c is shown 
in Fig. 504 (b). G is a gold-leaf electroscope provided with an 
earthed outer case E and an inner one I, maintained at a constant 
potential of about 50 V. by means of a battery B,, These cases are 
made from cylindrical brass tubing and the ends are covered with 
glass plates, silvered on the inside. A horizontal strip of the silver- 
ing is removed, where necessary, so that the gold-leaf may be 
dM with & low power microscope. The gold-leaf is only 

'l mm. wide and when it is earthed its potential differs from that 


> * Proc. Camb, Phil, Soc., 13, 184 and 363, 1006. 
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of the inner case by 50 V. If the potential of the leaf is raised the 
deflexion will diminish since the difference in potential between the 
leaf and the case is decreased, 


External ‘seat’ of /“ + ^N 
tne ejpstricity eens? 


G (+) plus (-) 
=zero 


Fro. 5-04.—Wilson’s apparatus for measuring c. 


P is a flat circular metal plate of radius r, known as the ' test- 
plate ’, and connected to the electroscope as indicated, This plate 
is mounted flush with the earth's surface and is surrounded by an 
earthed guard.ring, R. C is a varieble cylindrical air-condenser, 
with its inner plate A, in the form of a brass rod, joined to the gold- 
leaf system; tho outer plate of the cylindrical air-condenser © is 
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kept at a potential of — 50 V. by means of the battery B,. This 
-condenser is the ‘compensator’. K is an earthing key. 
` To begin an experiment the capacitance of C is made practically 
' gero and conditions are arranged. so that, when P is shielded from 
the earth's electrostatic and earthed by means of K, the position 
of the image: of the gold-leaf is near the contre of the scale in the 
eye-piece of the tele-microscope. When K is withdrawn and the 
cover M removed, the plate P and its attachments are exposed to 
the earth's field; P acquires a negative charge and the gold-leaf 
‘a positive one: ^ The potential of this system has been raised * in the 
process so that the leaf moves inwards; to restore the leaf to its 
zero position the potential must be decreased to zero. This is 
` accomplished by increasing the capacitance of the compensator, i.e. 
by moving the outer ` plate’ of C, which is at a negative potential 
(say — V) inwards. Now when C is moved into position. a positive 
Jgharge is induced on A and a negative charge is repelled to the 
leaves. This negative charge neutralizes the positive charge already 
present on the leayes and since the plate P, the leaves and the rod À 
form a system without any total charge, the positive charge on À 
must be equal and opposite to the charge on P due to its presence in 
the earth’s electrostatic field. If o is the density of the charge on 
P, we have, if C, is the known change in the capacitance of O, 
‘C,V + charge on P = 0, 
or onr? = — CV, 
so that o is known. Shorn of all refinements, the system of induced 
charges is shown in Fig. 5:04 (c). 
Tt will be noticed that when the final ok- vation is made the 
gold-leaf system and the earthed guard-ring «re at zero potential. 


Direct measurement of the potential $radient.—To deter- 
mine a value for S directly it is only necessary to measure the 


potentials of two linear conductors at known heights above the 
| earth's surface. Thus a horizontal wire is first fixed at a height of 
about one metre above ground level and then at a height of about 
two metres. It is essential that the supporta for the wire, the instru- 
ments used, and even the presence of the observer himself, should 
‘not appreciably affect the distribution of the equipotential surfaces. 
In Fig. 5-05, two vertical rods support the horizontal wire W, small 
pieces of amber, A, and A,, serving as insulators. The length of 
the wire should exceed three times the height at which it is to be 
used. S is a speck of radioactive material placed near to the centre 
of the wire in order that this may acquire very quickly the potential 


* The electric field in the air may be considered as due to an external 


dox Rn 
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of the air in its neighbourhood, When the wire is first erected, or 
disconnected from earth, its potential is different from that of the 
surrounding air. An electric current flows until this difference of 
potential is annulled; the radioactive body, by its spontaneous 
emission of electrons, causes the potential of the wire to increase 


Ay E w a 


Fro. 5-05.—Apparatus for measuring the electric potential gradient 
near to the earth’s surface. 


rapidly to the equilibrium value. If the radioactive material is nou 
used, the equilibrium state is reached more slowly. The final 
potential of the wire is recorded by the calibrated electroscope G. 
The experiment is repeated with the wire at a different height and 


V : b 
2 calculated. By using the same wire at two different heights 
any uncertainty as to the exact position at which the ionizing agent 
is effective, especially on & windy day, is eliminated. 


Variation of potential gradient with height.—At considerable - 
distances above the earth’s surface observations of the potential 
gradient haye been made with balloons fitted with ‘potential 
equalizers of the radioactive type’. Unfortunately, considerable 
errors are inherent for the field is distorted by any charge acquired 
by the balloon, but nevertheless it is known with some confidence 
that at a height of 10 km, the electric field strength has fallen to 

of its value near to the earth’s surface. By 
cally the values of (dV /dz)dz = OV, it has been 
established that at a height of 15 km. the potential is 0-3 MV. above 
that of the earth. Above this height the natural conductivity of 
the air is so large that the potential is very nearly that of the 
* Heaviside layer ’, 80 km. above the earth’s surface. 

If there is a space charge of density p in the air and the equi» 

potential surfaces are horizontal, Poisson’s equation is 
d/dVN _ _ 4mp 
zm 
so that p may be determined if x, is taken as unity. The results 
obtained are not very reliable. 


ELECTRICITY AND MAGNETISM 
| EXAMPLES V 


‘G01. Describa the methods by which the variation of tho earth's 
etie field during the day at a land station may be investigated, 
an expression for the potential due to a magnetic — 


5:02. Obtai 

- dipole in air. 
... A magnetic dipole lies at the centre of a spherical surface of radius [x 

~ the axis of the dipole being along a diameter. A plane through the 

` dipole, normal to its axis, cuts the surface along the ‘equator’, Show 
that if the ‘ horizontal ' component of the field at two points in * lati- 
tudes’ 4; and 4, are known, and also the ‘dip’, then the difference in 

potential between the two points can be calculated. 
5:03. A magnet, of magnetic moment M, is suspended on a horizontal. 

axis which passes through a point O in the magnet. The position of © 

- the centre of gravity, G, of the magnet with respect to O and a vertical ' 
line through O (positive direction downwards) is (r, 0). If W is the 
weight of the magnet show that the magnet will be horizontal if H,, 
the vertical component of the earth's magnetic field, satisfies the 
relation 

MH, = Wr sin 0. 


. Show that when H, becomes H, + AH,, the magnet moves through 
an angle A0 given by 
H, A0 = AH, tan 9. 


6-04. Explain the meaning of the term potential (V) in & field of. 
force and show that the field strength along a line element ôs is equal 
So av 
to — ?e 
Determine the potential and the radial and azimuthal components 
of field strength at a point P in the field due to a short magnet of 


— 

. moment M. 

_ Express the results in terms of the distance r from the centre of the 
magnet to the point and of the angle 0 between r and the axis of the 
magnet. 

If the earth's magnetism be supposed due to a short magnet placed 
at the centre of the earth, deduce the relation between the angle of 
dip and the latitude. Criticize the result by & consideration of the 
actual field of the earth's magnetism, 

5-05. The surface of the earth may be taken as that of a sphere of 
radius 6-4 x 10* cm., and the earth's magnetic field may be regarded 
as due to a dipole situated at the centre, O, of the sphere. P is a point 


on the surface such that OP makes an angle = with the axis of the 


doublet. If, at P, H, = 0-17 oersted, show that the magnetic moment 
of the equivalent dipole is 8:9 x 1025 erg.oersted.—! and at P the angle 


of dip is tan-12 3, What is the value of H, at P ? 
) [0:59 oersted.] 
5-06. Obtain an expression for the potential at a point r, 0 due to 
a magnetic dipole (i.e. a short magnet). Find the field strength at the 
Same point and show that the equation to a line of force is r — A sin? 0, 
where A is a constant. 
Calculate the magnetic latitude at which a line of force comes down 
to the earth's surfaco if its distance above the earth's surface at the 


m magnetic equator is equal to the earth’s radius. © [45>] 
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5.07. Explain how the electric potential at a point in air may be 
measured. 

Calculate a value for the radius of a water drop which, carrying & 
charge equal to that of the electron (— 480 x 19-1? e.s.u.) floats in 
the earth’s electric field when the numerical value of its vertical com- 
ponent is 150 volt.metre-?. Is the general direction of the field up- 
wards or downwards in. this instance ? [8'4 x 107* cm., downwards.] 

5-08. Calculate the charge per unit area of the earth’s surface at 
a place where the potential increases by 200 V. for an increase of 
1 metre in height above the surface. Also calculate the stress. How 
would these quantities be affected if the potential decreased at the 
above numerical rate ? 

[— 5:31 x 107* esu. em.-2, 1:77 x 10-* dyne.em.^* ; 
charge altered in sign, stress unchanged.) 

5-09, Experiments show that in air at standard pressure the 
rate of increase of potential with height is 90,000 vol .km.-!, i.e. 
3 x 1073 e.s.u. em.-*. Calculate values for the maximum charge 
on and the potential at the surface of the earth, if this can be regarded 


5-10. On a certain day the potential gradient at the earth's surface 
was 150 V.metre.—} and at a height of one kilometre it was 50 V.metre.—*. 
With the usual notation prove that at a height z above ground level 

dV 4n 

"dz ES. a pdz + A, 
where A is an arbitrary constant and x, 18 the permittivity of air; its 
numerical value may be taken as unity. Hence show that the total 
charge in a column of air I km. high and 1 metre.* in cross-section was 
2-64 e.s.u. 

‘Also show that (a) the upward force on the charge Mee a layer of 
cross-sectional area 1 em.* and thickness éz is — (9 a2 and (b) if 
p is constant, 

av d ee 

dz 200° ka 
Hence, show that the upward force on & column of 1 em.? cross. 
sectional area and height z, cm. is 


— pz, x mean value of (E. 


Finally, prove that if the charge in & column of height 1 km. is uni- 
formly distributed its effect is to increase the atmospheric pressure by 


511. Water from a supply at & potential V volt. falls as small 
droplets of radius r through a small hole into a hollow sphere of radius o ; 
this sphere is insulated and initially at zero potential. If the drops 
continue to fall until the sphere is half-filled, to what potential is 
it raised ? lat, vat, 

L2 7? $ 


CHAPTER VI 


THE MAGNETIC FIELD DUE TO A STEADY 
ELECTRIC CURRENT 


Magnetic shells.—A magnetic shell is a thin sheet of magnetic 
material magnetized everywhere at right angles to its surface. Con- 
sider an element of such a shell, t being its thickness and óS the 
area of each face. If J is the intensity of magnetization in 
the material of the shell, then J (08.1) is the magnetic moment of 
the element of the shell considered. The magnetie moment of the 
element per unit area of one of its faces is therefore Jt and this is 
called the strength, ¢, of the shell; thus $ — Ji. The sequel 
- will show that the only magnetic shells with any physical importance 
are those whose strength ¢ is constant throughout ; such are known 
as uniform magnetic shells. 


Magnetic potential due to a uniformly magnetized shell in 
a vacuum.—It has already been shown [cf. p. 103] that the mag- 
netie potential, due to a magnetic dipole, at a point (r, 0) with 
M cos 6 
ui 
permeability of a vacuum and M the magnetic moment of the dipole. 
To calculate the magnetic potential at an external point due toa 
uniform shell we imagine the shell divided up into a large number of 
dipoles whose poles lie on the positive and negative faces of the shell. 


(a) First consider the magnetic potential at a point P on 
the positive side of the shell. Let ôS, Fig. 6:01 (a), be the 
surface area of the ‘end’ of a dipole formed from a uniformly 
magnetized shell, so that if J is the intensity of magnetization in 
the material of the shell in the region considered, the dipole will 
have pole strengths + J ôS. If 4 is the thickness of the shell and 
hence the distance between the poles of the dipole, the magnetic 
potential at P, due to the dipole, is given by 


80, = Mecos 0 _ J 88tcos 6 


respect to the dipole and in a vacuum is where o is the 


Mor? Hy? 
0 
Y (sy s bea. 
o Ho 
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where ¢ = Jt, the strength of the shell, and ôw is the solid angle 
which ôS subtends at P. : 


nr = [£a 


Since the shell is uniformly magnetized ¢ is constant and we have 
therefore, 


Lo cie al . Ay 

a) je Surface of | (b) [Surface of 
( zero magnetic izero magnetic 
potential 1 potential 


Fic. 6-01.— Magnetic potential due to & uniform magnetic shell. 


(b) Now consider a point Q on the negative side of the shell. 
If Q lies in the region shown in Fig. 6-01 (D), we have in a similar way 


Au d 

MR Bu gar 

* 60 = Aer: se oe eg ae 
r 3 r 


fo Ho 
since the shell is uniform. 

The meaning of this equation is that if we approach the shell and 
bring up a small magnetic pole from an infinite distance so that we 
finally arrive at à point on the negative side of the shell, the work 
done against the field per unit positive pole is — ra 

o 


Potential energy of a uniform magnetic shell.—First con- 


sider the potential energy of a dipole with poles + m and length 
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68 situated in a magnetic field. If Q is the magnetic potential at 
the negative end of the dipole, its potential energy will be 


3A IQ ED 
— m2 + ml 2 + S] -MI = OW, say. 
Now consider an element of a uniformly magnetized shell of 
strength ¢ and lying in a magnetic field. Then M = JôS.t = $.ó8. 
IQ 082 
A = 008— = 668, 
ôW = 4d8 à $ 3; 
where $ denotes differentiation along the normal at ôS and this 


_ coincides with the axis of the element considered. Since the shell 
is uniformly magnetized 4 is constant, so that 


Weefzas--e[nas- - $f Haas 
= — $ x the flux of magnetic field strength across the positive 
face of the shell 
-— E X the flux of magnetic induction across the positive face 


of the shell, : 
where is the permeability of the medium in which the shell lies. 
The magnetic field produced by an electric current: ex- 


perimental basis.—So far the subjects of electricity and of ' 


magnetism have been developed as entirely Separate groups of 
physical phenomena. Although the mathematical treatment in the 
two cases has been on parallel lines, we have not had occasion to deal 
with any physical links connecting the two series of phenomena. 
The first definite link was discovered by OznsrEp in 1820. 
Oersted's discovery was the fact that a steady * electric current 
produced a steady magnetic field in its neighbourhood. 


= o — (a 
Q Parm? 
paie (b) 


NTR 
Fia. 6:02.—Magnetic effect due to a current, 


^il 


The nature of this field can be investigated in a simple manner. 
We first double back upon itself a wire in which a steady current is 
flowing—cf. Fig. 6-02 (a). It is found thet no magnetic field is 


* Such currents, in the past, have been called direct currents; they may also 
be called zero frequency currents ani we speak of z.f. currents and z.f. 


— IRSE. RIT 


5.208 4d 


MAGNETIC FIELD DUE TO STEADY CURRENT 127 


produced. Next we open out the end into a small plane loop PQRS 
as in Fig. 6:02 (5). Tt is found that at distances from the loop which 
are great compared with its linear dimensions, and assuming the 
loop lies in air, or better in à vacuum, such a loop exerts the same 
magnetic effects as a magnetic dipole of which the axis is perpendicu- 
lar to the plane PQRS and the magnetie moment is jointly pro- 
portional to the strength of the current and to the area of the loop. 
The single current flowing in the circuit OPQRST is equivalent to 
two currents of equal strength, one flowing in OPST and the other 
flowing in PQRSP. The former effect is shown by the preliminary 
experiment first described to have no magnetie effects, so that the 
whole magnetic field may be ascribed. to the small elosed circuit 
PQRS. ; 

Instead of regarding the magnetic field as due to a small magnet 
of magnetic moment jointly proportional to the area PQRS and to 
the current strength, we may regard it as due to a small thin magnetic 
shell coinciding with the area PQRS and of strength simply pro- 
portional to the current flowing 
' in PQRS. 

Next let us consider the cur- 
rent flowing in à closed circuit 
of any shape we please and not 
necessarily in one plane; at 
present we: shall assume that 
the circuit is situated in a ` 
vacuum. Let us cover in the pja, 6:03.—An equivalent magnetic 
closed. circuit by an area of any shell — ' 
kind having the circuit for its 
boundary and let us eut up this area into infinitely small meshes 
oy two families of lines as indicated in Fig. 603. A current of 
strength flowing round the boundary circuit is exactly equivalent 
to a current of strength i flowing round each mesh in the same sense 
as the current in the boundary. For if we imagine this latte: 
system of currents in existence, any line in the interior such as AB 
will have two currents flowing in it, one from each of the two meshes 
it separates and these currents will be equal but flow in opposite 
directions, ‘Thus all the currents in the lines which have been 
introduced in the interior of the circuit will annihilate one another 
as regards the total effect, while the currents in those parts of the 


reproduce the original current flowing in this circuit. ; 
Thus the original cireuit is equivalent, as regards its magnetio 
effects, to a system of currents, one in each mesh. By making the 
meshes sufficiently small we may regard each mesh as plane so that 
the magnetic effect of & current circulating in it is known; the 


‘ELECTRICITY AND MAGNETISM 


magnetic effect of the current in a single mesh is that of a magnetic 
. shell of strength proportional to the current and coinciding in © 
. position with the mesh. Thus, by addition, we find that the whole 
system of currents produces the same magnetic effect as a single © 
magnetic shell whose periphery coincides with that of the circuit 7 
and of strength proportional to the current. This shell produces 
the same magnetic effect as the original single current and is there- 
fore termed the equivalent magnetic shell. Experiment shows 
that in the small circuit the positive direction of the magnetization 
in the shell bears to the direction of the current the same relation 
as advance bears to rotation in a right-handed screw. 

We thus arrive at the conclusion that a steady current flowing in 
producpsothe.same magnetic field as a certain 
magnetic shell known as ‘ the equivalent magnetic shell’; this shell 
gnetic shell having the circuit for its boundary, its 
g uniform and proportional to that of the current, 
stated by Ampére in 1823 as follows :—Every conductor. 
carrying a current is equivalent to a simple magnetic shell, whose . 
boundi: of the conductor and whose moment 
rength of the shell—is proportional to the 


any closed circuit 


may be any ma, 


ng edge coincides with that 
per unit area—that is the st 
strength of the current. 


The electromagnetic unit of current.—-The electromagnetic unit 
of current is that steady current which when flowing in a closed circuit in 
may be replaced by an equivalent magnetic shell of strength 


On the work done per unit positive magnetic pole in carry- 
£ a small magnetic pole round a closed circuit.—Let ABO, 
- 6:04, be a circuit situated in a vacuum and carrying a current 


T 


1 Snail + Pole 


etie potential at P, is 
and c, the solid angle s 


ie.m.u. This circuit may be 
replaced by any uniform 
magnetic ‘nell [¢ = i] whose 
boundary coincides with that 
of the circuit, in so far as 
the magnetic field outside the 
region not occupied by the 
shell is concerned. Let ADB 
be such a shell. Consider two 
points P, and P, very close to 
the magnetic shell, but on 
opposite sides of it. We shall 
assume that P, is on the 
positive side of the shell. 
$0; where ¢ is the strength 
ubtended by the boundary of 


7 eee eee eee Oe a cte tí 


MAGNETIC FIELD DUE TO STEADY CURRENT 129 


the shell at P,. At P, the potential is — w, Since we contem- 


plate moving a small positive pole ôm from P, to P, by the path. 


indicated, there will be an increase in potential energy associated 
with the pole 6m, i.e. work will be done against the magnetic field. 
This increase, provided the field is not affected by the small pole, is 


[poy — (— po)lôm = Glo. + @,)dm. 
Hence the work done per unit positive pole against the ficld in 
taking a small positive pole from P; to P, by a path not cutting the 


shell is 
plo, + €) 
In the limit when the shell is infinitely thin, its strength remaining 
equal to ¢ however, the points P, and P, practically coincide, and 


we have 
w, + 0, = 47. 


Hence the work done against the field per unit pole, which is the 
increase in magnetic potential, is 4nd. 

[It should be noted that if the magnetic pole is moved from P, to 
P, by a path not intersecting the shell, the work is done by the field. ] 

If we now pass from P; to P, through the shell, the direction of the 
field is reversed and the work done per pole unit is — 4a¢. It is 
not necessary to establish this analytically, for the magnetic 
potential at a point due to a shell must be single-valued, so that the 
total work done when the path is completely closed is zero. Other- 
wise useful work could be obtained by allowing a magnetic pole to 
move round a closed path drawn in a magnetic field; this is contrary 
to experience. 

When we are dealing with the work done in threading a closed 
circuit, however, there is no actual shell present, and the work done 
in passing from P, to P, to complete the path is zero. "Under these 
circumstances, the work done per unit positive magnetic pole in 
passing from P, to Ps via P}, i.e. in completely threading the circuit, 
which is assumed. to be in a vacuum, is no = 4ni. 

Tn this instance the magnetic potential at a point will be a multi- 
valued function, ie. its potential may be any of a series whose values 
differ by multiples of Ani. This is not contrary to the principle of 
the conservation of energy, for a current is not a static effect, and 
the circuit is not in the same condition as it was initially, when it 
has been threaded by a magnetic pole. 

The equivalence of a current and a magnetic shell in any 


medium.—Suppose that I’, Fig. 6:05 (a), is a closed circuit of any 
shape and that it lies in free space, ie. in a vacuum. Let PAP 
be the path of a small magnetic pole taken from P to P via A and 


G.D.P.—V—F 


in the direction indicated, i.e. the magnetic potential at the end of 
p". w ý 
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the path is greater than at the beginning. We shall denote this path 
by the symbol [PAP]. For our present purpose this path must be 
“Such that it threads the circuit, ie. the path is linked with the 
circuit. Then it has been established [cf. p. 129] that the work 
done per unit pole against the field in taking a small pole along 
- [PAP], and in the direction indicated, is 4i, where i is the current 
in 


Now suppose that the circuit. lies in an extended medium of 
permeability w. Then the medium is polarized and we can con- i 
sider it to be made up of dipoles orientated in a manner determined 
by the resultant magnetic field at any point. A fow of these dipoles 


sma// positive pale 
(a) en n qe db 
Fic. 6:05.— Equivalent magnetic shells (a) in free space, 
(b) in a medium, 
are shown in Fig. 6-05 (b). Let [PAP] be the path of a small pole 
taken from P to P and let it pass through the dipole N,S,. Let 
[ACB] be a path in free space alternative to the path [ADB] through 
the dipole. For simplicity it will be assumed that the path from P 
to A and from B to P is in free space. Now the work done per unit 
pole in taking a small pole from P to P in free space, and in the 
direction indicated, is 4zi. To find the work done when the path 
is in a material medium we use the fact that the work done when 
_ the path is [ADB] and then [BCA] is zero, since the forces on the 
small pole are reversed when it traverses the dipole. Thus the 
work done per unit pole along the path 
[PA] + [ADB] + [BP] 
is equal to the work done per unit pole along 
_ [PA] + [ADB] + [BCA] + [ACB] + [BP]. 
But the work done along the closed path [ADBCA] is zero, i.e. 
. for-the paths represented by the second and third terms in the. 
above equation the work done is zero and hence the total work 
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done in the complete circuit is the same as if the path were entirely 
in free space. It follows at once that the work done in a complete 
circuit is independent of the path and therefore of the medium. 
This indicates that the strength of the magnetic field due to a 
current is independent of the permeability of the medium in which 
the circuit lies. 

But the magnetic field and hence the magnetic potential due to a 
magnetic shell is reduced ji-times when the shell lies in a medium 
of permeability 1 ; thus when the current 4 flows in a circuit situated 
in a medium of permeability 4, the strength of the equivalent 
magnetic shell is given by $ = ui. 

The magnetic field due to a circular current at a point on its 
axis.—Let P, Fig. 6:06 (a), be the point considered. Let i be the 
current in electromagnetic units, O the centre of the circle and a its 
radius. The magnetic potential at P, a point on the positive side 


C 
Fro. 6-06.—Magnetic field due to a circular current. 


of the equivalent magnetic shell, is therefore iw, where w is the 
solid angle subtended at P by the boundary of the circle. Now the 
solid angle w is formed by the revolution of the diagram about the 
axis OP. It is defined as the area of the spherical cap ABC, Fig. 
6-06 (b), divided by the square of the distance BP. Let BP = 7. 


Then y 
2ar*(1— cos 0 AG EU B ENA reak 
M Lus E ) — 92a(1 — cos 0) = zb ae xl 
The magnetic potential at P is therefore given by 
1 x j 
Q= zb d (a? eae 
If H, and Hy are the components of the magnetic field at P, 
we have 


H ag o 
77 0 Fw (at +2") 
00 
and Hye mt 
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-[In passing it may be noted that conditions of symmetry require 
y — 0 at points on the axis OP.} 


uu Ed 
Thus H= H aa 


7 (a? + any 
The magnetic field at O, the centre of the circle, is found by 
putting z = 0 in the above equation. We lave 


[s] md 
r-0 a 


If there were N turns of thin wire each of radius a the magnetic 
field would be increased N-fold everywhere, ite. 


H sed 2zNia* ind [s] A 2aNi 
(a* + x?)8 z=0 a 

The magnetic field due to a linear current.—Let A, 
Fig. 6-07 (a), be a portion of an infinite vertical wire carrying a 
Steady current d; let this current flow downwards. The return 
wire may be considered as a wire B, at infinity. Let P be a point 
on the positive side of the equivalent magnetic shell, i.c. P will lie 
behind the plane of the diagram. Let O be the point on the wire A 
nearest to P, Call OP = r and let OP make an angle 0 with the 
plane of the diagram. Then every straight line joining P to a point 
in the return wire B will lie in a plane making an angle 0 with PO. 

- With P as centre and radius a describe a sphere to cut the above 
plane in E and the vertical plane through OP in D. 

Then if P is joined to every point on the wires, i.e. to every point 
on the periphery of the equivalent magnetic shell which may replace 
the circuit, these lines will intersect the above sphere and cut off an 
area in the form of a ‘lune '—it. is shown shaded in Fig. 6-07 (a). 

To determine the solid angle which a lune subtends at the centre 
of its associated sphere let us consider the lune which lies between 
the planes COL and COM, Fig. 6-07 (b). Then ôS, the area of the 
shaded element, with sides of length aófl, and (a sin B)9, is given by 

OS = a?) sin f 0f. 

Hence for the complete lune, 


= 2f a0 sin B dB = 2a?0. 
; ; 


Da? 
w= a E999 
52» = i0. 
9. 
Hence m= T =0, ad H2. 199. 2 


| 
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The magnetic field is therefore of magnitude =! and acts in the 
r 


A 
direction opposite to that of the unit vector @ at P. In the diagram 


this field is shown by the vector i. [The unit vectors at P are 
shown in Fig. 6-07 (d).] 


7o return wire 
at infinigy 


Fic. 6:07.—Magnetic field due to a linear current. 


The magnetic field inside a long straight solenoid wound 
uniformly .—Consider such a solenoid having turns per unit 
length and each turn having 9 ‘ d 
a diameter 2a, as shown in 
Fig. 6-08. Let i be the cur- Za 
rent. Then each turn of the 
wire and the current in it "e ner duni e 
may be replaced by its Fra, 6.08.—Magnotic field inside « long 
equivalent magnetic shell. straight solenoid wound uniformly, 
Let us assume that these shells > 
are normal to the axis of thè solenoid, and opposing faces of 
adjacent shells are very close together. If p is the permeability 


‘at 
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of the core the strength of these equivalent shells is ia, ie. the 
magnetie moment per unit area of a face is ui. The magnetic 
moment of a shell is therefore maui. But the thickness of the 


shell is B 
n 


-. pole strength — + nua’ ui : = d naau. 


Let c be the surface density of the distribution of magnetism on 
the faces of the equivalent shell, Then o = + uni. 

Consider a point P near the centre of the solenoid and in the space 
between two adjacent shells. Since the distance between these faces 
is small, the field strength, H, at P is + trulo = dani. [This 
value for the field Strength is obtained by applying Gauss’ theorem 


If the point considered is Q, inside the volume occupied by one of 
the above shells, let the faces of the shells be slightly eurved so that 
Q lies in the space between two shelly. Then, by a pplying Gauss’ 


The force on a magnetic shell lying in a Magnetic field,.— 
Tt has been shown [cf. p. 125] that the potential energv of a uniform 


1 
magnetie shell of strength d lying in a suagnetic field is E 


where y is the permeability of the medium in which the shell lies 
and $ is the flux of magnetie induction threading the shell in the 
positive direction. 

In order to determine the force acting un any element of the 
boundary of the shell let all points on the shell be displaced a 
distance dx, of, Fig. 6-09 (a), by the forces which act upon it so that 

becomes Ø + 50, The increase in potential energy of the shell 
due to the displacement is 


The diminution in potential energy is equal to the work done by 
the forces acting on the shell and due to the magnetic field. To 
determine this work à value for Ø must be found. We proceed as 
follows and call the volume swept out by the shell a * prism ’, 

Now, by definition, the flux of magnetic induction across an 


B-A ds, 
where B is the magnetic induction at 6S and ^ the unit vector along 


Hence the flux of i m 
prism not occupied. by 


potential energy o: th o sl 


EAS of the’ shell tuo if 6 = pi, where i is the current, we have 
F-i $ (is, Bl. 


- This equation is a generalized form of Fleming's left hand rule | 
for expressing the direction of the force on the conductor. 


- The expression Pi $ [ds j B] suggests that the total force on — 
the circuit is the same as if cach clement ds experienced a force 
oF = ifds ^ B], 


where OF i is, of course, normal to the plane containing às and B. 
It must be emphasized, however, that it has not been “shown that — 


= the force on each individual element is i[ds ^ BJ, for there might be ` 
_ ether terms which cancel out when the summation represented by - 


the integral is effected. The force on an element ds of a conductor — 
cannot be measured experimentally but if its value is assumed to be — 


i[ós, B] we can determine the force on a moving charge as follows 
and, in this instance, the correctness of our conclusions can be tested 
experimentally. 

Let a succession of point charges each equal to q e.s.u. and distri- 
buted uniformly along the line of motion, n:vve with a velocity win 


a direction normal to a magnetic field with induction B. If there 
are n charges per unit length of path, the current in e.m.u. is 


: nq U 2 j : A 
i =~, where c is the velocity of light in a vacuum. Thus the 


M 
force dF on the charges within a length ôs is given by 
SF = iB ôs = "17B os. 
(o) 
Since the total number of point charges in a length ds is n ds, 
the force on each such charge is UB, and the effect of this force 


can be studied Spei niy ef Vol. VI. The complete agree- 
ment found justifies the Efhtng up of the force on a complete 


eireuit into forces ifds f B] on each element ds. 
Laplace's law .—If the magnetic induction B arises from a single 
magnetic pole m at a point P at a distance R from 5s, then 
fae du m^ 
Ol = i| ds, gl = iads A ÈJ, 
A 


- where R is a unit vector in the direction indicated in Fig. 6:09 (6). 
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Since action and reaction are equal and opposite, the force on the 
pole m due to the element of the circuit considered is given by 


Sa n mo 
— igit a R]- Era ath 
where f = — R, ie. f isa unit vector in the direction of 7 measured 


from às to P. 3: 
The strength of the magnetic field at P and due to the current in ds 
is therefore given by _. go : 
5H = [68 a f]: 
r 


The direction of this field is indicated in Fig. 6-09 (c). 
The last equation is known 88 Laplace's law and from it we have 


at once, x 3 
S i ôssin 0 


where 6 is the angle between ds ànd f. [Of. also p. 1501 
The magnetic field at P due to & current i in a finite length of wire 

is given by PUR 

r 


ed ed 
r 


ri 


where the integration extends along that finite portion of the circuit 
concerned. 


Magnetic field due to a linear current of finite length.— 
Let P, Fig. 6-10, be the point at which — n 
the field strength due to a steady current ` 
in a straight conductor of ' ngth OA is At 
required. O will be taken as the origin ' 
from which distances along the conduc- 
tor are measured. If i is the current, 
the field at P due to the element 058: 76 
given by 


ôH = i ós =e Ls 
r 
where 6 is the angle indicated. ho 
a = NP, h = ON, then bs} 
sh —a cot 0. | 
S 
^. 63 =a cosec? 0 60. | 


0 
Fra. 6:10,—Magnetio field | 
due to a linear current of 

finite length. 


S 
Since r = a cosec 9, we have 


ag cosect 0.00.sin 0 LL i in 0.80. 


-si 
a? cosec? 6 a 
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If 0, and 6, are the angles indicated, the magnetic field at P due 7 
to the current in the wire OA is given by q 


H= ; f aia 040 — È Loos 0, — oos 0 
a Jo, a 
= [cos x + cos f] 
where « = 0, and b=2-6,. 


-Magnetic field at any point in the plane of a rectangular 
framework carrying a steady current.—Let P, Fig. 6-1] 


D 
' Fra. 6-11.—Magnetic field within a rectangular framework. 
required. Ifa, 8, y and ô aro the angles indicated, and a, b, c and d 
are the distances of P from the sides of the rectangle, then at the 
point P 
D i 7 7t 
H = [eos a + cos ff] +e =A) + om (5 -:)] 
D D 7m m j 
Ww zLeos y + cos ô] + gfoo(3 —6)4 e LES J] 


Pp Pa p, and p, be the 
sides of the quadrilateral. 


i H = eos! a + sint o) 4. DU SRM EUM QE 
1 
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To verify the above formula let three of the wires ‘move to 
infinity ’, the other wire becoming infinitely long but remaining at 


a distance a from P. Then H == because p, = pa = a and only 


the reciprocals of p, and p, vanish. x 


Magnetic field strength at any point on the axis of a circular 
current.—Let O, Fig. 6:12, be the centre of a wire in the form of 
a circular loop of radius a and carrying a current i. Let P be the 
point (x, 0) referred to rectangular axes with O as origin. It is 
required to calculate the field strength at E 


Fia. 6-12,—Magnetic field at any point on the axis of a circular 
current. 


For simplicity, and yet without any loss of generauty, consider 
the magnetic field at P due to the current in an element 6s situated 


at Q, the point (0, a). Let QP =r and OPQ = ¢. Then since 
the anglo between às and ? is c the magnetic field 6H at P is, by 
Laplace's formula, 
A E 
$ ds sin 3 
“7 ri 
and OH lies in the plane xOy and makes an angle ($7 — ¢) with the. 
x-axis. 
Now resolve 5H into two rectangular components 6H. and 8H,. 
Then 
i ds cos à 
=. ois . 


1 ds sin à 
6H, = d is 


óH, 


In the same way it may be shown that an element ds at S, the 
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point (0, — a) will produce at P a field given by 


i desing i ôs cos d 
om a eS ae . 


By pairing off all the elements into which the wire may be divided _ 
- in-the above manner, we get 


Ha = [an = RE $t Praising, 


r2 


` and Hy = | ait, =o. 


Thus the magnetic field at P is directed entirely along the x-axis 4 
and is given by E 
; 2ria? 2ria? 
E T aij | 
If there are N turns of thin wire, each of radius a and all lying A 
in the same plane, we have E 


Hy, o) = 


2z Nia? 
Ten 7 gr A 
By putting z — 0, we obtain the field strength at the centre of 
the coil, viz. 
2zNi 
Hoo = ow 


The magnetic field Strength at a point on the axis of a short 
solenoid.—Let O, Fig. 6-13 (a), be the centre of a short solenoid, 


| 


2a, 


(5) (c) 
Fig, $:13:—Magnetic field at à point on the axis of a short solenoid, 
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length 27, diameter 2a, and having n turns per unit length. Let 
Ox be the axis of the coil and let P, where OP = z, be the point on 
the axis at which the magnetic field strength is required. Let the 
position of any point Q on the surface of the solenoid be referred to 
by its distance z from a plane through O normal to Oz. - 
Consider the contribution to the magnetic field at P made by the 
current in that portion of the solenoid lying between planes normal 
to the z-axis and at distances z and z + dz from the plane through O 
normal to Ox; by symmetry the field is axial. Let dHp be this 
contribution and let the above planes cut the upper trace of the 
solenoid in points Q and S. Then óz = QS and if QP = r, we have 
dH. = 27(n 62z)ia? 
PIDE 
since this portion of the solenoid may be regarded as a circular coil 
with n ôz turns. 
Now T% -—sin0- 2 cf. Fig. 6-13 (b), so that the above ex- 


pression becomes óH, = 22ni780 = 2ani sin 6 00. . 
Hence the magnetic field at P due to the current in the comple 
solenoid is given by 


$i ; (i 
Hp — 2zni f sin 0 d0, ^ [0, and 6, are the angles indicated ]. 
9, . 
= 2nni[cos 0, — cos 4] 
d 3 l+2 S een ; 
"m a paten t tese] 
At the centre of the solenoid, we have ~ 


Ho = H20 = 2anil 2 4m]. } E 
E Lut + at) ( a ) 
"a 


2 LI 
= soni — sz] if (i) — 0. 
When ( mm 0, the same formula may be established using the 


properties of a uniform magnetic shell For a length dz of the 
solenoid the effective current is (ni dz), so that the strength of the 
equivalent magnetic shell is given by 
b= pynids, ie. T= pni and — + pani, 
where ua, J and o have their usual meanings. . 
If we consider poles of strengths --(za?ls = + (zra*)uni at the 


zo ; _ "a*u (ni) 7? (ni) 
Jo hive ae 


, 


as above, and the Same method of calculation may be used to . 
ealeulate the Strength of the magnetic field at points on the axis . 
of the solenoid, 1 

Circuital form of Laplace's law.—Laplace's law (sometimes — 
called. Ampére’s law), which has been established theoretically on | 
P. 136, was originally a working hypothesis, It states that p 


agus San? or OH Id, gli $, f], 


where the symbols are 4s defined earlier, To put this law into an. 1 
alternative and Sometimes more convenient form we proceed as 


Consider the circuit shown in Fig. 6-14 (a) and in which a steady 1 E | 


© A magnetic 
hace of an shell 
e 

magnetic 

Shel 


A closed path (5 
Jinked with 
(a) the circuit 


Fic. 6-14.—Ampére’s law in circuital form. 


current i flows. An equivalent magnetic shell is shown in 
Fig. 6-14 (b). Let r be à closed path linked with the circuit. By 
convention, a point moving along this path is said to move in the 
Positive direction when its motion bears to the direction of the 
current with which it is linked the same relation as does rotation to 
translation in a right-handed screw motion. USE 
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Let P, and P, be points on the pesitive and negative sides respec- 
tively of the equivalent magnetic shell and let w, and c, be the 
solid angles which the boundary of the shell subtends at these two 
points respectively. Then, cf. p. 124 et seq. 

Qp, = iw, and 2p = — iwy 
Hence the increase in magnetic potential in passing from P, to P, is 
Py 
s] = io, — io E AD aar 
P, i : 
= 4n, 
when P, and P, coincide and no actual shell is present. 
P. (B P. dQ Pe! i 
But [2] =f dQ ss p E E A 
Pp, IP, r, d P, 
where H, is the component of the magnetic field at an element ds 


of the path J’, Since Hy=H-3, we have 
P, Prost; 
[2] =— ("Has 
Py P; 
Hence, when P, and P, coincide 


This is Ampére's circuital relation.—It is important to note 
that the path is considered to be traversed in the positive direction 
when its sense is the same as that of the rotation of a right-handed 
screw advancing in the direction of the current. 

The magnetic field due to a linear current.—Let i be the 
current of zero frequency in a uniform solid infinite linear conductor 
of radius a. 


(a) First consider the magnetic field H at a point P, Fig. 6-15 (a), 
outside the conductor. By symmetry this field will be in a plane 
normal to the conductor and have the same numerica: value at all 
points on a circle of radius r, passing through P and having its centre 
on the axis of the conductor. . The positive direction of the circular 
path is shown by the arrow. ‘Then, by Ampére’s circuital relation, 


This equation. is valid for all yalues of a, provided r>a, and so 
gives the field strength due to a current in a long straight. wire. 
(b) Next consider the field at a point inside the conductor ; its 


ee She z 
uo egi 
à P 
C A om 
(œ) (5) 


(a) 
Fic. 6-15.— Field due to a long straight conductor. 


where 0 < + <a, the current embraced by a circular path of radius 
2 
r, of. Fig. 6-15 (c), is (3) Hence by Ampére's theorem 


The manner in which the field Strength varies with the distance 
from the axis of the conductor is shown in Fig. 6-15 (d). 
Experimental demonstration of the Magnetic field within a 


its attachments may rotate freely, bearings P, and P, are fitted at its 
ends; these are made from a rod of polytetrafluoroethylene (p.t.f.c.) and 
"ana: commercially ag “Fluon ’. This substance is resistant to nearly 
all liquids, has a low coefficient of friction and is sclf | ubricating. To 
facilitate erection of the apparatus the lid € has an aperture O through 


. 
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which the bearing P, may be passed, and is also provided wi 

length of wide brass tubing D. The lower end p D is pbs wc 
plate and this has a central aperture through which G may pass; 
smaller holes allow the liquid to enter the tube A when it is poured 
through O. G is placed with P, on its ‘Perspex ' * (polymethyl meth- 
acrylate) support and its upper end passed through the central hole 
in D; with care G may be made to enter P, which has been drilled so 
that it fits snugly over the glass rod. 


Force on *nt 


Direction of (5) 


current. 


Fic. 6:16.— To show the existence of a magnetic field within a conductor 
carrying a current. (Designed at R.H.C.) 


When a current of about 5 A. is passed through the solution, the 
suspended system rotates; the motion is reversed when the current is 
reversed. 

To account for the couple due to the magnetic field associated with 
the current, Jet us consider the forces on one of the magucts; if the | 
current. flows vertically downwards, ef. Fig. 6:16 (b), and the poles of 


jt softens at a temperature which is 
les made “rom this material can 
1 methaer late has the formula 


* A synthetic thermoplastic polymer; it ; 
conveniently low for working, and yet artic 
be used for many everyday purposes: _ Methy’ 

CH; 

| 
€—CO.0CH; 
ll 

CH, 


OE 
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the magnet are at distances r, and fs from the central axis of the system, 
the forces on them are respectively F, = mH, ai F, = mH,, where 
Jr A ix j 2i 
_ " is the pole strength of the magnet and H, — P and H, = zm 
Thus the couple on this magnet is given by 
PE AST j ss 
; Is six 1), 
a 


where 2 is the current (e.m.u.). A similar couple acts in the same sense 
.on the second magnet.and so the System 


The self-magnetic pinch effect. 


* 
H =F (Cf. p. 144] 


The associated magnetie induction is 


permeability of mereury; its numerical 


and (r + or); and two planes with angular s 


element is directed as shown in Fig. 6-17 (a). 
to be uniformly distributed over the cross- 
the current in the element is 


Assuming the current 
Section of the column, 
— r.ór.ó0. 

ma? 
The force on this 
column, is given by 


"T 
oF = (ar dr a) x1 
a a 


2,542 
= E re ôr 60, 


mat” 
and is directed inwards, 


US now assume that the effect of such forces is to create 
within the column an excess pressure p on the surface * r” and an 


. €Xcess pressure p .j- oe the surface “r + ôr’, Since the element 
|. We are Considering is ‘at rest, the total force on it must be zero, 
The pressures 9n the Surfaces of the element normal to the plane of 


element, due to the magnetic field within the 


! 
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the diagram are shown in Fig. 6-17 (b), the mean pressures on the- 
flat vertical sides being taken as p -+ 46p. The forces on these 
sides, cf. Fig. 6:17 (c), will have a resultant 


2[(p + 4óp)(ór x 1).396], 


Glass Mercury 
tube 


current 


Fic. 6:17.— The self-magnetic pinch effect. 


and this force acts outwards. Neglecting terms of the second order 


this becomes p ôr 60. : 
Since the total force on the element is zero, we have 


pr 90 4p npa. n br 89 + (p + ôp)(r + or) 96, 


which leads to 


Integrating with respect to r, we have 


"n 

p == Er + C, 
where C is an integration constant; its value is determined by 
assuming that at r = a, p —0, a procedure justified by the fact 
that outside the surface r = d there is no current and hence no force. 


so that 


called self-magnetic pinch 


This pressure arises from the so- : 
x out by Norrarurr in 1907. 


effect; its existence was first pointed 
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From these considerations it follows that the force outwards on 
dise covering the end of the containing tube is given by 


G yi2 
F= Se a9). 2ar dr, 
07 
ES t 
which reduces to P= jus. 


- Since this force is directly proportional to the square of the current, 
if it can be measured we have a means of determining the r.m.s, 


; the example which follows 


00 
Pr=0 = zem - se = 127 dyne.em.-? 


$ +? 400 
(b) Pr=0-25 em, = nai?” — 7) = rei m (4)?] 
75 
= = = 119 dyne.em.~2 


is thc equivalent of the matter which has ‘vanished ’. A well- 
known reaction of this type occurs at the centre of the Sun, where 


heavy hydrogen, or deuterium, atoms are fused together to form 
helium according to the equation 


Whether or not two colliding particles fuse is determined by their 
relative velocity; in a hot, completely-ionized gas the nuclear 
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known that temperatures exceeding 3 x 10$ deg. K. must be 
reached if a reactor of this type is to become a practical proposition. 
At such temperatures the isotopes of hydrogen are completely 
ionized ; an ionized gas is known as ‘plasma’. From a thermo- 
nuclear point of view it is desirable to ionize the gas within a low- 
pressure discharge tube and then use the pinch effect to keep the 
plasma away from the walls. : 
The main obstacle encountered in experimental work involving 
the pinch effect arises from the instability of the system. Two 
possible modes of instability are illustrated in Fig. 6-18; they are 


rsmall T large 
mal Bs rial 


(a) 


Fro. 618.—Tnstabilities in a pinched discharge (a) sausage-type, (5) kink-type. 


referred to as ‘sausage’ and ‘kink’ instabilities respectively. 
Such instabilities are most undesirable since conduction losses 
become appreciable if the plasma strikes the wall of the containing 
vessel from which impurities are given off; these also increase 
radiation losses thus lowering the temperature still further. To 
stabilize the discharge Lunpquist applied an axial magnetic field 
inside the plasma ; this field is obtained by passing a current through 
a solenoid wound on the discharge tube. 

The pinch effect serves to keep the plasma from the walls of the 
tube and at the same time the temperature of the gas must be 
raised to an astronomical value; the necessary energy is supplied by 
using the Joule heating effect or by compressing the gas adiabati- 
cally. The energy associated with the Joule heating e pes 
primarily to the electrons which constitute the current. n duc 
course their energy is shared with positive ions m collision. poe 
but many collisions must occur with any positive ion before i 
acquires the necessary energy ; this is because an e 
lose a fraction of its energy in an encounter with am on 
It is because this heating time is long that attention ott been paid 
to the possibility of compressing a plasma adiabatically. 


lectron ean only 
assive ion. 
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i Preliminary reports from ZETA [Zero Energy Thermonuclear 


Assembly] are not too encouraging ; they appear to indicate that 
the necessary high temperatures have not yet been attained, 


A ring or toroidal solenoid -—Suppose we have a toroidal 
solenoid wound uniformly with N turns. The lines of force will be 
_ dircles in planes normal to the linear axis of the toroid and have their 


Hs-—4zNi or H= sani. 


_ If the radius of section of the solenoid is small compared with R, 
the mean radius of the circular axis of the coil, then s is nearly 
. Constant for all paths within the solenoid so that Hisconstant. Also 


i " becomes 2, the number of turns per unit length, and we have 


H = 4mni. 
Laplace’s law. If, with Heaviside, it is assumed that 


$mra- fas 


then the magnetic field due to an element of current may be calculated 
as follows. Consider an element AB, Fig. 6-19 (a), of insulated wire 


(a) | 
\ | Fra, 6-19, 

| f 
and length ðs. containing a source of e.m.f. and immersed in a con- 
- ducting medium of infinite extent. Current may be imagined to 
_ flow out with tadial Symmetry from A to infinity and to flow back 
‘similarly from i finity to B. By symmetry, or by inference from 
à experiments on Straight wires, the lines of force of the magnetic 
field will ‘he circles centred on the axis which is the prolongation 


Y 


BA. Ifa is the radius j By Y 
outward current p MA 


where 0 is the angle 


{j 


where 60 is the angle w 3 subt he ci 

"Hence the resultant ou rei : 
dileos (0 — 90) — cos 0] = 1 p 

- 1f 6H is the field 

Ampére's cireuital 


_ Lot NS, Fig 
indicated. 


. the current . 


which is 2 


If the lines of action of these two 
2 at distances r and r + 6s(cos 0) respectively from the wire, then at 


, as indicated in Fig. 6-20 (b). Then the small magnet 


is acted upon by a force qued ? in a direction opposite to the field 


at O, due to the current and an anticlockwise couple of magnitude 


Mi 
m Mon 0a, coa o a 2Mi cos 9. 
T r r 
since M ds —» 0, 


Example.—If the magnetic field of 
the earth (radius 4) may be regarded 
as that due to a suitably orientated 
magnet at the centro of the earth, and 
the induction associated with the mag- 
netic field at the equator denoted by 
B, show that a wire surrounding the 
earth along the parallel of latitude 4 
south and carrying a steady current i 
from west to east, would experience 
a resultant force towards the south 
pole of the heavens, equal to 


6zaiB sin A cos? 4, 


Let M be the magnetic moment of 

the magnet placed at tho centre, O, 

Fic. 6:21. Fig. 6:21 (a), of the earth and with its 

axis pointing south. At P, a point 

on the wire, with the usual notation, we have, if 4 is the permeability 
of the Surrounding medium, 


ri 


énd Bo = Ho = p [> 122] DURS Mesi 


At the equator By = B, - M — a'B. 


Consider now the forces on the element 8 of the wire and situated 
at P. We have 


ôF, = force due to B, = (i ds)B,, 
and this force acts in the Sense opposite to that. of Bs; 
also ^. OF = force due to Bo = (i ôs)Bo, 
and this force acts along B, as shown in Fig. 6-21 (b). 


- Resultant force on the wire, directed towards the south pole of 
-the heavens, is SAA 


2nta cos AB, cos À + 2xat cos A Bs sin A, be $ ds = 2za cos 4] 
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and since B, = 2Bsin A and Bs = PB cos 4, the force required is 
67aiB sin A cos? A, j 

Instead of finding ôF, and ôF, we may proceed as follows :—-the 
magnetic induction associated with the magnetic field at P in the plane 
of the wire and also perpendicular to the wire is 


B, cos A + Bgsin A = M nin A cos A = 3B sin 4 cos 4. 


.. OF = i da | sin A 008 i] = 9Bi sin Å cos A 6s. 


AP. = Bisin Acs 2 É ds ) 


= OnaiB sin Acos* A, [*- $ dg = 2na cos À.) 


The induction at P also has a component parallel to NS but the force 
due to this vanishes when the whole wire is considered. 


Example.—Find the force due to a small magnet on a circular coil 
carrying a steady current, the plane of the coil being normal to the 
axis of the magnet and its centre on the axis. 


Since the magnetic induction at a point (r, 0) due to a small magnet 
of magnetic moment M at (0, 0) and with its axis along the line 0 = 0, 
has for its components 

M sin 6, 


2M cos 0 
Bee cs , and Bo = 73 


the induction, B, in tho plane of the wire and normal to it, cf. Fig. 6-22. 
is given by af 
B = Bp sin 0 + Be cos 0 = z3[3 sin 0 cos 6]. 


The force ôF on each element of the wire is therefore parallel vo 
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NS and the resultant force in this direction is given in magnitude by 
F=UB = 222 i3 sin 0 cos 0] . [a = radius of cirele.] 


2p? 2) 
= baat] t o]. 


N.B. The components of the induction normal to the plane of the 
wire produce no resultant effect. 


EXAMPLES VI 


6:01. Sketch the magnetic field in any plane norraal to, and due 
solely to, two long parallel wires carrying the same steady current 


Caleulate the force on 60 cm. of either wire when their distance apart 
is 6 cm. and the current 15 amp. Indicate the direction of the force, 
stating the rule you apply. 

If a uniform magnetic field of strength 2 oersteds is now superposed 
.in a direction at right angles to the plane of the wires, find the force 
experienced by a third eurrent-bearing wire placed parallel to and 
exactly midway between the first two wires. You are to assume that 
ab a midway point the Superposed field is opposite in direction to the 
field due to the first two wires. $ [45 dyne., 0.) 


6:02. State fully the formula giving the magnetic field strength of 
& curre..t element ide at a point distant 7? from the element, if 6 is 


Hence deduce the ratio between the field strengths at the centres 
of a square circuit of side 2a and a circular circuit of radius a, each 


carrying the same steady current, [2V2 : a = 0.90.] 


6-03. Determine the strength of the magnetic field in the neighbour- 
hood of a long Straight wire carrying a current. Imagine two such 


zla —zj z =a, 0-4 oersted. | 


6:04. Define intensity of magnetization. 

Explain what is meant by @ uniformly magnetized shell. Use the 
conception of a uniform magnetic shell to obtain an expression either 
for the field strength due to a linear current or at the centre of a short 
solenoid carrying a steady current. 


6-05, A circular coil of radius 4 and carrying a steady current is 
placed with its plane horizontal in the earth's magnetic field. Obtain 
"n expression for the couple which acts on the coil. [za*insH,.] 


ere ae 


ays 
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6-06. Two coaxial circular coils each contain N closely wound turns 
of wire of radius a; their planes are parallel and at a distance 2x apart, 
When a current į circulates in the same sénse in each coil, the magnetic 
field strength at the centre of the system is given by 


where A and B are constants for the system. Calculate values for A 
and B, and describe how these values could be obtained experimentally 
when H,, the horizontal component of the earth's magnetic field is 
known. [A = 2gN, B= 1.] 

6-07. Describe the arrangement of coils designed ". Helmholtz for 
the production of a uniform magnetic field. Justify the arrangement. 
Caleulate the percentage change in the strength of the magnetic field 
due to a steady current in & Helmholtz coil system in going from its 
centre to the centre of either coil. . [5-4 per cent decrease.] 

6-08. Find the magnetie field strength due to a steady current in 
a single circular turn of wire at à point on the axis at a distance z from 
the centre, the radius of the coil being a. Two similar circular coils 
are arranged coaxially at a distance apart equal to their radius. What 
special property has the magnetic field at a point on the axis midway 
between the coils and how has this property been applied ? 

6-09. Two long parallel wires carry equal currents in opposite 
directions. A plane normal to the wires euts them in points C, and 
C, P is a point on the circumference of a cirela whose diameter is 
C,C,. Show that at P the field due to the currents is directed towards 


$ . 4a 
the centre of the circle and its magnitude is FER where 7; and 7, are 


the distances of P from C, and C; respectively, and. €,€, = 2a. 
6-10. Give the theory of the Helmholtz system of coils and deseribe 
in detail a modern method for the determination’ of the horizontal 
component of the earth’s magnetic field. 
6-11: Describe in detail and give the theory of a method for deter- 


mining the magnetic moment of a bar magnet. ata i 
A flat circular coil consisting of 100 turns of mean radius 14 cm. is 

set with its plane vertical and making an angle of 85° with the magnetic 

meridian. Calculate the current that must m through ehe coil ie 

order that a small magnet suspended at its centre may sev normally 

i idi = 0-18 oersted. 

to the magnetic meridian, [Assume Hy = 0-18 pem 3 "HET 
6-12. Two long vertical wires at a distance 2a apart convey be a 

currents i e.m.u. in opposite directions. Show that the magnetic field 


ire is “2, If a dipole 
strength at a point P at distance r from each wire is 73. MES 


at P and in a plane normal to the two wires has a magnetic fom w. 
and a moment of inertia I about an axis through its centre and mn e 
to the two wires, prove that the period of small oscillations is that o! 


a simple pendulum of length 7 given by 
4iMal = Ir'g, 
where g is the intensity of gravity. [Neglect the earth’s magnetic field.] 


shell and establish the relation 
= Ani. 


flows along the boundary separating 

44; and y, respectively, the direction 

the plane containing the lines of mag- 

v that the normal component of the magnetic 
; boundary is continuous but that the 

ld strength suffers a discontinuity equal 


traight, thin copper ribbon of width 2% carries 

; emu. Show that the magnetic induction at a 
9f the ribbon, and at a distance a from its central 
ui, fa + ?) 


a —/» Where y is the permeability of 


CHAPTER VII 
OHM'S LAW AND IIS APPLICATIONS 


The electromagnetic unit of current and of quantity of 
electricity .-—The electromagnetic unit of current is defined as that 
steady current, or current of zero frequency, which, flowing in a, 
closed circuit in a vacuum, may be replaced by an equivalent 
magnetic shell of strength unity, ; 

From this unit we derive the e.m.u. of quantity of electrieity which 
is defined as the amount of electricity flowing across any seetion of 
a conductor in one second when the steady current in the conductor 
is one e.m.u. of current. een 


The practical unit of current.—For many purposes the e.m.u. 
of current is too large; a current whose magnitude is one-tenth 
the e.m.u. of current is known as the arripere. The ampere is deter- 
mined in terms of the force between two conductors carrying the 
same current by means of the Ayrton-Jones-Smith current balance ; 
its structure and use are described on p. 706. ^. "E 

The practical unit of quantity of electricity is the coulomb; it 
is the amount of electricity which passes in one second across amy 
section of a conductor in which the steady current is one ampere. 


The electromagnetic unit of potential difference and the 
practical unit of potential difference.—Suppose that A and B 
are two equipotential surfaces in a conductor through which 
a current is flowing from A to B. Let this current flow for 
such a time that one e.m.u. of quantity of electricity passes 
across each section of the conductor. Then if the energy 
liberated is one erg, the potential at & exceeds that at B by 
one e.m.u. of potential. 

The practical unit of. potential difference is termed the volt. 
If the current flows in a conductor from an equipotential 
Surface A to another such surface B and for such a time 
that one coulomb passes actoss any section of the conductor 
and the energy liberated is one joule [the practical unit of 
energy], then the potential at A exceeds that at B by one 


volt 
157 . 
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The relation between the e.m.u. of potential difference and 
- the volt.—1f a cefinite potential difference exists between two 
. points in a conductor, the same amount of energy will always 
. be liberated irrespective of the units used to express the quan- 
- tity of electricity and the potential difference. Now when 
_ one coulomb is transported across each section of a conductor 
"between whose ends thero is a potential difference of one volt, 
_ the energy liberated is one joule, or 10? ergs. Since one e.m.u. 
_ of quantity of electricity is equivalent to 10 coulombs, the energy 
— liberated when this quantity of electricity passes each cross-section 
_ of the above conductor is 10 x 10? — 103 ergs. But since, when 
one e.m.u. of electricity is transported across each section of a con- 
ductor between whose ends there is a potential difference of one 
@.m.u. of potential, the work done is one erg, it follows that 


1 volt = 109 e.m.u. of potential. 


.. Ohm'slaw for metallic conductors.—When a steady current 
is flowing through a conductor the poteniial difference between 
its ends is directly Proportional to the current provided that 
the physical condition of the conductor does not change. 
Thus, if V is the potential difference and I the current, we may write 

> V — IR, 
where R is a constant termed the resistance of the conductor. 
It is measured in ohms when the potential is in volts and the 
current in amperes. 

A conductor has a resistance equal to one e.m.u. of resistance if 
the potential difference between its ends is one e.m.u. of potential 
when the current through it is one e.m.u. of current. Thus 

1 volt 105 e.m.u. of potential 
1 ohm = — = 


dente ng EEE - = 10%e.m.u. 
lampere 107! e.m.u. of current 


of resistance. 


The evaluation of the ohm.—The system of ‘ practical’ units 
was devised originally by a committee of the British Associa- 
tion ; the value of the ohm was determined experimentally, and 
standard resistance coils (German-silver) were constructed (1863). 
Tn 1881 the first International Congress of Electricians advocated 
a redetermination of the ohm in absolute measure; moreover, it 
was agreed to dispense with German-silver wire and construct 

standards of resistance on a plan suggested first by SxzwENs. The 
“So-called “practical ohm’ was to be the resistance of a certain 
column of pure mercury of definite length and 1 mm.? cross-sectional 
area. The original ‘Siemens’ unit’ was a column of mercury 
l metre long and 1 mm.? in section. This standard is now known 
. to be equal to about 0:9408 ohm. 
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The chm is determined in absolute measure by means of the 
Lorenz type of machine described on p. 698. Essentially it is a 
development of Faraday's wheel,* constructed on an engineering 
scale with high mechanical precision and from materials free from 
ferromagnetic impurities. The ohm can also be determined in 
absolute measure by means of the alternating current bridge 
described on p. 701. In this method use is made of the primary 
standard of mutual inductance designed originally by Campbell and 
described on p. 234: the structure of this inductance is simple and 
it is probably the most accurate of all electrical standards. 

Standard resistors.—A section of a standard resistor suitable 
for use with small currents is shown in Fig. 7-01. C, and C, are 


Fia. 7-01,—A standard resistor. 


thick copper leads which are held by brass nuts in the keramot lid A 
of a brass container B. The main part of the resistor is sne mans 
ganin wire M, wound non-huductively and hard-soldered to the 
current leads. This coil is mounted on, but insulated from, the 
drum D which forms the inner portion of the container. The closed 
end of the loop is opened out, as shown at L, so that there shall be 
no sudden changes in the curvature of the wire. oes Peat oe 
well annealed to remove strains in it, but large strains exist in wars 


wherever there are sudden bends and these WE oneal ppt 
by t ‘i ing. container is N 1 
y the process of annealing. The the atmosphere and 


ing oil which also serves to protect the wire from 
consequent oxidation of its outer surface. 


* Cf. * Intermediate Physics’. 
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All standard resistors are provided with potential terminals By 
P,, and itis the potential difference between these terminals per unit 
current in the resistor which is the resistance represented by the 
standard. C, and C, dip into mercury cups and any slight variations 
_ in the contact resistances here do not affect the value of the resist- 

“ance which the assembly is intended to represent. 

The whole is mounted in a thermostat at 20° C. and, for work of 
. the highest precision, it is necessary that the resistance between the 
_ terminals P, and P, should be a maximum at this temperature in 
order to avoid large corrections for the change of resistance with 
temperature. Manganin itself does not have this property bui by 
. adding a short piece of copper wire of the correct length in series 
with M, this desirable feature is achieved. 

Steudard resistors have very small resistances when used to 
measure iarge currents, e.g. 0-0003 ohm. is suitable for measuring 
currents up to 2000 A. The power dissipated in the coil when the 
current is 2000 A. is a proximately one kilowatt, so that the oil 


passing through a coiled tube immersed in the oil. 

Since the resistance of all resistors made from alloys changes 
slowly with time and the actual value of the resistance is affected 
by the humidity content of the atmosphere, attempts have recently 
been made to use well-annealed coils of platinum. These are 
hermetically sealed in glass tubes containing an inert gas. Such 
standard resistors can only be used at the temperature of melting 
ice for the temperature coefficient is large. Each platinum resistor 
is provided with two current and two potential leads which are 
used as described on p. 195, so that the resistance of the leads is 
eliminated from the final measurements. These resistors have now 
been shown not to be satisfactory standards; the temperature of 
the actual wire is never known with sufficient accuracy. 

Resistance and conductance. When it is steted that the 
resistance of a certain conductor is R ohms, we mean that a potential 
difference of R volts is required to send a steady current of one 
ampere through that conductor. Thus it is equally correct and 
, Certainly more informative to say that the resistance of the above 
conductor is R volt.amp,—1, : 

The reciprocal of resistance is called conductance, S, i.e. 


n 1 SE AANS. Gi 
$- R ohm. =! = gapyo. 


. . Resistivity. —By means of a metre bridge or post-office box it 
.. may be confirmed that the resistance, R, of a uniform wire is directly 
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proportional to its length, J, and inversely proportional to its cross- 
sectional area, A, provided of course that the physical state of the 


i j bos 
wire remains constant. Hence R = E where y is a constant for. 


the material of the wire. It is termed its resistivity. 

Since we may write [y] — E = [ohm. x length? — length], 
the unit of resistivity is the ohm.em. when the unit of length is the 
centimetre. 


Conductivity.—The conductivity of a substance is the re- 
ciprocal of its resistivity. It is therefore expressed in ohm.~* em. 
and is denoted by o. 


Kirchhoff's laws for steady currents.—In the study of the 
flow of electricity through different circuits problems arise concerning 
the manner in which electricity distributes itself when its path is 
divided; it is a matter of some importance to be able to determine 
how the electricity will flow through a network of conductors in 
which junctions exist. KircHHorr gave two laws which enable 
solutions to be obtained, provided each link in the network obeys 
Ohm’s law. Since the currents are steady there can be no accumu- 
lation of electricity at any point so that the sum of all the currents 
arriving at any junction must be equal to the sum of all the 
currents which leave it. This is the first law. If we introduco 
the convention that currents flowing into a junction are con- 
sidered positive so that those leaving it are negative, Kirchhoff’s 
first law states that in any network of wires the algebraic sum 
of the currents which meet at a point is zero, i.o. ZI) -0.- 

Now let the different junctions be denoted by A, B,C... 
as in Fig. 7-02 (a); let the potentials at these junctions be V4, 
Vai. Veen ; ^ 

‘Let Ta be the current flowing from A to B, Rag being tho 
resistance between these two points. : 4 

Let us apply Ohm’s law to each conductor in any set of con- 
ductors which form a possible path starting from A and finally 


returning to A. We have : 


Vy — Va = InaBya- 
By addition we get 
i QzE (IR). 
G.D.P.—YV—G EIE 


= 4 
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If cells are present at different points in the circuit selected the 
above treatment needs a slight moditication, Consider one link, 
say AB, of the complete path and let it contain a cell of emf 
E, cf. Fig. 7-02 (^); P and Q are the terminals of this cell. 


Ra VE) 
A— WH B (b) 
las Rog 
P SQ 
i i B (e 
TU Rap 'E, Fox 


Fre; 7-02.—Kirehhoft’s laws 


for steady currents in a network. 


Since the cell has internal resistance R, 
cell by a resistance R, and a source 
resistance as in Fig. 7-02 (c). Then 


we may replace the actual 
of e.m.f. E, without internal 


Va — Yp — IsR,p, 

Vp — Vg = TynR,, 

Vs —Vg=— E;, 
and Va — Vy = Ty Rp. 
By addition we geb for this link 


LT TapRyy — E, 

Where: Ry, = Rap -f Ry + Ron-*. 
Since an equation of this type applies to every link of a closed 

circuit, wo have 
= X (IR) =E), 

Which is Kirchhoff’s second law. Tn words it states the algebraic 
sum of the electromotive forces in any closed circuit or loop 
is equal to the algebraic sum of the products of the resistances 
of each link of the circuit or loop and the currents of zero 
frequency flowing through them, provided that for each link 
Ohm's law is obeyed, i.c. X (E) — SER). 
Maxwell's cyclic currents.—The aboye method of determining 
tho current in any part of a circuit. becomes complicated when the 
-eireuit has many branches.” Maxwell suggested the * cyclic current ’ 
devico to simplify the problem. He imagined that a specified cyclic 
current. flowed. in each Joop, and considered all clockwise currents 


* This equation sssumes the law for the o 
Jn serios; t| 


resistors 19 proof is independent of Kirehhoff's laws and may 
therefore: be used, In contrast to this, the proof of the law for resistances 
in parallel depends on Kirchhoff’s first law. 


ffective resistance of several 


m 


SAGO Ms A PEREA 


morr 
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as positive. The current in any branch is thus the algebraic differ- - 
ence between the cyclie currents in the loops it separates. 

Use will be made cf both Kirchhoff's laws and of Maxwell's cyclic 
currents at & later stage in this chapter. 


The Wheatstone bridge network of conductors.—The 
Wheatstone bridge network of four resistances is one of the oldest 
and, at the same time, one of the most commonly used methods for 
comparing resistances, i.e. one resistance can be measured in terms 
of three others ; it is for use with currents of zero frequency. The 
‘bridge’ is represented diagrammatically in Fig. 7-03 (a), and by 


ee 
(ery (U-I,+Ig) 
E (b) 


(a) 


Fic. 7-03.— Elementary theory of a Wheatstone bridge network. 


considering the cyclic currents I, E, and I, the necessary equations 
are obtained in as symmetrical a form as possible. ‘The resistance 
R, whose value need not be known when it is only a matter of com- 
paring resistances, should be added so that large currents are nevor 
used ; R includes the resistance of the cell of e.m.f. E which supplies 
current to the bridge. If Ry is the resistance of the galvanometer, 
| the equations for the bridge are 

RI +R- 1) + Ral — Ij — E — j 


RL, + Bo — L) + Both — 1) =90, 
: and Rala + Ballz — I) + Rolls — I) = 0, 
which when rearranged give 
(R+ R5 + RoI — Ry; — RJ,— E= n} 
— R,T + (By + Ry + Bah — Bole = 0, 
and — RI — Rl + (By + Be + R)I = 0. 
These equations may be solved and an expression for 
(Ij — 1) = I» 
the current through the galvanometer, obtained. It is given by 
I E(R;R, — Ej) A 
s ER, Ryt Ra] + R(RIER) Rat Ba 
RR E t) + Pus Rd + RRR +R 


tain this expression since the condition 
di 


, Le. for I; = 0, can be obtained ver 


In terms of T, the current suppli 
current I can be measured by 


means of a 


implified theory of the Wheatstone b 
nductors.—Let the four resistors b 


ridge network of 

9 arranged as in Fig, 7:03 (b) 

let the currents in the various arms be as indicated. In order 

halve the number of unknowns use is made of Kirchhoff ’s first 

n Le. the currents are marked so that at each junction their 

igebraic sum is zero, Kirchhoff’s second law applied to the 
Ps (1) and (2) then gives 


pO Bt Ra, L) — RjI, = 0. 


ence. (Ry 4- Ry)I, + Ry, — RI = 3 
and — (Ry + Rh + (— R,— R, — Ry), — RI = 0. 
Solving these equations we have 


RI, + RI, — R,(I — I) = re 


RES e LEER 


Ry — Ry - 
TR R =R, RI 


R, +R, Ry ; 
" Ra + Ry, ZR — R, =R, 
DpeL EG + Ry) + RiR, E Ralp 
way E eR) ora 
R: + Ry, —R,—R, — g | 
thi 


1000, and 100 ohms, The cell 


are the currents indicated, by applying 
loops we have 

‘1001, + 101, — 1000(3; - 1) = 0, 
à lel, +, 2 —. 0, ; (i) 


; T+ g) — 101, = 0, 
6000-81, — 100-01 = 0 (ii) 


When the cell and galvanome 
is as in Fig. 7:04 (b), the cur 
we have, if the Mn , 


and 100-01(T, — I) 


e 


1000102 — 121) — -ano 0 


t must be noted that 
100-01 ohms coil, which 
be measured, is much | 
j material from which 


is maintained at a 
The points B and D 

how that the sum of 
© magnitude, an 


ig. 7-05: the currents in 
and Vp denote the 


TENDO 

mo 5 ET) 

[| = K + Tg =]. 
AAN 

Mar hoy: 


Y 


% 
ix Fio. 7:05. 

| Applying Kirchhoff's second law to the loops ABD and BCD. we have 
n" 21, + 101, — 3I, = 0, i SUPER 

and ME = Eph By de) 101, 2: 0; 
or ieee OG Ost ga 

Eliminating Ty from equations (i) and (ii), we find . E 

121, — 131, = 0 d j = (i) 


To obtain another equation connecting I, and I, we note that the 
drop in potential between A and C is 2V. whether we go via B or D. 


"Thus 2= 21, 30, — Iy), 
and 2 = 3I, + (T, + I5). : 
| Eliminating I, from these. equations, we get. 
i otn he Sip dauert s deat au 


LL. eto dg um 
T = emp 1, = gp amp. 


RF S L-a amp. — 0-032 amp. 


a certain metal rectifier the current is found to be 
the square of the voltage, i.e. it does not obey Ohm's : 
is connected in the arm CD of the usual Wheatstone 
T Oaeh ae the; other arms has a resistance of 20 ohms. 


m 


Tr 
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Current is supplied to the bridge so that 2V. is the fall in potential 
between the points A and C; the bridge is found to be balanced. The 
current to the bridge is then raised so that the drop in potential across 
the bridge is 6V. when this is again balanced. If this balance is effected 
by altering the resistance R in the arm BC of the bridge, obtain a 
value for it. 

When the potential drop across the bridge is 2V., the current through 
the rectifier is given by 

2 1 
T= 99-530 = 30 = 9 

since the potential difference between © and D is 1V. and the current 
through the rectifier is proportional to the square of the voltage across 
it; a is a constant. Hence a = 0-050 amp.volt.-2. Lc 

In the second instance the bridge is balanced when the resistance of 
the rectifier is equal to R.” Since the current through the rectifier 
(or R) is 5 £ T the drop in potential across it is er p Hence 


20 = 
2 
BN -«( meu) ‘ 


20 OR 204 KR 
20 + R = 0-050(6R)2, 
pr (20 + 3R)(10 — R) = 0. 


R — 10 ohms is the only solution with a physical significance, 


On the sensitivity of a Wheatstone bridge.—This method of 
dealing with the problem of the sensitivity of a Wheatstone bridge 
is due to CALLENDAR. ‘he conditions of sensitivity in measur. 
ing resistance by a Wheatstone bridge have been discussed by 
MaxwrLLand by Heavismpe. They start with the assumption that 
d the battery power available is limited by the internal resistance of 

the cells and give rules for obtaining the maximum current through 
the galvanometer with this implied limitation. This limitation was 
no doubt a consideration in many kinds of telegraph testing in the 
early days of such work, but it is rarely applicable in modern 
laboratory practice and never in dealing with electrical resistance 
thermometers. In the majority of resistance measurements, and 
more particularly in electrical thermometry, the limiting condition 
is imposed by the heating effect of the current on the resistance to 
be measured, so that the resistances to form the bridge should be 
chosen and arranged to give the greatest sensitivity for a given 
limiting value of the eurrent through the resistance to be measured. 
The resistance of the battery is quite imm «terial providod that it 

can be arranged to give the limiting current required, É j 
Let Fig. 7-06 (4) represent a Wheatstone br! ige network in which 
I is the current through the resistance to be measured, r, while, 
| when the bridge is not balanced, I, is the current through tho 
: galvanometer of resistance Ry. ‘The resistance “in serics with r 
| is nR and the current through it is I + 1,; the resistance “in 


: r 
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parallel ’ with r on the same side of the galvanometer circuit is mR 
and the current through it is T, + Tj. The resistance in the arm 
of the bridge conjugate to r is nmR and the current therein is T 
The currents are assumed to flow in the directions indicated so that 
the conditions of continuity are satisfied. The bridge is balanced 


when r — R. 
Applying Kirchhoff's second law to the loops ABD and BCD, 


respectively, we have 
nmEI, — RT, — nR(L -+ Ij) = 0, 


and mR(I, + L) — rI + R;I, — 0. 
Eliminating I, from these equations, we have 
I, . n(r — R) r--R 


I (n-FIDR,Jean + m)R ( j: 3 ^L + mR 
This ratio may be regarded as a measure of the sensitivity of 


nm=100 


[Maxwelli] 
nm=100 


1000.2 TODE 1 


[Calendar] 
Fic. 7-06.—Sensitivity of a Wheatstone bridge network of resistors. 


the arrangement. It is at once evident that, for a given defect 
of balance as measured by r — R, or Ar (say), the ratio + will be 


2 maximum when 7 is as large as possible and m as small as possible. 
Thus 


Mr n 
i Ij) RFR 
` The advantage which is gained by making »—> œ and m — 0 
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is not very great for 
I, PE LIS 
Has 2(Ry + Ry 
or the sensitivity is still half as great as in the limiting case. 

Maxwell has given a rule regarding the best arrangement of the 
resistanops to form a Wheatstone bridge network: It is as follows :— 
Of the two resistances, that of the battery and that of the 
galvanometer, connect the greater resistance to join the two 
greatest to the two least of the four other resistances. This 
tule is seldom applicable to accurate resistance measurements and 
when applied in platinum thermometry has often led to disastrous 
. results. The following example is illustrative. 

Suppose that it is required to measure the resistance of a platinum 
thermometer (r — 10 ohms), with a post-office box having ratio 
arms 10 and 1000 ohms. Suppose that the galvanometer has a 
resistance R, = 10 ohms and the current is supplied by a 2-volt 
cell of negligible internal resistance. The connexions aecording to 
Maxwell are indicated in Fig. 7-06 (b). Comparing the two diagrams 
we find n = 1 and m = 100. Suppose that the balance is slightly 
disturbed by a change Ar — (r — R) Then 


I Ar Y a 
1 and I 0-1 amp. (i) 


If, however, the battery and galvanometer connexions are inter- 
changed as shown in Fig. 7-06 (c), n = 100 and m = 1. Then 
I Ar 


I= gp Sd 1-000 amp. (ii) 


current to that through the thermometer, viz. z which is the true 


Measure of the sensitivity in this instance, is 34 times greater in (ii) 
than in (i) Hence the second arrangement is by far the better 


_. Where the heating effect of the current on the resistance to be 
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measured is the primary consideration. Thus we have Callendar’s 
- rule: Connect the battery so as to make the resistance in 
* series ' with the thermometer greater than the resistance in 
* parallel’. 
In the practical use of platinum thermometers we have the further 
restriction that n must be equal to unity, because it is necessary to 
compensate the changes of resistance of the leads by the equal 
changes of resistance of à pair of compensating leads on the opposite 
side of the galvanometer-contact on the bridge-wire. The loss in 
sensitivity, as compared with the case of n very large, does not 
amount to more than 30 per cent and is of no consequence as com- 
pared with the trouble and uncertainty involved in measuring the 
resistance of the leads separately at each observation. 

It is now necessary to consider what is the best value for the resist- 
ance of the galvanometer which is to be used in the network. Tt will 
be assumed that when the coil is changed the size of it and the 
distribution of mass in it are not changed. Now for a given current, 
the deflexion is directly proportional to the number of turns in the 
coil when the size and position of the turns is not altered by changing 
the number. Thus when a single wire of cross-sectional arca S is 


replaced by N turns, each of cross-section S, the deflexion for the 
same current is increased N times. If lis the length of wire in the 


single turn and y the resistivity of its material, tho resistance of the 
X(NU) . 


AN : 1 ; s: 
coil will have increased from T to ^—— i.e. the resistance increases 


(S) 


N? times, ie. R, oc N2.. The deflexion for a given current is pro- 
portional to N, ie. to Rt; it is also proportional to the current 
and hence to I,R,i. But 


LR = I(r — R)R,# 


( -+ Je ++ (1 +- m)R 


Hence for any given values of I and Ar, where Ar — r — R, the 
galvanometer deflexion, 0, is proportional to 


Ryt : 
l ( a 3 RM gi 
na 
1+ 32 +(+ mR 


Le. o 


where k is a constant. 
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dà E -# 1 m n r 
LIES Ta ; 
( 4 jJ +(+ mR R T jJ ca mr] 


For a maximum deflexion this is zero. 


( ;) 


' 2R 


( + Je (1+ mR 
R= l t d 
gs 
n 


i.e. R, is equal to the effective resistance of the total resistance in 
ABD and the total resistance in BCD, when these are arranged in 
parallel and R, is written for r. 

This result agrees with that given by Maxwell and shows that in 
th.» majority of instances which occur in practice, Ry should be of the . 
same order of magnitude as R, being restricted to the limits 0-6R 
and 2R if » is never less than one or m never greater than one. 

The Carey Foster bridge for measuring R-S where R and 
S are two nearly equal resistances.—The difference between two 
resistances which are nearly equal may be determined with tolerable 


Fra. 7.07.—The Carey Foster bridge. 


accuracy by a form of the metre bridge due to CAREY Foster: 
A uniform wire AB, Fig. 7-07, is stretched across a scale in: em:, 
etc., and the two resistances R and S are placed in the outer gaps 
of a copper bar whose extremities are joined to AB. P and Q 
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are two resistances placed in the inner gaps of this bar. These 
should be nearly equal, but it is not necessary to know their actual 
values. A cell, reversing key, K, and galvanometer are connected 
as indicated. If the difference in resistance between R and S is 
not large a point C on the wire AB may be found where the gal- 
vanometer deflexion is zero. Let AC — l» AB = L, the total 
length of the wire, while 2, and 7 are the end-corrections expressed 
as lengths of bridge wire. Then P and Q may be regarded as two 
arms of a Wheatstone bridge network, while R and S and the resist- 
ances of the circuit between them and C constitute the other two 
arms. When the bridge is balanced we have 
P R++p?a+h) 
Q 8-p-rL-lhy 
where p is the resistance per cm. of the wire, Adding unity to each 
side of this equation, we get 
POLRES pis +A + L) 
Q S t p( +L- L) 
The coils R and S are now interchanged and a new balance point 
on the bridge wire is determined. Let this be at distance 1, from A. 
; ing as before we obtain an equation in which only tho 


right-hand denominator is affected ; its new value must be equal to 
the old, i.e. 
R + pl +L—h) =S +p% +L h), 
“ R-8=p(,— L). 

This equation expresses the difference between R and S in terms 
of the resistance per unit length of the bridge wire and we note 
that the end corrections 4, and 4» do not appear in it. 

To determine p, R is replaced by a 1-ohm coil and S by a 1-ohm 
coil shunted by a 10-ohm coil, i.e. S = 0-909 ohm. If a, and z; 
are the bridge readings when these are used in the above manner, 
: Q0 17 9900 = p(z, — x), 
so that p is known. 

To obtain accurate results the coils must be connected to the 


` terminals with the aid of thick copper strips, the contacts well . 


cleaned and readings also obtained with the battery connexions re- 
versed. By taking the mean of the results for each arrangement 
errors due to parasitic e.m.fs. (thermoelectric, etc.) will be eliminated. 
,. Esemple.—In order to find the small difference between a standard 
"resistance S of 1-000105 ohms and a nominal ohm X, the resistances 
Are connected in a Wheatstone network with other nominal ohm coils 
P and Q forming the ratio arms so that PX equals QS when the bridge 
is balanced. To obtain a balance it is necessary to shunt P with 


OHM'S LAW AND ITs APPLICATIONS 173 


10,600 ohms; upon removing this shunt and interc! ing X and §, 
Q must be shunted with 20,200 ohms to restore the pd Calculate 
& value for X. 


Fic. 7-08.—Determination of the small difference in resistance for two stan- 
dard resistors. [The bridge actually measures the ratio of their resistances. ] 


The two arrangements are shown in Fig. 7:08 (a) and (b. When 
the bridges are balanced, we have — - ` 


: E x 1-06 x 2 
1 + 1:05 x 10-4 > + 1-06 x 104 
vue cUm A 
P 100 x 108 
Q'P + 1-06 x 10 
P 100 x10 ; 
7Qiiió6x 10 [5 Pen) 
P 1 
QUY TES t Oa 
V+ ioe x iot 
and, similarly, 
x P 
1 +105 x 10-4 = (aE R 
Q + 2-02 x 10* 


P i ) 2 
"Qu sero) E: ood 
> 
Eliminating 6 from these equations, we find 
(2 105 x adi 


1 
x T 1 ( diss) br, » 
( + 1.06 x id 1 + 9.09 x tot 


1 1 
^ X mobil: 9, fi (he ig v) + ping 
Yd] 38 ABA OG 
- 0 105 x 71 3C A agg) 10-+} 


= 1 + (1-05 + 0-047 + 0:025)1071 
= 1000112 ohm. 
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The principle of a potentiometer.—Suppose that XY, 
Fig. 7-09 (a), is a wire connected to a cell A so that there is a fall in 
1 potential from X to Y along the wire. Let B be another cell with 
‘its positive pole connected to X and its negative pole through a 
galvanometer G to a contact sliding on the wire. Then if the e.m.f. 
of B is less than the potential drop along the wire XY, it is always 
possible to find a point Z on XY such that the potential drop along 
XZ is equal to the e.m.f. of B. When this condition is satisfied 


Fic. 7-09.—The principle of a potentiometer [for use with z.f. currents]. 


there is no current flowing through the galvanometer and this, in 
turn, implies that the current in XZ is equal to the current in ZY. 

We therefore conclude that when no current flows through the 
galvanometer every unit length of the potentiometer wire has the 
same current flowing through it and has the same potential differ- 
ence between its ends, provided that 

(a) the wire is uniform, 

(b) its properties are not affected by altering its electrical 

potential. 

1f these conditions are satisfied the potential difference between 

any two points in the potentiometer wire is directly proportional 


to the length of wire between them. 


bar the heat flow depends on the tem 
„the thermal conductivity which 


In the case of heat flow along a uniform and perfectly lagged 


perature gradient and on 
; in general, is not & constant. 


g 
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When the thermal conductivity is & function of temperature the . 
temperature gradient, even ina perfectly lagged bar, will not be . 
constant. In the electrical case it is easy to test whether there is 
any analogous effect and at the same time detect any lack of uni- 
formity in the wire by the following experiment. P, and P, are 
two probes—cf. Fig. 7-09 (b)—rigidly fixed at a convenient distance 
apart. A cell B supplies current to two resistors Ro and R in series 
and the probes P, and P, are connected through a galvanometer to 
the ends of Ro. R may be adjusted to give a potential difference 
between P, and P, so that when these probes are in contact with 
two selected points on the wire XY there is no current through the 
galvanometer. If the wire is uniform this condition will be satisfied 
for all points on the wire separated by a distance equal to that 
between the probes. 

Now it must be emphasized that in the potentiometer there is 
only one constant current and so any question as to the validity of 
Ohm's law for metallic conductors does not arise. Thus a potentio- 
meter, in preference to a quadrant electrometer, may be used to 
test the validity of Ohm’s law, since it is so much more sensitive; a 
tangent galvanometer must be used to measure the current since 
other current. measuring instruments are based on the assumption 
that Ohm’s law for metallic conductors is true. 

The potentiometer in practice.—In actual laboratory practice 
it is advisable to insert an adjustable resistance R in serios with the 
potentiometer wire AB, Fig. 7-10‘(a). In addition, a resistance of 
about 1000 ohms should be placed in series with the galvanometer 
in order to prevent large currents being taken from the cell under 
investigation. This is very desirable if the emf. of a cell does 
not recover when a large current has been taken from it. Let 
AP, = I, where P, is such‘that the p-d. across AP, is equal to the 
emf. of Ey. "Then E, = «l, as before. When E, is replaced by 
a second cell E,, we shall have E, = xl, Now it may happen that 
l, and 1, are relatively short in comparison with AB. The experi- 
ment is repeated, R being adjusted so that if E, is the cell with the 
larger e.m.f. the value of 1, is greater than about two-thirds the’ 
length of the potentiometer wire. Then the ratio l:l, may be 
determined with greater accuracy. i 

In more advanced work it is always essential to maintain con- 
stant the current in the potentiometer wire and to test the con- 
stancy at frequent intervals. To do this an additional resistor 
Ro is added to the main circuit, cf. Fig. 7:10 (b), and the value of 
its resistance is such that the p.d. across it is about one volt. [SC], 
is a standard cell arranged as shown in series with a 10,000-ohm. 
resistor and the galvanometer G. The resistance R is varied until 
the p.d. across Ry is exactly equal to the e.m.f. of the standard cell. 
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The e.m.fs. of the cells E, and E, are then compared in terms of the 
distances AP, and AP, on the potentiometer wire. Immediately 
before each balance is obtained the current in the potentiometer 
circuit is adjusted to its fixed’ value. 

In work of the highest. precision at least two standard cells are 
used. The 10,000-ohm coil in series with the first standard cell 
prevents large currents being taken from the cell but even small 


. currents do affect the e.m.f. to a few parts in a million. The final 


Fro. 7.10.—A simple potentiometer in praetice. 


Hitherto i& has been assumed that the potentiometer is to be 


used to compare e.m.fs. Such comparisons are seldom required in 
3 physics where the main use of a potentiometer is in the accurate 


measurement of steady c 


-of the same order of magnitude. 


A 


inia al 
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To measure a current by means of a potentiometer.—The 
potentiometer is easily employed when one wishes to measure a 
current accurately. For this purpose the connexions are arranged 
as in Fig. 7-11. The wire AB, the source of constant current C, and 
key K, are as before. Suppose it is desired to measure the current 
in the circuit EPR, where E is a cell sending a current through 
a resistance P and a standard resistance coil R when the key K, 
is closed. The potential terminals, ef. p. 178, of the coil R are 
joined to A and to D through the galvanometer G. When there is 
no current through G the voltage across R is proportional to the 


Fic. 7.11.—Use of a potentiometer to measure a current. 


length AD. But the voltage (V) across a coil of resistance R is 
given by V = IR, where I is the current. Hence, if AD = 1, 
IR = V = «l, where x is a constant ; it is the drop in potential 
per unit distance along AB. In order to obtain the value of it is 
necessary to know «. For this purpose a standard cell S is con- 
nected to a high resistance (10,000 2 at least), a galvanometer and 
jockey and arranged as shown. When the defloxion of the galvano- 
meter is zero, i.e. the jockey is at H, say, the potential difference 
across AH is equal to the e.m.f. of S [1:0186 volt., if S is a Weston 
cell. «istherefore known and I may be calculated. The resistance 
R must be such that IR is nearly one volt; then AD and AH are 
nearly equal. ; 

Comparison of resistances by means of a potentiometer.— 
Since the potential difference across a resistance is proportional to 
the product of its resistance and the current through it, the ratio 
of two resistances will be equal to the ratio of the potential differ- 
ences across them when they are each carrying the same current, 
Hence, by comparing these potential differences we have a means 
of comparing two resistances, 
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To carry out this comparison of potential differences a potentio- 
meter is.sct up as in Fig, 7-12 (a) and also a second circuit comprising 
tlie resistances R, and R, to be compared, an accumulator, adjust- 
able resistance and key K,, as in Fig. 7-12 (b)... When K, is closed 
the potential differences across R, and R, will be IR, and IR, 
respectively, where I is the current. ‘The points A and P are now 


Ace” R E 
B 


4 (a) 
yO R2 
Acc” Kz : 
cc fb) (c) 


Fig. 7:12.—Comparison. of resistances by means of a potentiometer. 


connected clectrically as in Fig. 7:12. (c), while Q is connected 
through a galvanometer, G, to a Jockey which is moved along the 
potentiometer wire AB, until a point D, is found such that there 
is no current through G. Then, with the usual notation, 
V, =IR, = d. 
The potential difference across R, is found by making the connexions 
shown by the dotted lines. Then 
V= IR, = kl, 
RG 
ta oda 
If}, and 1 ave small the resistance R must, be inorcased to diminish 
the potenitial drop per unit length of the potentiometer wire and 
the experiment repeated. ‘Lhe method works equally well whether 
the resistances are large [105 ohm.] or small [10-? ohm.] provided 
that a suitable ¥alvanometer is selected and the current adjusted 
accordingly. 

Resisters with potential leads.—Fig. 7-13 shows diagram- 
matically a. resistor provided with potential leads P, and P, in 
addition to the usual current leads C, and. C... The current enters 
at C, and leaves at Cy and by means of a potentiometer the potential 
difference between: tho scetions A and B is measured. Since no 
current flows at balance through the potential leads their resistance 
is of no consequence but the wire forming the main part of the 
resistor as well as the potential leads and the current terminals 


b 


80 that 
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should be hard soldered to a thick piece of brass or copper in order 
that the lines of current flow shall be invariable, i.e. the resistor 


Fic. 7.13.— A resistor with potential leads [or a four-terminal resistor]. 


will have a fixed resistance at a fixed temperature. Such resistors 
are essential in all work of precision. 

The elimination of parasitic e.m.fs. in z.f. bridges and 
potentiometer circuits. — When measuring or comparing very 
small potential differences, or using them to detect want of balance in 
a network, thermal e.m.fs. may be a serious source of trouble. They 


+h- 


Fic. 7-14.— The climination of parasitic c.m.fs. in z.f. bridges and 
potentiometer circuits. 


arise from temperature differences caused by self-heating and non- 
uniformity in the ambient conditions, and ev. n the operation of dial 
Switches can introduce thermal c.m.fs. of several microvolts. These 
parasitic e.m.fs. may be reduced if the entire circuit is as free as pos- 
sible from junctions of dissimilar metals * with large thermoelectric 

* Nickel-plated terminals and nickol-silver components should not bo used 
since each materia] has a largo thermoelectric power when in contact with 
copper or brass. 


" 
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powers, cf. p. 271, and shielded from draughts and other causes 
of sporadic temperature variations, i 

Fig. 7-14 represents a potentiometer circuit for the comparison of 
the resistances of two four-terminal resistors, R and X, and a means 
for eliminating thermal e.m.fs. Ideally a balance should be ob- 


corresponding change be 17 divisions to the left. The true balance 
point is such that 


10 
= 1-5 ————— J T1 +54 " 
AP [e Crane em 61:54 em 


Such a reading, however, is not of much value unless the end 
correction for the potentiometer wire at its zero end is small. To 
measure this the circuit just described may be used if a suitable 
combination of resistors is available. 


The end correction for a potentiometer wire.—Let x be the 
end correction, expressed as a length of the wire, at the zero end of 
& potentiometer wire. To determine this correction let a resistor be 
provided with a potential terminal at each end and another near to 
its centre ; let R, and R, be the resistances of the two portions of 
the resistor. Let a steady current I be passed through them. By 
means of the potentiometer, whose end correction is required, the 
potential differences across R, R and (Ri + R,) are compared. 
If l, l, and 1, are the corresponding bridge readings, we have 

IR, = k(l, +a), 
IR, = k(l, + a), 
and IR, + R,) = kl + x), 
where k is a constant. Hence 
& — l — (l + l). 

A vernier type potentiometer.—The principle of a vernier 
potentiometer is indicated in Fig. 7-15 (a) ; in an actual instrument 
dial resistors are used but here they are represented in the conven- 
tional mann>r, The instrument consists essentially of the main 
dial R,, which has 20 coils of 10.2 resistance each; across any two 
adjacent coils of Ry is inserted a vernier dial R,, formed from 100 coils 
each of 0-2 Q resistance. Rg is a. set of 100 coils cach of 0-00100 Q 


20 coils, 102 each. 100 coils; 0.00100 each, 0786.2, mA 20.2 [Two coilsof R] 


l0mA [Main dial] [Fine adj dial SX. 
ls, 


s A 
Ad tobe UP (6) 
(a) measured. 
Fic, 7-15.— The principle of a vernier type potentiometer, 


three dials are at 0, O, and 0, respectively. To discover what a 
reading on the vernier dial indicates consider Fig. 7-15 (b) in which 


through R, is 5mA, so that each step on R, has a potential drop of 
0:2 x 5 x 10-3 V., i.e. 0-001Y., across it. When balance is obtained 
the potential difference to be measured is equal to the sum of the 
potential differences across O;K,, O;K, and O,K,; the effects of 
thermal e.m.f.s may be eliminated by obtaining a balance when all 
currents are reversed simultaneously. When potential differences 
of a few microvolts are to be measured the above eliminating process 
is not adequate and a Diesselhorst potentiometer must be used. Its 
significant characteristic is that all variable contacts are excluded 
from the galvanometer cireuit but its structure is too complicated 
for consideration here; : 

The Kelvin bridge for the measurement of low resist- 
ances.—The simple Wheatstone bridge is not suitable for the 
measurement of resistances below 0-1 ohm because of the errors due 
to the network junctions which are effectively included in the bridge 
arms. In the Kelvin double bridge, which was invented as early as 
1862, these errors are eliminated. The essentials of the bridge are 
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_ shown in Fig. 7-16 (a). X is the unknown resistance, S a standard 
resistance each preferably having potentials leads, These resist- 
ances, cf. Fig. 7-16 (b), are joined together by a metal bar with a low 
resistance, \R (say). Four known resistances M, N, m and n are 
then arranged together with a low resistance galvanometer G to form 


(a) 


Fio, 7:16.—Prineiple of Kelvin's double bridge for measuring low 
resistances, 


the bridge. Balance for the bridge is attained when, on reversing 
the current through it, there is no change in the galvanometer 
deflexion, a procedure which, as we have seen previously, eliminates 
the effects of parasitic e.m.fs. and doubles the sensitivity. 

Let us assume that the bridge is balanced and that the currents 
through the various resistors are as indicated. Applying Kirchhoff's 
second law to the loops (i), (ii) and (iii), we find 


MI, — ml, — XI - 0 CERT 
NI, — SI — nl, — 0 $ . (ii) 
and mI, + nI, — AR(I — I) =0 2 . (iii) 


From (iii) we have 


y Tx(m +n + AR) m7 
AR 
and from (i) and (ii), 
MI, m ml, + XI (v) 


NI, - nl, + SI 


M y I 
i NT (x E na) ;- j +: al [where A = zl 
; A m 4 ileal 
-N aax. 
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pigs s mint AR? 


E AR ELA AR 
NN E UA 


M M 
This equation shows that if ($ — z) = 0, then X = Ad i.e. the 


effect of the resistance AR is entirely eliminated, 

If the resistances X and S are provided with potential leads as 
shown in Fig. 7-16 (b) it is at once clear that since the potential 
leads A,P,, ctc., are in series with much larger resistances M, ete., 
their effect on the final equation is of no consequence. Also, 
since the current leads at A, and A, are in series with the connecting 
rod then AR is the total resistance between A, and A, and this 


vanishes from the final condition of balance if Ma - 


Tn practice the current to the bridge must be supplied through a 
reversing key in order that, as explained on p. 180, small parasitic 
em.fs. in the bridge may be eliminated, 


The Kelvin double bridge—alternative theory.—Fig. 7-17 shows - 
a more symmetrical form of this bridge circuit ; when it. i$ balanced 
Y 


Fio. 7:17.—Kelvin's double bridge (alternative theory). 


let the cyclic currents in the varions loops be as shown. Applying 
Kirchhoff^s second law, we havo 

XI + m(L — 9) + M(I — I) = 0, A - (i) 

AR.T, + n(T, — I) + m(T, — I) = 0, $ v I) 

and : SI N(E — I) + n(E — T,) = 0. : . (ii) 

These equations may be. re-arranged. to give 

(X tmr 40M)E =~ MT, 4- nT, 1 poc x) 

UR n zb) ot dim, 6 UNIS 

and USTEDES SE DTI UN (vi) 
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Eliminating I, from equations (iv) and (vi), we have 
M (X+m+M)I — mI, 
N^ (S n4 NJ — nt, 
(X +m + M) — mA 

AUT (Sin 4 N)'— nd’ 
where A= : me deers E by using (ii). Cross-multiplying and 
redueing, we find 
nM — mN 


NO DEUS A) 


M 
X= 58+ 
M 
ND 


E 
if N == When this condition is satisfied, the term A and hence AR 


disappears and X may be caleulated from the known values of M, 
N and S. 


The resistivity of mercury.—In 1882 RaAvrEraH and Mrs. 
Stpewick carried out a determination of the resistivity of mercury 
at 0°C. The final object of these experiments was to express in 
terms of the B.A. unit of resistance the resistances of known columns 
of mercury at 0°C. The comparison between a mercury resistance 
and a standard coil was made with the aid cf a Carey Foster bridge. 
Although the determination is simple enough in principle, the 
execution is somewhat tedious and the calculation of the results is 
complicated by the fact that various temperature corrections have 
to be made. Let us omit these corrections, which is tantamount to 
assuming that the measurements have all been made at 0? C. 

If l is the length and A the cross-sectional area of a column of 
mercury, R its resistance and X the resistivity of mercury, then 


R= ij The length J can be measured directly but a value for A 


can only be determined from the mass of mercury required to fill 
the tube. If p is the density of mercury at the temperature of the 
experiment, m = pAl, or 


Apart from the temperature corrections already referred to, the 
simplicity of this formula is disturbed by the inevitable departure 
from the truly cylindrical form of the glass tubes used to contain 
the mercury. In general, A must be regarded as a function of the 
position, x, along the tube at which it is taken. Then 


: rx 
R= Seat 
2: 


PEDEETEUM 


"mew 
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To evaluate this integral, let the tube be divided into n sections 
of lengths (Al), (AD), etc., as indicated in Fig. 7-18 (a), and let 
7; be the mean radius of cross-section for the section whose length 
is (Al). Then since 


(AR) = 25D. 
arn 
i: y! m y (Ade 
R= (AR); id x e Do 


k=1 


and this is practically equal to the value of the integral required, 


x=0 xL 
aE 1 1 l fi i 

L 27722 727777 Face ore a) 
(AD; —(AD,4—9 ADEM D 


Fic. 7-18.—Calibration of a capillary tube. 


In order to effect this summation let the length of the tube be 
divided into n equal parts the actual length of each section being 
about 5cm. Let m be the mass of mercury required to fill the tube 
completely. A value for m is estimated from the mass and length 
of a mercury pellet which almost fills the tube. Then leta mercury 


pellet of length less than Ž be introduced into the tube and its 


overall length measured in each section. For the kth section let 

À be the distance indicated in Fig. 7-18 (b). Then 4; is the overall 

length of the pellet, and zprz*As, where p is the density of 

mercury, is very nearly the mass of the mercury pellet. We may 

therefore write ^ DN 
mpre Ar = Cr, 


and the question arises as to whether or not Ce varies according to 
the section of the tube which the pellet occupies. Strictly speaking, 
it does vary because the radius of the curved portion at each end 
of the pellet varies with the position of the pellet in the tube. This 
variation is small if the tube is approximately uniform in. diameter, 
and so it is only for tubes satisfying this condition that this method 
of calibration is applicable, In such an instance we may write 


: Since (Al), is the same for all values of 5, having been made equal: 
to —, the expression for the resistance R becomes : 
n ; 


The ends of the glass tube were ground convex so that I could be _ 
determined accurately. The tubes were cleaned with the aid of 4 


lengths of tungsten wire have been sealed. These tubes are partly 
filled with mercury and copper leads are used to make the necessary 
connexions to the potentiometer used to > ‘casure the resistance of 
the mercury column in terms of a standard resistance. The current 
leads are made of iron, or nickel, so that no amalgam is produced, 

Jf the tube is kept at the temperature of melting ice a correction 
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; $ 1 
will have to be lied to the value of /2 Grab - 
e app. © the value of 7 ) ( x) 3 (Ax) deter 


mined experimentally, since in that determination the temperature 
will not have been 0° C. 


50cm. 
Fra. 7:19.— Resistivity of mercury at room temperature (or 0° C.). 


R = Ry + «8 + 562), 
where 6 is the temperature on a centigrade scale with air as the - 
thermometric substance, R being the resistance at 9° C., and R, 
that at 0°C. To determine the constants « and f it is necessary to 
measure the resistance of a coil of platinum wire at three well-known 
temperatures, eg. those of melting ice, steam at atmospheric 
Pressure, and sulphur vapour, These are 0°C., 100°C. and 
444-60? C, respectively, if in the last two instances the barometer 
reads 76 cm. of mercury under standard conditions, and errors not 
exceeding 0-001 deg. C. are tolerated. The last temperature has 
been determined accurately with the aid of a compensated gag 
thermometer, 

The above equation may be written 


R—RM _ 
( E ana + A 


Hence a and f may be calculated when the values of ( 


Ri 
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are known at two different temperatures, 0* C. being excluded 
because the expression then becomes indeterminate; of course 4 
graphical method could be used by making observations on R a 1 
several known temperatures. 


On centigrade resistance scales of temperature.—If R, and) 


a centigrade resistance scale of temperature may be constructed by? 
. drawing two ordinates OA and NB, Fig. 7-20, to represent to scale” 


M x Temp. 
H — !100 units —>| 


Fio, 7:20,—A centigrade resistance scale of temperature, 


Ro and Rio, where the distance ON is 100 arbitrary units, To find 
the temperature ¢, on this scale, corresponding to a resistance R, 
OH is constructed to represent R, HK is drawn parallel to ON to. 
intersect AB in K, and KM is drawn normal to ON to intersect this 
line in M. Then OM is ¢ units long, so that $ becomes known. a 
For temperatures measured on this scale of temperature, the 
relationship between R and Ro is a linear one and may be written — 


u.a S E $ Rus M 
R = Rot i (Ruo )-nh + S a 
5 o(1 + k$), 


where « is a constant, known as the resistance-temperature coefficient 
as measured on the specified scale of temperature. Now it so happens 
that for pure metals « is very nearly equal to « in the expression 
R=R,(l + «0 + ß0?), which means of course that f is a small 
quantity ; it is also found that x = a = z73 deg.-!C. For alloys, | 
x and «, while still remaining nearly equal for any given alloy, vary — 
considerably from one alloy to another and in the case of constantan - 
and manganin tend to zero. Tt is for this reason that laboratory 
and standard resistance coils are constructed from these alloys. 

To ine « for iron, or nickel, a length of wire is wrapped on J 
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a wooden or mica frame and placed in a test-iube. Thick copper 
leads enable the coil to be connected toia post-office box. . The 
coil is placed in turn in melting ice and in steam and the resistance 
determined in each instance. The steam temperature d, is deduced 
from the barometric height and « calculated from the equation 
j Ra Racists i 

K 3 7T h 


1 obs Bet 
No thermometer is used in this experiment but a calibrated thermo- 
meter would be necessary if we wished to make a series of observa- 
tions of Rọ at different temperatures @ and thereby show that 


Re is very nearly a linear function of 6: 
o : 3 
Platinum resistance thermometers.—The variation of resist- 
ance with temperature as a means of measuring temperature was 
first used by SIEMENS. His thermometer consisted of a platinum 
wire wound on a clay cylinder and mounted in an iron tube. The 
resistance of this thermometer in ice was not constant after it had 
been used at high temperatures, for the clay attacked the wire and 
gases from the furnace passed through the iron causing the wire to 
become brittle. The physicists of his day therefore regarded the 
method as unpromising and it was not until about 1887, when 
CALLENDAR wound the wire without straining it on a mica frame, 
and mounted the whole in a glass tube, that this method of 
thermometry was developed. To-day it.is one of the most reliable 
means of measuring temperatures from — 40° C. to 1200? C. 

A typical platinum resistance thermometer is indicated in 
Fig. 7-21 (a). The fine platinum wire is wound on & mica frame. 
This wire is joined by intermediate short lengths of thicker platinum 
wire to thick copper, silver or platinum leads. To compensate for 
the fact that the leads are at temperatures different from that of the 
platinum spiral a pair of compensating leads is used. These are 
identical with the other leads and are joined to a short length of the 
same fine platinum wire through intermediate pieces of thicker 
platinum wire. The leads are held in position by an ebonite cap and 
mica washers and crosses; these also serve to insulate the leads 
from one another. The difference in resistance between each pair 
of leads and the wires connecting them depends only on the tempera- 
ture of the platinum spiral; hence there is no troublesome and 
uncertain correction for stem exposure when such a thermometer 
is used. The above difference in resistance is. measured on a 
CALLENDAR-GRIFFITHS bridge, the connexions for which are shown 
in Fig. 7-21 (b). A resistor Ro, about 50 ohms, is placed in each arm 
AH and HB, i.e. the ratio arms are equal. .MN 3s a manganin wire 
corresponding to that in the Carey Foster bridge; in using a 


-L--- 


8 bando) 
(€) [vet £o scare] 
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change in galvanometer deflexion when the bridge current is re- 
versed. This eliminates the effect of all parasitic e.m.fs. and, at the 
same time, doubles the sensitivity, 

Instead of attempting to obtain an ideal balance, as suggested 


change in volume sets up stresses in the wire; To-day the resistors 


and bridge-wire are immersed in moisture-free paraffin ; this is con- 


Stantly stirred and only very small variations in its temperature are 
permitted. 1 

When the bridge is balanced let us assume that K is cm. from 
the centre O of the wire, Let p be the resistance per unit length 
of the wire. Then if 2] is the length of the bridge wire, a and b the 
end corrections to the wire, and Ry, the resistance of the leads and 
Compensating leads 


thereby quadrupled, so that the increase in resistance of the coil 
Was three times that due to the current from one cell. 

In using the bridge it is first necessary to determine Rio — Ro. 
where R, and R; 
and 100°C, If So» S100; To and 2499 are the values of Sand zin these 
two instances, we have 

Rioo — Ro = Sip — So + 2p(£100 — 2), 

and this is independent of the end corrections a and b. Thus while 


the bridge can never be used to find a precise value for the resistance- ` 


temperature coefficient x, since Ro cannot be found, yet asa means 
of measuring temperatures from 0? C. to 630-5° C., the freezing point 


oll + x0 + 862), do remain constant. 
Since R = Ry + xé), if Ry and Ryo are known, 


To determine the temperature, 0, on the nitr 
scale corresponding to 4, the procedure is as follows. 


R 

EST 
AE m _ ef + BO? _ 00 + pot 
fs Rie 1 ^ I 100 4- 10,0009 % 1 = 7.0; ; 
o E 
s = 10099 — por _ — #50 — 100) _, "s 
Hence 6 — ¢ Pe ct aT = -6.( )> 1 


M Umi Ris ive, d is positi ure 
. Where d = a 4. 1995 Since f is negative, d is positive, For p | 
platinum d = 1-493 ; 10-4 deg.-! C. and in practical thermometry 
it is convenient to writed = ô X 1074 deg. C., where 6 is termed the 
difference coefficient. Thus 


4) 


To determine a velue for the difference coefficient it is usual to 
Measure Ry, Rig and Rase, where the temperature of sulphur 
vapour formed under a pressure of one standard atmosphere is taken 
to be 444:800* C. "Then $x, the sulphur point on the platinum scale, 


is calculated; it is 


Hence 


Assuming bs = P 60°C, 
and fee temperatura r | 


G.D.P.—V- 
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B, we have 
EAR 
"7 B, x 100 7 * + 1005. 
E o 7 
But Pe o= z 


Ê= >d = Eo = —3:925 x 10-3 X 1:493 x 10-4 


= —586 x 10-7 deg.-? 0, 
IRS 1008 = 0-003984. deg,-1 C. 


Fig. 7.9] (c) shows how R-— Ro varies with ¢ and With 6. From 
it we see that (9 — 9) > 0 when 8 > 100* C. Of) = OFC. ; over the 
range 0 < 6 < 100, (6 0. Also 


— 9) 


Theoretically the parabola has its vertex when 9 — KD ie. 


3600° C., but since Platinum melts at 1769» C. and the Parabolic 
formula only holds over a restricted Tange, this Conclusion has no 
Physica] Significance, 


measurements, Callendar recommended Single wel] Insulated 
.. Copper leads to: connect the thermometer and its compensating 


remarkable achievement, By 1912, however, P, E. Surry * had 
: PME Mag, 24, 541, 1012, 
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realized that all was not well with the Callendar bridge and showed 
that the equality between the leads was an assumption scarcely ever 
realized in work of the highest precision. Smith therefore designed 
a platinum thermometer which consisted of a coil of non-inductively 


P, C; 
P, . Ce 
To <— —»-Jo 
thermometer c, Bl bridge 
C2 P/ 


Fic. 7-22.— Callendar's arrangement of the leads conneotin, g the 
thermometer Proper to the bridge. 


wound platinum having at each end both a current lead and a 


potential lead. He also designed a bridge so that for all practical ` 


purposes the resistance of the leads was eliminated, 

In principle, the bridge and the method of using it are as follows. 
Q and S, Fig. 7-23 (a), are two equal resistances which, together with. 
an adjustable resistance R, comprise three arms of a Wheatstone 
bridge network, P represents the thermometer with its current 
leads L, and L,, and potential leads L, and L, An accumulator 
and a galvanometer G are arranged as shown to complete the bridge ; 


(9- s] 


=S(1+£) 
e 


(a) 
Fic. 7.23.— The principle of Smith's difference bridge. 


in the first stage of the operations the current lead L is ‘idle’. 
When the bridge is balanced, the current being reversed in order to 
eliminate thermal e.m.fs., we have j 


-P +L = R t Ly 


where R, is the value of R when the bridge is balanced únder these 
conditions, NS 
1, is then disconnected from R and joined to Q; L, is joined to R 


Eis 


MX. 
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P L= R, + L,. 
uations we obtain i 
P aim 2(R, sh Ry), 


; From these two eq 


» the effect of 3 
led if, as assumed, Q =S. If QS we may — 
very small fraction, 
; it is as follows. 


2 and Ly are reversed in 


—— Write Q = S4 
Slightly. different. procedure 

At the same time as L 
cell connected to L, let the arms containing P 
changed, as shown in Fig. 7-23 (b). Then th 
in the two instances are respectively 


and adopt a 


position and the 
and R be inter. 
e conditions for balance 


PL, =n, + LD = + 5m + L, 


B and Po Ly SR + Ly) 4 ( 


From these we have 


2P Ls (Ry 2 Ra) F S[(R, Eis Lj) E 
Suppose now that L, —L. Then 


P= ER, +R) + H(R, — R,) (i) 

Smith then calculated that when §=2 x 1074, the error in 

taking P = HR, + R,) is only 4 parts in 108, which is absolutely 
negligible. 

It may also be shown that if L, and L 

and differ by 10 per cent 


Re + Lj(1 — £). 


Ry + Lj]. 
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of the platinum thermometer considerably above that which is to be 
measured and the necessary correction is uncertain. 


Platinum resistance thermometry at low temperatures.— 
Over the range of temperature — 40°C. to 600°C. the tempera- 
ture 9 defined by Callendar’s well-known formula 

R = Ry(l + a8 + ft) (i 
is practically indistinguishable from the temperature given by the 
thermodynamic scale. If the thermometers ave constructed of pure 
platinum, mounted so as to avoid mechanical strain due to tempera- ' 
ture changes and properly annealed, a temperature scale can be 
reproduced with much greater accuracy than is possible with any. 
other type of thermometer, 

Below the region of — 40° C., however, temperatures defined by 
equation (i) depart from the thermodynamic scale by amounts 
which increase very rapidly below — 100? C., the calculated tem- 
perature being about 2 degrees too low at liquid air temperatures, 

In 1925 van Dusen proposed the following simple modification 
of the difference formula, viz. ; 


MERC 


where £ is a constant.’ For temperatures above 0? C. the last term 
in the above equation is omitted when it is identical with Callendar's 
formula for obtaining 0 — ¢. The constant £ is determined from 
a calibration at liquid oxygen temperature and the term involving £ 
is only used for temperatures below 0° C. The transition from one 
formula to the other is very gradual since the term containing £ is 
very small throughout the range — 40°C. < 0 < 100°C. The 
value of é is about 0-11 deg. C. 

Thermistors.—A thermistor is a resistor with a high negative 
resistance-temperature coefficient, i.e. its conductance increases 
with temperature. The material of this resistor is a semi-conductor 
in the form of a complex metal oxide compound prepared in a 
special manner to ensure reproducibility and stability of its charac- 
teristics. During manufacture it is fired at an elevated temperature 
so that it may be used without detriment to itself up to 500° C. 
Experiment shows that the resistance, R, of a thermistor is related 
to its absolute temperature, T, by. the equation 


b 
R = a exp (5) 
where a and b are constants. Thus, poy suis doni 


d 


coefficient at a temperature T, viz. Rav ip T2 
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The thermistor element consists of a very small bead of resistance 
material about 0:5 mm. in diameter, which is integrally formed on 
two parallel and very fine platinum wires. The platinum wires are 
welded to copper coated nickel-iron * leads and the whole assembly 

^ is sealed in a glass bulb of small dimensions ; this bulb may be either 
4 gas-filled or exhausted, 

‘ Since a thermistor is a temperature-sensitive device, changes in 
the ambient temperature will give rise to changes in the resistance 


Fei Glass 
D n j fe 
1ass,0-5 gm] insulators 


KG 
2acc^* -2 Thermistar 


(c) (d) 
Fio. 7-24.—A thermistor ; method of standardizing, 


A simple form of thermistor is shown in Fig. 7:24 (a). Aisa glass 
envelope approximately 2 cm. x 0-3em. B is the metal oxide bead 
fused on the platinum leads; the method of mounting is shown in 
greater detail in Fig. 7:24 (b). 

Order to standardize 9 thermistor for use Over the range 
9 — 100? C. it is placed in the arm OD of the Wheatstone bridge 


* Known to the valve industry ag * cunife ' [German, Kupfermanteldraht]. 
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network shown in Fig, 7:24 (c), the values of the other resistances 


being selected to match that of the resistance being measured, [If 
a compensating thermistor is used in the arm AD then the ratio 
arms must be equal] Pisa resistor of such value that the wattage 
in the thermistor R does not exceed the rated value even when two 
cells are used in conjunction with the bridge. The bridge is first 
balanced with one cell only in use. Let R, be the measured value 
of R; when the bridge is balanced with two cells supplying the 
current to it let R, be the measured value of R. Then, since the 
resistance of a thermistor decreases with rise in temperature, 
R, R, = 3(AR), 

where AR is the decrease in the resistance of R on account of the 
Joule heating effect in the thermistor when one cell supplies current 
to the bridge. Then R, + AR = R, the resistance of the thermistor 
in the absence of the Joule heating effect, ' ^ 

In this way the resistance of the thermistor may be determined 
at 0? C., the transition point of sodium sulphate (32:38? C.), the 
melting point of naphthalene (79-8? C.) and at the steam tempera- 


ture. Thus the constants a and b in the formula R = a exp (s) 


may be found. : 

To protect the thermistor from mechanical shocks while the 
standardization is carried out, it is enclosed in a. brass case as 
shown in Fig. 7.24 (d), Thin glass tubes insulate the ‘leads-in’ 
while a thick oil serves to make good thermal contact between the 
thermistor and its surroundings, This method of mounting 
increases the thermal capacity of the thermometer but this is of. 
little consequence when steady temperatures are being measured, 

Note on a submarine cable imperfectly insulated.—Let 
Fig. 7-25 (a) represent a short but finite length Ax of a wire sur- 
rounded by an insulator in the form of a coaxial cylindrical sheath 
whose outer surface is at zero potential. [The cable of which the 
element considered is a short length lies, for example, in sea-water.] 
If y is the resistivity of the insulator, the resistance of an element 
defined by the cylindrical surfaces r and r + dr, and of length Az is 


BEA Hence AR, the resistance for the length Az, is 
2zr. Ax 
edi qn ;j 
o. 2zAx ( 


Where a and b are the inner and outer radii of a cross-section and 

this is the insulation resistance of the length Ax of the cable. 
If we imagine the whole length 7 of the cable divided into n» 

Sections, which are essentially in parallel, and let (AR), be the 
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resistance of the kth section, then the insulation resistance R of the 
cable is given by 1 


if 1 is not so large that the potential at all points along the cop; 
core cannot be considered constant. At once, we have 


=% (o 
R= nl In ( 


Tt will be noticed that the insulation resistance decreases as the. 
length of the cable increases, : 


(5) 


Fia.. 7-35.—Resistance of a submarine cabls, 


For a long submarine cable, but without capacitance and self- P 
inductance, the distribution of potential along it may be found in 
the following way. Let V be the potential at a point in the wire at a 3 
distance z from the transmitting station—cf. Fig. 7-95 (b). If we 1 


write 
- X qs (^ 
— x 5 () 
n $ 
the insulation resistance of a short length dx of the cable is pe 


Then if I is the current in the cable at the section defined by z, at 1 
the section z + dz it will be I + E Hence the current leak from » 


the cable between the sections considered is — E This leak is 


|... @ current of electricity flowing across a resistance = , the potential E 
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drop across the insulator at the section considered having a mean 
value V. Hence by Ohm’s law, 


Va (Oye 
= (Bs) 
or &--i- cuve D Se (y 


where G = : is the conductance per unit length of the insulator. 


If R is the resistance per unit length of the core, the fall in potential 
across the element éx is — € = IR. da. 


E -m-m. pito gb uam 


Eliminating I from (i) and (ii) we obtain 


2 
If R is constant for all points along the cable, we have p = RGV 


and if G is constant, a solution of this equation is 
V = A, cosh V RG.z + B, sinh V/RG.z, 
where À, and B, AFi integration constants to be determined in any 
particular problem from the ‘ end-conditions ’, : 
Alternatively, we may write 
V = A, exp (V RG.z) + B, exp (— V RG.z), 


Where A, and B, are integration constants. ^ 
Similarly, by eliminating V from (i) and (ii), we have 


d?I dV — 
dac c Su BOL 


“. I = A exp (VRG.z) + B exp (- /RG.2), 
Where A and B are integration constants. If the line is very long, 
exp (VRG.z)—> 90, so that A—>0 since the current must be 
finite. Under such conditions 
I = B exp (—VRG.z). 

The mechanism of metallic conduction.—Many attempts 
have been made to develop in detail the idea of an electric current 
as à process of diffusion, but before the introduction of the electron 
theory towards the end of the nineteenth century these attempts 


alloys, however, have failed to reveal any change in any property 1 


Were known to exist, 

The discovery of the electron and the Consequence of a so-called 
“electron theory ’ removed in one stroke many of the difficulties 7 
inherent to the earlier theories, According to this theory there are E 


the velocities of these free electrons will be distributed equally in 
all directions; there ‘will be no tendency for them io move in one 

irection in preferénce to another, but if the metal is subject to an 
external electric fisld the electrons are subject to a force in a definite 


ic current. {The direction of this electron current is in a senso 
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opposite to that of the conventional electric current since the elec- 
trons are negatively charged.] The velocity of drift is kept in 
check, however, by the continual encounters of the electrons with 
the atoms of the metal and with each other when additional forces 
arise tending to deflect the electrons from their forward mation. 
If it were not for these collisions with the atoms in the metal the 
momentum of the electrons would increase indefinitely under the 
action of the impressed forces but this growth is continually arrested 
by the collisions that occur. 

Let us suppose that there are N electrons per unit length of a 
conductor and that at any given moment these have an average 
forward velocity u through the material of the conductor, i.e. ù is 
considered positive when it is in the direction of the field. If m is 
the mass of each electron, the total momentum of the moving charges 
in unit length will be Nmu. The rate at which this total momentum 
is checked by collisions will be proportional to N and to u, and may 
be taken as yNu, where y is a constant. The rate at which the 
momentum is increased by the electric field, E, is NeE, where e 
is the charge on an electron, so that the motion of the particles is . 
determined by the equation 


Š Nma) = NeE — yNu oc UK LE 


In unit time the number of electrons passing any fixed section 
of the conductor is Nw, so that the total charge passing per unit. 
time is Neu. If i is the current in the conductor, 


t=New o0. Eph chest tne |) 
Equation (i) may therefore be written 
di | Ne? ys i f 
— ETE G o cd A i . (ii 
dt xí x») x 


This equation shows that if a steady electric field of strength E is 
applied to the free electrons in a wire the current will not increase 
indefinitely but will remain stationary when it has reached a value 
given by 

2 r 
l iR S od D og) 


If Y is the potential at any section of the wire and sis a coordinate 
measured along the wire, E — — a so that 


AGM v5 $ ‘ DM o 

Er m 

Integrating between any two fixed points Pand Q of the conductor 
the distances of P and Q from the origin of coordinates being s, and a, 
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. Tespectively, [s < 4), we have 


+f EY yi 
Vp — Vo =3 p Na = a is — s), 


of a conductor is Na Thus, generally speaking, materials in which 


t in a conductor each free electron moves without restraint for a - 
in time ¢ between two consecutive Collisions with atoms, If 


r= pa To find y, the resistivity of the material of the conductor, 


let A be the cross-sectional area of the wire. Then, since we are 
ing with unit length of wire, 


in various branches of a network Containing severa] sources of 
current, it is found that & solution is most readily obtained by deter- 


when it is used, however, all omitted Sources must be replaced by 


resistors, each with a Tesistance equal to the internal resistance of the 


(b) 2 
300-020 070-050 
=280A. =0-20A, 


(c) (a) 
Fic. 7-26. 


First imagine the 8V. battery removed and replaced by a 1 Q resistor 
88 shown in Fig. 7-26 (b). With the notation indicated, we have 


I = e 3x1» i = 3-00A. 
«n i 
Tig) = i X 3 = 2-50A., 
and 
2 
Iis = 12 X 3 0504. 


When the 20V. battery is replaced by a 1 Q resistor, the circuit is as 
Shown in Fig. 7.20 (c). With the notation shown, 
ioe ig = 970. 
10 4 — 


7 
Tze) = 07 x $ = 0504, and Tyg = 0-20A, 


These currents are superimposed in Fig. 7:26 (d ); it shows that 
currents from the 20V. and 8V. batteries are 2-80A and 0-20A. resp 
tively, the current through the 2 Q resistor being 3-00A; the direction 
these 


Example.—Apply tho 
current i dio b 


(b) 


Fic. 7-27. 


by applying Kirchhoff's second law to the loop AB 
011, —02(2 — 1) — 9-11, = 0. 
Similarly, for the loop ACD, 
0-3(2 I, -1) = 011, 

These equations become 

s Um 04+ 0-31, = 011, 
and 0:6 — 0.31, = 0-4 Ip 
whence, by addition, I, = 0:404, 

Now consider the 6A load acting alone. With the notation indicated 1. 
in Fig. 7-27 (c), we have for the loop ABC, 

; 931, = 011,, 


purrent; will be referred to as the 2A load. From Fig. 7-27 (b) we have, | 
à C, : 
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and for the loop ACD, 
0-3(5 — I, — 1,) = 0-11) 
From these equations we find I’ = 10A and I,’ = 3:04. 
Similarly for the 3A load, ef. Fig. 7-27 (d), we find 
031," = 0-11,", 
and 0-2(3 — I,” —I,”) = 0-1 I," + 0-1(1,” + 1’). 
c I” = 04A, ie. I,” = 1-24, 
Hence, using the principle of Superposition, the total current in the 
branch AC, when all loads are operative, is given by 
Ino = T, I + 1,’ = 4-6A. 


Thévenin’s theorem.—According to this theorem, the current 
flowing through a resistor Ry connected across any two points 
A and B is given by RIA » Where Vay is the drop in voltage 

L Ru 
between A and B, and R is the resistance of the network as seen 
from A and B, and calculated by assuming that the current supplies _ 
are replaced by resistors with resistances equal to the internal. _ 
resistances of the sources. 

Alternatively, Thévenin’s theorem states that any circuit net. 
work, having two accessible terminals A and B, may be replaced so. 
far as its external behaviour is concerned, by a single e.m.f. acting 
in series with a single resistance between A and B; the emf. is’ 
equal to the potential difference which exists between A and B 
when all internal sources of e.m.f. are replaced by resistors with’ 
resistances equal to those of the sources and the resistance is that 
then measurable between A and B. : 

Before proceeding to establish this theorem let us consider the 
general behaviour of a potential divider. This, as shown in Fig. 
7-28 (a), consists of two resistors R, and R, in series with a cell 
of e.m.f. V and negligible internal resistance. The potential differ- 
ence across R, is R an and this is called the open circuit voltage 

ü : 
(0.c.v.) between the two terminals A and B which are connected 
to the ends of R,; this o.c.v. will be denoted by Vy. Now let a 
load, resistance Ry, be placed across AB, i.e. Ry, is in parallel with 
R, ; it is desired to examine how V;, the voltage across the load, 
varies with I,; the current through it. 

If I is the current from the cell, we have 


V — V, = voltage available to send current through Ry 


= BL Een 
Considering the drop in voltage across R,, we have 
(I— E)R, = Vi. 
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Eliminating I from these two equations, we find 


Y vi 
mB 
; V 1 1 
1.0, ROT Vg tg) 


- rp 
Rı +R, R+ R: 
R,R 
ey nr 
0 Rit R,” 
If now we consider the circuit shown in Fig. 7-28 (5), 
once that this expression also represents the voltage across the load 


Hence, if we have two boxes Containing the 
there is no 
ish one box 
If the points A and B Are short-circuited, the currents from the 


cells in (c) and (d) are x and x: these are equal since 
2 


it is seen at 
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This example is an illustration of Thévenin’s theorem, for according 
to it, since the resistance, as seen from AB, consists of R, in parallel 
with R, (the internal resistance of the cell is again assumed to be 
zero), 
gi MEE games VR, 
R,R, RR, + Ry(Ry + Ra) 
R, + 
But from Fig. 7-28 (a), 
Sepe 
RR; 
Ry? 
AASR AET 
and R,(I—I,) = RiT. 
Eliminating I from these two equations we find, as before, 
A VR, 
i RR: ER, + Ra) 
Proof of Thévenin's theorem.—Fig. 7-29 (a) represents a linear 
network containing both resistors and voltaie cells, and having 
two accessible terminals A and B. Fig. 7.99 (b) shows. the same 


network but with an external load, Ry, and an adjustable voltage 
supply arranged in series between Aand B. Ict this voltage supply 


Network Network |4=0 Ek 
B 3 = 
@) (b) 


Fic. 7-29.—Proof of Thévenin’s theorem. 


=I, 


have a value V when no current enters or leaves the network, 
ie. I = 0.. Thus V is the open circuit voltage between A and B, 
ie. V = Vaz. 

Now by the principle of superposition he zero current in the 
external circuit may be regarded as the algebraic sum of (a) the 
current, Im, from V when all current sources in the network are 
replaced by appropriate resistors and (b) the current, Lj, from all 
the sources within the network when V is replaced by an appropriate 
resistor, For (a) we have 

Von ee 
R+R, R+R, 


I, = 
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where R is the resistance of the network 


as seen from A and B. 
But In = Tut = 0, so that 


Van 


R+R, 
Example.—Use Thévenin’s theorem to solve the example on p, 206, 
When the resistor AC is removed from the network shown in Fig. 
7-30 (a), the resistance of the network, as soen from A and C, is given by: 
> 
1 1 1 3 j 
RTT top ie. R = 0-15 Q. : 


Lu = 


Fio. 7:30, 


Pad I, cf. Fig. 7-30 (b), is the current in AB, for the loop ABCD, we 
ve 


O€1I4021—2)—01( — 1) — 0-2(10 — I) = 0, 


$ 3 
i.e. I= w^ 
Vac = O1I4- 0-2(I° 2) 
= 1-15V. 
panes by Thévenin's theorem, when the resistor is replaced between 
an 


1435 
Tio = Ol nm 0-15 =. 4-60 A, 
and so agrees with the solution obtained by the other method. 


Example.—Fig. 7.3] (a) represents a Wheatstone bridge for the 
measurement of resistance. The source of current is a cell of e.m.f. 
V and negligible internal resistance, The potential of the point B is 
taken to be zero. . Show that if the galvanometer is removed (Rg = 0), 

Vg — Vx = V(R4R, — RyRy) + (Ry + R,)(Rs + R,)]. 

Also, if the cell is shorted, ie. A and B are at the same potential, 
show that the resistance between -H and. K is given by 
5 R,R, R;R : 


—u—— oq peer as. ae 
R, +R, R + Ri. 
Hence, using Thévenin’s theorem, determine the galvanometer 


current, To, when the circuit; is restored to its initial form, 
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(a) (b) 


Fia. 7-31.—A. Wheatstone bridge network with a cell of negligible internal 
resistance, 


Fig. 7-31 (b) shows the bridge when the galvanometer is removed. 
e have te " À 
R,V RV 
Vy = R, +R, and Ve RODES 
Hence 
R: Ry 
Vg — Vg =V ne or wey y 
Lv MATRE, 
(Ry + Rj(B, + Ry) 

When, in addition, the cell is removed, we have in effect two resist- 
ances R, and R, in parallel arranged in series with R and R, in parallel. 
Hence R, the effective resistance of the combination, is given by 

R R,R, RjR, 
i “R +R, ' R tR 

When both the cell and galvanometer are restored, the galvanometer, 
may be regarded as the ‘load’, so that by Thévenin’s theorem 

Ty = (Va — Vx) + RIRI -. 

= {oR TUO (ER BR») 
(Ri + Rj(R, + Ra) ^ AR, +R, R, + Ry 
_ o 
— RoR, + Ra) (Rs + Ri) + R,R(R, + Ra) + R,R,(R, + Ra) 
To verify this expression, let Maxwell's cyclic currents be as shown 
in Fig. 7-31 (a). Then 
R,(I; E^ I) sp R,(I, =: I,) + Rgl; = 0, 
Rl, — 1) + Bl, +0 = V, 
and Rl, + Rl — I) + 0 = —V. 
These equations give for Ig the expression obtained above. 


Delta-star and star-delta transformations.—The solution of 
certain problems concerning networks may be made less arduous 
by using a so-called delta-star transformation. Consider, there- 
fore, the two networks shown in Fig. 7:32 (a) and (b) ; they will be 
equivalent electrically if the resistance between any two terminals 
of the star network is the same as the resistance viewed from the 
corresponding terminals of the delta system. 


213 


@ (5 
Fig, 7:32.—Delta.star and star-delta transformations, 


Thus, between terminals A and B, we have 
R +R = RR, + Ry) + (R, + RR (€ (i) 
since in the delta System the resistances R, and R, form a series 
combination in parallel with R,. 


Similarly, 
R +R, = R,(R, + Ra) + (R, + R: + Ra) (ii) 
and R, 4- R= RR, R4) + (Ri + R,+R ) (iti) 
Adding equations (i) and (iii) and subtracting (ii), we find 
a = RR, + (R, +R, + Rs) (iv) 
Similarly 
R, ie RR, ay (R, E R; T R3), . + (v) 
and R,— RiR, + (R, + R, + R,). s - (vi) 


Equations (iv), (v) and (vi) express the resistances of the equiva- 
lent star components in terms of those of the delta network. 


Ponents of the star network, we may proceed as follows. From 
equations (iv)-(vi), we have 
NR E x +R lem, tae ta] 
E RR, Papas RR, RR, | RR 

~ (Ri + R, + R,)? 
RRR, c 


Hence 
1 1 1 
Bele tet x] 
EG HE RR, (RiR, +R) 
(By + Ra + R,) (R, + Ra + R4) RRR, 
= 1. 
Similar expressions for R, and Ry are easily written down, 
Example. ind the equivalent. resistance of the network shown in 
Fig. 7-33 (a) i 


between points A and. D by usi a delta-star transforma- 
tion on the loop ABC. : eed : 


M 
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Fro, 7:33.—Example of a delta.star transformation, 


When the delta, ABC of Fig. 7-33 (a) is transformed into the equivalent 
Star formation, the whole network assumes the form shown in Fig. 
7-33 (b) where 

10 x 20 


Fit dod +10 = £002, 
20 x 20 
Rosen stra +16 80020, 


and 
20x10 ` : 
"7 830 + 30 £19 = 4902. 
Hence the resistance of the branch OCD is 24.2, while that of OBD 
is 180, , 
Equivalent résistance between A and D, say Rap, is given by 


24 x 18 
Rap = 4:00 Hn $2 = is = 14-3 Q. 


EXAMPLES VII 
7-01. - State Kirchhoff's laws for an electrical network fed from a 


the voltmeter reading was 15-0 V. Tf the resistance of the voltmoter 
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[(a) 12-8 Q., (b) 2.4 per cent low, 15.9 VJ 
7:04. The e.m.f. of a standard cell is 1-01862 Y. When a resistance, 


If each voltage is in error by + 10-5 V. estimate the uncertainty — 
in the value for the internal resistance. [246 ohm., 10 ohm.) 

7:05. Each side of an equilateral triangular framework is made — 
from a uniform wire and has a resistance of 4 ohms. Uniform wires of | 
resistence 3 ohms join each apex to the mid-point of the opposite side | 
and these * cross-wires ’ aro soldered together at the ‘ centre of gravity * 7 
of the triangle. Ifa current of 1 A. enters the framework at one apex - 
and leaves at another, calculate tho currents in each part of the frame- F 


DE r1 
; Ra Ra-1 + Or y 
Verify that the resistances of networks consisting of one, two, or © 
three 


enters at A and leaves at C. If G is the resistance of the galvanometer 
and i, is the current from B to D through the galvanometer, prove that 
i RQ — PS x 
M GP +Q+R+S) +P +R Q45) I 
If the bridge is nearly balanced and the current I is supplied from a 
cell of o.m.f. V and negligible resistance, the effective resistance of the 
bridge may be taken as that of & resistance (P + Q) in parallel with 
(R +8). Show that 


_VP+Q+R+8) 
P + Q\(R +8) ° 
[N.B.—The above problem is to indicate the method to be adopted 
in solving the next two problems.] 

7-08. Ina Wheatstone bridge which is nearly balanced the resist- 
ances of the arms are 100-01, 10, 1000 and 100 chms. The cell used 
has an e.m.f. of 2 V. and negligible internal resistance. The galvano- 
meter has a resistance of 100 ohms and sensitivity 10 cm. deflexion 
Per LA. Calculate the galvanometer deflexion in the two possible 

: arrangements of battery and galvanometar and indicate. the direction 
of the current through the galvenometer, Comment briefly on your 
results. [0-83 cm. in each instance, Second arrangement gives 

: lower heating effect in coil to be measured.] 


changed from 2000 ohms to 2001 ohms, calculate the current through 
the galvanometer, of which the resistance is 100 ohms. (G) 


1500 ohms the balance appears to be exact. The cell (emf. 2 V., 


detect a current of 10—7 ampere., between what limits does the resistance’ 
Slie? You may assume that the other resistances are accurate. (G) 

[15 + 0-01 ohm.] 

711. Ry, R, and R, are respectively the resistances of the resistors 

placed in the arms AB, BC, and AD of a Wheatstone bridge. The 

arm CD contains a galvanometer of resistance Ry. The points A and C 

Bre connected to a cell of e.m.f. V, the total resistance of this branch 

being Ry. The points B and D are connected to a key. Prove that, 

if Ry = R 3, the current through the galvanometer is independent 

1 
of. whether the key in BD is making contact or not, and that this 


current ig 
VR, + Ry) d 
R,(R, Js R, sf R; oh Ry) zb (Ry ty R,)(Ry ay Ry) 
' 712. A leaky condenser behaves as if its terminals were connected 
through a very high resistance—this is termed the insulation resistance 
of the condenser, When such a condenser, of capacitance 1 uF., is 


minutes. On substituting between the quadrants a cell of e.m.f. 1-08 
Volts, a deflexion of 108 mm. is observed. From these data calculate 
values for (a) the charge lost by the condenser in two minutes; (b) the 
mean potential difference across the bici (c) the mean current 
flow; and (d) the insulation resistance of the con 1 
ro? coulomb., 2.05 V., 0-83 x 10-? A., 2:46 x 10° ohm.] 
7-13. Two dynamos, A and B, each having an internal resistance 
of 0:1 ohm, feed the opposite ends of two conductors of uniform section, 
one conductor being connected to the positive poles of both dynamos 
and the other conductor to the negative poles. Each conductor is 
900 metres long and has a resistance of 1-667 uQ.metre,-. At a 
distance of 300 metres from the machine A a c urent of 100 A. is taken 
by a motor C connected to the conductors, wile at & point situated 
600 metres from A another motor D is similarly € tpplied with a current 
of 150 A. Ifthe emf, developed by A is 240 V. while that developed 
by B is 230 V., find the current given by each dynamo and the poner 
dissipated in each motor. {174 A., 76 A.; 22:2 kW., 33:2 k ^]. 
T4. ABCD is a four-arm network. The arms AB and AD see 
adjustable resistances R, and R, respectively. Cells of ay E, ra 
E, and internal resistances r, and r, are placed in the yip C AM OF 
respectively. The points A and O are connected to a galvanometer. 
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E; R,— Ry 
E, ~ R, —R,” 


tial relative to earth, the currents at A and B are in the ratio aip 
Prove that tho Position of the fault divides AB in the ratio B:a.. 7 


resistance OD of P ohm, and a battery DA of e.m.f. 8 volt and resist- 
ance 5 ohm. Show how the batteries must be connected so that a 
value for P may be found for which a galvanometer connected between | 
A and C shows no deflexion. Calculate the value of P required for this, ^ 


7-17. A current is Sent through a resistance of 0-10 ohm in series 
With two accumulators arranged in opposition, The current is varied 7 
ed. 


| Potential] difference across | Potential difference across | 
0-1 ohm coil (mV.) | both accumulators (mV.) 


le ridurre e scale 1044 en i 


j 

1-9 | 44 
22 | 5-0 
3.3 | 5:4 | 
4-8 6-9 | 
70 | 8-0 | 
1L8 | 11-8 | 


T8. Obtain an expression connecting the resistance-temperature 
t of à metal with temperature referred to 0* ©., with the 


the coefficient o£ Inerease in resistance with temperature for copper is 
426 x 10-3 deg.-:i C., obtain a value for the resistance of the coil at 
the temperature of Steam when the corrected barometric height ig 
74-2 em, of mercury, [e = k(l + 20&,)-1, 131.1 ohm.] 
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7:19. A coil of iron wire, resistance 10 2, is connected in serios with 
a coil of copper wire, resistance 20 Q ; this Copper coil is shunted bya 
coil of iron wire. If the temperature rises everywhere from 0° Q, to 
50? C. the potential difference across the 10 Q coil increases by 5 per 


may be taken as 0:0060 deg.-! C, and 0:0040 71 C., respectivel j 
obtain a value for the resistance at 0°C, of the fn sh mt. DENA 
p.d. across system to be constant] [332 ohm.] 

7-20. A battery, e.m.f. V and internal resistance B, is connected in 


galvanometer deflexion is 0,. When a coil of resistance S is placed in 
parallel with the battery, the galvanometer deflexion is 5, Show that 


7:21. Two resistors A and B, made from different materials, havo 
resistance-temperature Coefficients of 0-0032 deg.-1C. and 0:00048 
deg.-! Q., respectively. If A has a resistance of 10-00 Q at 0° C., calcu- 


combination shall be 0:0020 deg.-! C, [7:90 Q.] 
7.22. Define temperature on the platinum scale. A latinum thermo- 
meter has a resistance of 10-091 ohms at 0° Oa 14:091 ohms at 
100° C. . At 444-60? C. itg resistance is 27-080 ohms, ‘If the variation of 
its resistance with temperature is represented by R- = Fl + að +. 02), 
determine the difference coefficient and the constants x and $. If the 
resistance of the above thermometer is 22-091 ohms at a certain tem- . 
perature, what is that temperature (a). on the platinum seale, (b) on 
the gas scale? 
[x = 3-926 x 10-3 deg. C,, B= — 5'85 x 10-7 deg.-2 C. 
$ = 300-00* C., 309.76? Cc] 
7:23. Give an account of one method for comparing small resistances, 
When a very small Current passes through a certain conductor its 
resistance is R, and its temperature may be taken as 4° C., viz. that 
of its surroundings, When a large current is passed the resistance is 
2 and the temperature of the surrounding air is 0° C. If x is the 
resistance-temperature coefficient referred to 0° LEA show that the 
temperature of the wire exceeds that of its surroundings by 


Re+) -(0+2) 
R, $R K TE 

7:24. AB is a uniform telegraph wire, resistance R ohms. At some 
unknown point C in the wire there is a fault, i.e,.C is connected to earth 
through an unknown resistance r. Two measurements of the resistance 
to earth are made at the end A ; the first, Ra, with the end B. insulated 
and the second, Rs, with B earthed. If zis the resistance of the portion 


AC of the telegraph wire, Ry =a +r, and R-cr PRE 
Eliminating r from these equations, prove that 


Hence determine the ultimate charge on the positive plate of each. 
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condenser, It may be assumed that the condenser * star- 
is initially without charge, . 


[CI A, Va = 7 Y, Va = 26 V., 132 uC., 124 uO., | 


Fig. Ex, 7.95, 


7.26. A cable with & copper core of diameter 2a is covered 
uniform layer of insulating materia] with an overall ‘diameter 
lis the length of the cable and y the resistivity of the insulatio 
that the insulation resistance of the cable is 


^ don) 


be raised to 500 M; by an additional uniform layer of ing 
whose resistivity is 7.9 x 10° MQ.cm., what is the thickness 
layer ? [6:35 x 101* ohm.em., 0-45 
7-27. A thick copper tube, radii r, and 7s (^4 < 7,), and lengt 
ivi i i i One portion is us 
55 a resistor, the current entering and leaving at the plane eni 
4 is the resistivity of copper, show that the resistance, R, of the re 


R7 1 


If x = 1-73 x 10-8 ohm.em., r, = 4.0 cm., 7, = 6-0 em. and 1 = 4-0 
obtain & value for R. 1 


-- Coils of resistance, 2-0, 3-0, 2-0 and 3-0 » 
A isata potential of 2.0 volts while C is at zero potential. 


and D are joined by.a galvanometer of Tesistance 10 ohms, dete 
the magnitude and direction of the galvanometer current, 


7:29. Use Thévenin's theorem to determine the current I thro 
the 10 Q resistor in the circuit Shown in Fig. Ex. 7.29, Verify 
Solution by using Maxwel]'s cyclic currents. Tf the j 
-6 V. cell are reversed, show that tho current is from B to A an 
Magnitude 0-07A, 


4 
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BR A 
Sy V 
20 e HO 
(a) 
Fic. Ex, 7.29 
7:30. By using a delta-star transfe he loop ABCD of 
the circuit. shown in Fig. Ex, 7:30, d e & value for the current 
from: the battery. Check your solution by an independent method, 


[0:80 A.] 
7-31. A potentiometer wire has a resistance R, ohms and a Steady 
potential difference V, volta is maintained across it, It is used to 
measure a. voltage V. the total resistance of the galvanometer and 
source of V being R ohms. When the sliding contact is at a distance 
ol from the balance position 7, show that the galvanometer current Ig 
is given approximately by 
I i LV, 
°T = RL? LIR, — Rat mp 
where L is the total length of the potentiometer wire, 
In a certain instance L = 100 om, and the other circuit parameters i 
are such that 
20.87 
Tel sooo. T00 — ze amp. 


Plot a graph to show how iTe! varies with 7 for a given value of 4, 
" e 
If yl expresses the sensitivity. and | TS TJ *NPresses the accur. 
f Y n H t 

fey, use Your graph to show that the best Sensitivity is obtained when 
the balance Point is near either end of the wire, and best accuracy 
combined with best sensitivity whon the balance point is such that 
1—> 100 em, ) 


CHAPTER VIII 
ELECTROMAGNETIC IN DUCTION 


Faraday’s discovery of electromagnetic induction.—In 1831 
Farapay discovered that induced currents were set up in a closed 
circuit whenever a current in 8 neighbouring circuit was made or - 
broken, i.e. when there was a change in the flux of magnetic induc- 
tion through the closed circuit. For several years previous to this - 
Faraday had failed to detect the presence of these currents, a fact — 
due to the low sensitivity of the galvanometer he used. From his 
published account of this work it appears that his first successful - 
attempt was carried out on the 
following lines. About 200 feet - 
of copper wire were coiled round 
a large block of wood; a second 
long length of similar wire was - 
then interposed as a helix between - 
the turns of the first coil, twine 
serving as an insulator. One helix 
was connected to a galvanometer 
and the other to a battery. When 

Secondary Primary : the battery circuit, the so-called 

(Current being Primary circuit, was closed, 

established) ‘there was a sudden and very - 

Fio. 8-01.—Faraday’s discovery of slight effect (deflexion) at the gal- 

electromagnetic induction. vanometer', ie. there was an 

induced -current of & transient 

nature produced in the galvanometer circuit, the so-called second- 

ary circuit. There was also a similar effect, but in a contrary sense 

when the primary current was broken. Faraday was very careful to 

emphasize the fact that the current in the secondary circuit is & 

transient one and that no current exists there when the current in 
the primary is fully established. 

The above results may be verified in the laboratory in the follow- 
ing manner. P, Fig. 8-01, is the primary coil connected to a battery © 
and a key K. Q is the secondary. coil connected to & ballistic 
galvanometer G. It will be found that when K is closed there is 

* 990 
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an induced current in the secondary circuit; also when the primary 
current is broken. Both these currents are of short duration but 
opposite in direction. It will also be noticed that there is no current 
in the secondary cireuit when that in P is fully established. If, 
however, the current in P is inereased there is a transient current 
in Q; it is in the same direction as that established when the 
primary is first closed. Ifthe primary current is reduced, an induced 
current in the opposite direction is temporarily established in Q. 
Let us suppose that the current in P is such that to an observer 
at E it appears to flow in a clockwise direction. Then the lines of 


x 
pue Motion 


fo} 
(a) -Q) 

Fia. 8-02.—Induced currents produced by the motion of a bar magnet 

near to a closed coil, 

magnetic induction are as indicated. Then the current in Q, when 
that in P is being established, is such that it appears to flow in an 
anti-clockwise direction to an observer at E; the lines of magnetic 
induction are shown by the dotted curves. The induced current 
is such, that it tends to maintain constant the number of lines of 
magnetic induction threading the primary coil; this is a general 
principle applicable to all induced currents. : 

Faraday obtained similar results when a bar magnet was moved 
in the neighbourhood of a closed coil. Tig. 8:02 (a) shows the 
direction of the lines of magnetic induction due to the magnet NS 
and the lines of magnetic induction due to the induced current 
when NS approaches the coil. The direction of the induced current 
is such that the number of lines of induction threading the coil 
tends to remain constant, Fig. 8-02 (b) shows the direction of the 
induced current and its associated lines of magnetic induction when 
NS is being drawn away from the coil. 


Magnetic flux.—If B is the magnetic induction at every point 


in an element of area ôS, then Bea ôS, where ñ is unit vector along 
the outward-drawn normal, is called the flux of magnetic induction 
across ÒS (it is often called the magnetic flux). The unit of magnetic 
flux is the maxwell. ; 

À unit tube of magnetic induction.—If we consider any small 
tube of magnetic induction and apply Gauss’ theorem to it, we can 
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show, as for a tube of electric induction, that the flux of magnetic 
induction across any normal section of the tube is constant, i.e. B ôS 
is a constant for a tube. If B OS is unity we have a unit tube of 
magnetic induction. 


. Magnetic flux across a closed boundary due to an isolated 


AE el 8-03.—Magnetic flux across a closed boundary due to an 
isolated pole. 


magnetic pole.—If ôS, Fig. 8-03, is an element of a surface J’, 
m a magnetic pole at O, distant r from òS, then the flux across 0S is 


MA 6S = ^ cos (f, À)ôS 


= m ĝw, 


where dw is the solid angle ôS subtends at O. 
The total flux across the surface is 


t [mao = m [49 = mo = © (say), 


If the surface is closed and completely surrounds m, © = 4am. 
Hence the total flux from unit pole is 47, ard this is often called, 
somewhat erroneously, the ‘number of lines of force’ from a unit 
pole; it may be shown to be equal to the rn imber of unit tubes. 
For consider a unit pole at the centre of a sphore of radius r. At 


its surface B — ^ and if óS is the cross-section of a unit tube where 
it intersects the surface of the sphere, B.6S — 1. 

-. Number of unit tubes from unit pole = —  — .—— —4z 
. Magnetic linkages.—The flux through a boundary has already 
been defined as [Ba dS = Ø. When a coilconsists of N turns, | 
wound closely together, the flux through each turn is still Ø, 
but the effective flux is N | B-A dS = NØ, or W. It is called tho 
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number of linkages associated with the coil and is expressed in 
maxwell-turns, ss : 


Lenz's law.—The facts stated previously with regard to the 
production of induced currents were summarized by Lenz in a law 
bearing his name. As modified by Maxwzrz, it may be stated ag - 
follows: The e.tn.f. induced in a circ 1 


{Strictly speakin, 
field is norn.al to 


Lines of Magnetic Induction’ 
due to Induced Current... 
i 


ZA (Ist. Finger) 1 ! Ud j NAR 
Direction of Field tiene, CCS f fic wid 
P Dre dde ui HEU 
* Saeed AN EROS Beth 
ferc (pa ood © 
Ure Cute IS TNR ih ay 
b E D wt \ 
MURAT a) | eique fO X 
Lines of Magnetic Induction - B 3 d 
in Original Field (c) 


(a) (b) 
Fra. 8-04.—Fleming’s right-hand rule. 


When it is not, the first finger must ‘point in the direction of the 
component of the field M to the plane in which the conductor. 
Inoves,] / 7 ; 

Fleming’s right-hand rule deduced from Lenz’s law.—Let 
PQRS, Fig. 8.04 (b), be a system of long wires, connected as indi- 
cated, and | lying in a plane normal to the lines of magnetic induction 
in the riodium, Let XY be a conductor bridging the arms of the _ 
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above system. Suppose XY moves to the right. Then there is 
a tendency for the flux of magnetic induction through the closed ' 
cireuit XQRY io increase. The induced current, by Lenz's law, 
will be such that the magnetic flux due to it tends to prevent the 
above increase, i.e. the lines of induction will be downwards [dotted 
in the diagram]. The current in XY must therefore flow from 
X to Y—ef. Fig. 8-04 (b) and (c). This direction coincides with 
that expressed by Fleming's right-hand rule. 

Faraday's law of electromagnetic induction.—Farapay, by 
1831, had established experimentally the conditions under which 
electromagnetic induction occurs. In 1845 NEUMANN expressed 
the results of Faraday's work by a formula giving the magnitude 
of the induced e.m.f. If the positive direction of flux and of e.m.£. 
are assumed to be related like the directions of translation and 
rotation of a right-handed screw, the formula giving the induced 
e.m.f. in magnitude and direction is 


Deduction of Faraday’s law from the principle of the 
conservation of energy.—HrrMuorrz, and a little later KELVIN, 
showed that Faraday's law was a direct consequence of the principle 
of the conservation of energy. Their work appeared about 1850, 
Let us suppose that a single magnetic pole, of strength m, lies at a 
point O on the south side of a closed circuit of one turn in which 
there is a current i (e.m.u.)—cf. Fig. 8-05 (a). Then the flux of | 
magnetic induction from O traverses the circuit in the positive — 
direction, i.e. the lines of induction due to the pole and those due 
to the current i thread the coil in the same general direction— 
cf. Fig. 8:05 (b). 

When m lies on the north side of the circuit, e.g. at P, Fig. 8-05 (c), 
the magnetic potential at P is iw, where « is the solid angle indi- 
cated, ef. p. 127. The potential energy of the pole is miw. As 
m approaches the coil from the position P the solid angle c increases 
and likewise the potential energy of the pole. Now when the 
potential at O, Fig. 8-05 (a), is considered it will be given by iw 
provided c is the solid angle shown. [The magnetic potential at O 
must exceed that at P since the general direction of the magnetic 
field is from left to right.] "These facts are also consistent with the 
view that at a very distant point on the north side of the circuit 
the magnetic potential is zero, while at a very distant point on 
the south side it is 4zi; the fact that these two potentials differ 
by 4ni although the points are each at infiaity is in accord with 
Ampére’s circuital relation —cf, p. 142. In this connexion it must 

.. be emphasized that for currents the magnetic potential at a point 
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is multivalued, since it depends upon the number of times the 
circuit is ‘ threaded * by the path along which a small pole is moved. 
On the other hand, with a magnetic shell the potential is single 
valued and has a negative value at each point on the south side 
of the shell—ef. p. 125. 

Now let tho forces acting on m and due to the current in the 


Lines of 
induction 
due to'i’ 


d s 
re z 
' 
; P Y; JY | Magnetic field, 
H vertically down- 
i (i - wards 
` 
hea ( 5 Ix 
€, " 3 
E " 
em @ 
Fro. 8-06.—Deduction of Faraday’s law, e = — WV, 


circuit shown in Fig. 8:05 (a) cause the pole to move to O,, i.e. to 
a point nearer the circuit so that the magnetic flux Ø increases. 
Let @ be the solid angle defined by the equation 
ám — o =ð, 
i.e. © is the solid angle which the circuit actually subtends at O. 
The angle i is selected so that when O becomes 0,, ©- becomes 
© + 66. Thus the potential energy of the pole at O. is 
miw = mi(án — à). 

As the pole moves from O to O, its increase in potential energy 

will be equal to the work done on it, ie. the work done is 
mil {4x — (5 + 08)) — (42 -- à] 

If this movement takes place in time ôi, the rate at which work 

is done by the circuit on the pole is mio. As the pole moves, 


let tho current in the circuit be maintained constant by increasing 
the e.m.f. of the generator from E to (E +e). The additional rate 


G.D.P.—Y-—I 
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of supply of ‘energy from the generator is ci. By the principle of | 
. the conservation of energy we have, therefore, E 
AE (o. mid) + ei — 0, 
or s. vhs E= — mo. 
The induced e.m.f., e, which is equal and opposite to e, is given by ^ 
i e= ma. 
Mucio Fat UN GB aoe [cE p. 222] 08 
i BRN = m(4x — o), DUM 
ie. ; i ez — d, 
Tt will be observed that the induced ¢.m.f. is independent: of i 
the initial 


and theref 


i Je Lhe = 
„force, F, on the wire is li ing i irecti . , Suppose 
that this force causes the wire to move to X,Y, a distance dz in 
time ot. The work done by the cell in effecting this displacement is 


F.ór = GB. dx, 


Now in time ĝt, the energy supplied by the cell is egi. dt, and 
“if ris the resistance (e.m.u.) of the circuit the heat generated therein 
ds. 37, dt (in work units). By the principle of the conservation of 

energy ; ; ; ; 
et. OF = i?r, t -F GB. 6x, 
had dx 
pert £y — 1B.— 
0 that Doe o de uB 
3 a r r 


"Where u is the velocity with which XY is moving, |... 
.. In other words, in addition to the clectromotive force of the cell 
there is an induced. e.m f. equal to — IuB, which is minus the 
‘tate at. which the flux through the. circuit is increasing, i.e. 


a c 


e= dé 
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If the moving conductor is not part of a circuit with finite resist- 
ance and it moves across a magnetic field as above, there will be 
a potential difference — uB between its ends, To establish this, 
let r be the resistance of the moving conductor and suppose its 
ends are joined to a high resistance rj. The current in the circuit 


will be — 2 - (r + rı), so that the potential difference across 


rñ is 
NL AKE ifr, — oo 
dt nr dt’ “ie : 
This establishes the proposition. : S 
Here it must be emphasized that the equation e — — $^ ex- 
presses the value of the induced e.m.f. in a closed linear circuit 
with which ® is the linked flux. If there are N such circuits ar- 
ranged in series with linked fluxes O,, Øp, . . ., ®,, respectively, 
then the total induced e.m.f, will be given by 
= — [ee eg 
Bur o o al 
This equation applies to a coil of N turns since no turn in that 
coil can occupy exactly the same position as another. If Ø, = Ø, 
=... =D; = @ (say), then ia Ute 2 i 


Uta a T i 
and this will apply if the turns in the coil are equal and closely 
wound. Sometimes one writes W = NO, where V/ is the effective 


3 


The equation e — — 2È The ‘proofs ’ just given that e = — Ø 
can only be regarded as plausible indicatio t this is a quanti- 
tative vide of Faraday's law of ‘electromagnetic induction for 
the free energy associated with the magnetic i d has not been 
considered and it may be shown that it is only by assuming this 
energy to remain constant that the proofs are valid. Accordingly 
they must be regarded as pointers to a rigorous proof and we have 
to consider the law as a basic assumption. — Tts successful application 
to elecfomagnetie theory and in measuring resistance in absolute 
units, cf. p. 697, are thereal justifications for the use of this equation 
in physics and electrical engineering. ; j 
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The quantity of electricity transformed when the effective 
flux linked with a circuit changes.—It has just been shown that 
if the magnetic flux linked with a closely wound coil of N equal 
turns is changing then 


dp 
== NN. 
oe dt 
If rds the resistance of the circuit of which the coil is part, the 
induced current will be given by 
e N db 
i = -= — m. 
r r di 
Hence 6g, the quantity of electricity set in motion in time ôt, 
is given by 
bq. = id- A. dac - ap. 


sa X no Sto. — 02. 
wa r 


These expressions are only valid if absolute units are used. If R 
is the resistance in ohms, then in the e.m, system (r) = 10? (R). 

The expression for q given above shows that the total quantity of 
electricity induced is independent of the rate at which the effective 
flux changes, but inversely proportional to the resistance of the 
circuit. It must be remembered, however, that if q is to be 
measured with a ballistic galvanometer, the change in linkages must 
be completed before the suspended magnet (or coil) of the galvano- 
meter has moved from its zero position. 


Eddy currents —Currents are not only induced in closed wire 
circuits when the number of lines of magnetic induction threading 
them varies but also in any conducting material placed in a varying 
magnetic field. These are termed eddy currents. These currents 
are frequently the sourco of much trouble in metal apparatus placed 
in a varying magnetic ficld. They may cause the metal to become 
very hot. ‘This may be avoided to a great extent by building up the 
apparatus from flat metal strips insulated from one another so that 
the currents are reduced in magnitude. 

In recent years advantage has been taken of these eddy currents 
to melt metals. The specimen is placed in a magnetic field which 
may alternate at from two. kilocyeles per second to ten megacycles 
per second. ‘The field of lower frequency is produced mechanically 
while the latter is obtained with the aid of a thermionic valve. 
Not only does the melting take place rapidly, but alloys hitherto 
unobtainable may be prepared by placing the constituent. metals 
_ inwhigh vacuum. Under such conditions the metals do not oxidize 
and an p may be formed. 


ELECTROMAGNETIC INDUCTION 229 


The damping of a perfectly conducting wheel rotating in its 
own plane in a transverse magnetic field, when a circuit 
of resistance R ohms connects axle and rim.—It will be 
assumed that initially the wheel is rotating freely in a plane normal 
to the magnetic field with induction B. Tf I is the moment of 
inertia of the wheel about its axis of rotation, its kinetic energy, W, 
when making » revolutions per second is given by 


2 
W = Ho? = jaa?pd.— 40, 


where a is the radius of the wheel, d its thickness and p the density 
of its material. Hence 
W = aatp dn’. 
If e is the magnitude of the induced e.m.f., then 
e = 7a'nB. (e.m.u.) 


Now the rate of loss of energy of the wheel is equal to the rate at 
which energy is dissipated in the resistance, 7 emu. or R ohms, i.e. 


qup Wo 0B 
r 'mapi rapi) ^ ^" 
If Wọ is the initial value of W, and if W is the energy at timet. 


2 2 
MP B 


—— 


0 s =t 
W r(rpd) 10°Rapd 
10° 

*. Half-period decay time = (E p: jut In 2. 

Also, if ngis the initial speed of the wheel, the current vill be halved 
when n = 4ng, ie. at time 7 (say). Thus the energy will be 0:25 Wo, 


when a 
10°Ra 
Bi In 4. 
It should be noted that the total energy dissipated in the resistance 
before the wheel comes to rest is equal to the initial kinetic energy 


of the wheel. Dé: 

Example.—A thin wire and spherical brass bob. mass m, consti e 
& pendulum of length a which swings under og Ate plane seid 
to a uniform magnetic field with induetion B. the semi-vertical 
angle through which the pendulum swings is 0, aput an Wade 
for the maximum potential difference between the extremi 
pendulum. i TE T 

VAM the potential energy of tho bob in tho Sae * exceeds its 
potential energy in the position of static p ibrium by. 

mga(1 — cos 0) = 9mga sin? 30, 


q= 
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- the velocity ts ofthe bob as it swings through the above position is 


ven b 
giy » mug? = 2mga sin? 16, 


Dde ug = 2 Y gasin 10. 


Now the maximum velocity at points along the wire varies uni- 
formly from 0 to ug; let u be the maximum velocity at a point P at 
distance x from the fixed end of the pendulum and v the potential 
(e.m.u.) at P, that at the fixed end of the pendulum being zero. Then 
at a point Q in the wire, where PQ = dx, the potential will be v + dy, 
where 

óv = Bu ôr, È 
and u = ud(?). Hence vy, the maximum potential difference between - 


the extremities of the pendulum, is given by 


» 2) i ) 1 
Vg = IC dz = uB a2) 5 u Ba 
= aBV ga sin }0 emu, 
In practical units this becomes 
aBV ga sin 30 
Vo= x aay 108. > volt. 

Example.—Calculate the force on one ‘half’ of a current carrying 
solenoid. 

It will be assumed that the solenoid is so long ihat, with the usual 
notation, H = 4ani. If the permeability of the core on which the 
solenoid is wound is constant and equal to z (whose value will generally 
not differ much from unity), the flux is 4xuni(za?), where a is the 
radius of cross-section. Since the flux from a unit pole is 42, the 
solenoid may be replaced by a magnet with pole-strength apnia*. 
When the solenoid is imagined to be severed into two portions, poles of 
strength +: zunia* may be assumed to appear at the ‘junction’. Now 
the field due to one half of the solenoid is 22ni, so that the force on 
the other half is 

(2ani)zunia? = 92tun*ati?. 


To obtain this formula by anothor mothod, lot the solenoid be replacod 
by its equivalent magnetice shell. For a length dz of the solenoid, the 
effective current is ni dz, so that tho intensity of magnetization in the 
shell is J = uni. At tho junction betwoon the two portions the surface 


2 k 

density of the magnetism will bo + yi. The stress is Eu 2ayan*i?. 
! H 

Hence tho forco is 


2nyn*i* x na? = 2n23,n*a?i?, f 

as before. i 

" I 
The potential energy of a current-carrying coil lying in a 
magnetic field.—Let i bc the current in the coil which is situated 
ina medium with permeability u. Then the equivalent magnetic 
- Shell will have a strength ¢ such that $ = ui, cf. p. 131. Now 


ONE d 
ee eee en 
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the potential energy of this shell, cf. p. 125, is 


E. x flux of magnetic induction across the positive side of 
Ke the shell ' : 


=i x flux of B= — if Baas, 


where # is a unit vector normal to an element óS of the equivalent 
shell. This equation has been derived since, in the sequel, it will 
be used on many occasions, d 


Mutual inductance.—Let A, and A, be two rigid circuits, in 
a medium of magnetic permeability u, carrying currents 7, and i, 
respectively. "The strengths of the equivalent magnetic shells are 
pi, and iz, The mutual potential energy may therefore be written 


— Ps or — unde [since W = — ¢ x flux of mag- 
le netic field strength]. 
ie. as —4WU or — hP 
where V^, is the effective flux of magnetic induction through A, due 
to i, and V^, is the effective flux through A, due to 1j. 

Now provided ferromagnetic materials are absent, V^, is directly 
proportional to ip, so that we may write V^, = Mis, where m, is 
a constant depending only on the geometry of the system. 
Similarly V, = m,i, and hence the mutual potential energy is 

— mj OF — mx 

Thus m, = ms, i.e. the flux of magnetic induction through A;, 
due to unit current in A, is equal to the flux of magnetic induction 
through A, due to unit current in Ay. If we call m = m, (or m;), 
the constant m is known as the coefficient of mutual induction 


or the mutual inductance of the two circuits. 
Since W — mi, where i is the current in one coil and W the flux 


i mio i 
through the other, and e — — V, we have € — — m hus m is 


numerically equal to the c.m.f. induced in the secondary when the 
current in the primary is changing at the rate of one e.m.u. of 
current per second, 


In practical units, we may write E = — xt. so that in practical 
units the mutual inductance, M, of two coils is numerically equal to 


the e.m.f. (in volts) induced in one coil when the current in the 
other is changing at the rate of one ampere per second. 


Units of mutual inductance.—(a) Two coils have unit mutual 
inductance if the e.m.f, induced in one of them is one e.m.u. of 


induced in one of them is one volt, when the current in the other is 
changing at the rate of one ampere per second. 3 


Self-inductance.—When a current i flows in a circuit there 
a definite number of linkages associated with that circuit, J 
number will be proportional to the current, since the magnetic 
induction is everywhere proportional to the current if ferromagnetic 
materials aro absent and the frequency of the current is low (no 
skin-effect), Accordingly we may write for such a circuit $ 


Binge ee om 


and expressed in .m.u., when the current is changing at a rate of | 
one e.m.u. per second. 
In practical units we may write 


dl 
peig 


where L is the self-inductance in henries, and a circuit has a self- 3 
inductance of one henry if the induced 9.m.f. is one volt when the 


Self inductance of a Solenoid.—(a) Let us calculate the self. | 


magnetic induction in such a solenoid, if the permeability of the core — 

on which it is wound is #, Which for all non-ferromagnetic materials 
may be assumed constant and equal to unity, is equal to 4mm, 
where 7 is the current in e.m.u. and n is the number of turns per cm. 


fore 4x2una3i.nj — 4n'un*a*Ài, The self inductance, which is the 
number of linkages per unit current, is therefore given by 
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(b) Let us now calculate the self inductance of a short and narrow 
solenoid on the assumption that the magnetic induction is constant; 
over each cross-section of the solenoid normal to its axis ; of course, 
in general, the induction will j 
be different for the various 
cross-sections. Let O, Fig. 
8:06, be the centre of the 
solenoid and P a point on its 
axis, where OP = x. If 2a is 
the diameter of the solenoid 
and 24 its length, the mag- 
netic induction at P will be given by B = uH, where u is the 
permeability (assumed constant) of the non-ferromagnetic: core on 
which the solenoid is wound and, cf. p. 141, 


i Ate Aa 

= 2. TITO UU RET 2 
RR [u ILC ELIT 

Since this is assumed constant over the cross-section at P, the 
flux of induction across this section is given by 

D = 2*ya ni [. . J, 

i.e. the number of linkages associated with à length dz of the solenoid 
is Gn dx. Hence, for the whole solenoid, the number of linkages 
is given by 


A 1 A 
ya On de = enti [ ; Je l 
0 jy 0 


05 0574 
= 4n*uatn* [ (A+ 2)? + at} — {a — a9 ar) ] 
0 
= 4n*ua*n*i [(441 + a395 — a]. ^ 
-'. Self inductance = 1 = £ = 4z*ua*n*[(443 + ates — a] e.m.u. 


In practical units this becomes 
L = 4n*ua*n* [(42! + a2)°5 — a] x 10-9 henry, 
and u may be taken as unity. 

Positive and negative mutual inductances.—If two coils (1) 
and (2), of self-inductances J, and 1, Tespectively, are connected 
in series the effective flux through the coil (2), say, may or may 
not be in the same sense as the flux through (2) due to the current 
in it. In the former case the mutual inductance, M, is said to 


be positive; in the other it is negative. : 
When m is positive, cf. Fig. 8:07 (a), and the two coils carry 
a current 7, the number of linkages associated with coil (1) is 


y— 
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hi + [m|i; for coil (2) itis 2,5 +. | mtg. Thus the total number c 


coils is i + 2} m § + Li, io. the effective 
un MI M Ho fre e us urs o by 


F-43444 2|m|. 


eh ores, } (2 4 
c Er 
COH] SELLER 2) uU 


(a) (6) 
Fra. 8:07.— Positive and negative mutual inductances, 


In Fig. 8-07 (5) the mutual and self-produced fluxes are in opposi- — 
tion at any instant, ie, m is negative, and we have 


P-L = 4|M | 
The N.P.I, Primary standard of mutual inductance.—In 
a mutual inductance, as the value is calculated 
from the » the design must be such as to allow of accurate 
measurement of the important di ons. Also the nature of the 
materials Construction must be such a8 to ensure permanency. 


wey 
single-layer coils, it ig not easy to obtain a value of the mutual 
inductance large enough for practical Purposes. In Campbell's 
type of fixed mutua] inductance the Primary only is single layered, 
while the secondary ig a many-layered coil of many turns, but the 
Beometrica] design of the System ls Such that the dimensions of the 
£ be determined with high accuracy, 
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as the accuracy of the calculated value for the mutual inductance 
is made to depend much more on the measurement of the pri j 
This consists of two equal single-layer coils BO and GH, Fig. 8-08, 
arranged in series and wound on the same cylinder of fused quartz, 


grooves which are ‘lapped ’ and the wire itself has a cross-sectional 
area which is remarkably constent, The secondary consists of a 


One of two. 


he 
Primary coils As ag 
(too turns) magnetic 
| feld 


Secondary. 
coil 


(495 turns) Glass former 
(6r sandwich’) 
Line of 
Induction 


Fused quartz cylinder with screw 
thread for windings 


Fic. 8:08.—The N.P.L. primary standard of mutual ‘inductance, 


channel-wound coil Q coaxial with the primary coils and placed 
midway between them; the former on which the secondary is 
wound consists of a. glass dise, circular in Section, and mounted 
coaxially between two slightly larger glass discs ; the surfaces of. 
these discs are optically flat. The central winding of the secondary 
lies in a region throughout which the magnetic field due to the 
current in the primary is zero for all values of the current. For 
this standard at 20° C., . , 

M = (10,006-52 + 0-03) uH. 

[The original Campbell standard was set up in 1907 but in 1062 
it was replaced by. the one just described ; the temperature effect 
is almost negligible and the uncertainty in the estimated error has 
been reduced three times. These improvements are due to Ravuzn.] 

Other ‘standards’ of mutual inductance.—A praotical 
standard of mutual inductance, of. Fig. 8:09, is constructed by 


Ba 


m 


> 
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winding a coil of many turns of wire (the secondary S,8,) on th 
middle portion of a long uniformly wound solenoid (the primam 
PP): Let this solenoid have n turns per unit length, and suppose 
that the current through it is i. If x is the permeability of the con 
on which the primary is wound and for non-ferromagnetic materials 
# may be considered constant with a numerical value equal to 
unity, the magnetic induction inside thé solenoid is 4zryni and it ig 
uniform over any cross-section near the middle of the coil. Tf the 


are N turns in the secondary, the total magnetic flux linked with 
that circuit is 4z*unNa5. 1 

Now m the mutual inductance of the two coils, being the flux | 

in one coil due to unit current in the other, is given by 
m = 4n*unNa?* e.m.u. of inductance, 
or M = 4n!unNa? x 10-* henry. : 

It cannot be emphasized too strongly that in an iron-free circuit 
the coefficient of mutual induction depends only on the geometry of 
the system, a fact which is at once apparent from the value of m 
deduced for the above pair of coils. Such an inductance may be 
used to standardize the throws of a ballistic galvanometer. 

. Neglecting the dimensions of u, cf. p. 688, those of m are 
m) = cm.-'em.! = om., and thus we see that the e.m.u. of in- 
nce is 1 em. 

Tt must be po.nted out that the above mutual inductance is not 
even a second-class standard on account of the departures which 
occur in practice from the assumptions made in deriving the formula. 

The Campbeli mutual inductometer.—A stardard but | 
variable mutual inductance is known as a mutual inductometer. 
In its simplest form it is sufficient to arrange that one of two circuits 
can be moved relatively to the other and that its position may be 
read off on a scale which is graduated, after comparison with a 
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standard of mutual inductance, to give the corresponding mutual 
inductance in millihenries. 

The general arrangement of the coils is shown in Fig. 8-10 (a) and 
(b). The primary circuit consists of two coils C, and C, which are 
coaxial and arranged in series, Sis the secondary coil which moves 


mH e 
aer coc 
CV EE. dcus 
Se a 
ERROR TE “1 
C 
(a) (b) 


(c) 
Fig. 810,—A variable mutual inductometer (Campbell). 


in a horizontal plane midway between U, and C, and about an 
eccentric axis through O ; this axis is parallel to that of C, and C,. 
A pointer P attached to S indicates the mutual inductance of the 
system. 

The arrangement of the coils is shown more clearly in Fig. 8-10 (c). 
It should be noted that if all three coils are connected in series & 
variable self inductance, of limited range, is obtained. 


The energy possessed by a coil on account of its self 
inductance.—Let e be the steady potential difference applied to 


r i 


e ] di 
Fro. 8.11.—Energy possessed by & coil on sccount of ita self 
inductance. 


` an inductive coil which may be regarded as a pure resistance r in 
series with a pure inductance l, of. Fig. 8-11 (2). ‘This circuit may 
be replaced by that shown. in Fig. 8-11 (b) in which it is imagined 


that a cell of emf. -5 is applied to & pure resistance r. 
Then, by Kirchhoff's second law, 
o— fan, or ina 
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Multiplying throughout by i dt, we have E 
ei ôt = ri? ôt + li di, " 

ie. the energy supplied from the cell = heat developed (ergs) a 


+ energy stored in the magnetic 
1f the current reaches a steady value i, we have 


Energy stored in magnetic field — f di = iy. 
0 


Thus it is seen that the self inductance of a circuit is numerically 
twice the energy stored in the Magnetic field associated with unit 
current (e.m.u.) in the circuit. 


The relation between the electromagnetic and practical ' 
units of inductance.— Consider the energy associated with a coil - 
of self inductance, (I) e.m.u. or (L) henries, where (l) and (L) are 
numbers. When the current is 1 e.m.u. (10 amps) the energy is — 
3017) erg. or 4(L)(103) joule = #(L)(10*) erg. 

^. (L) = (2) x 10-°, 

Similarly, (M) = (m) x 10-2, 

To prove that M? < L,L,.—Let e, and e; be the instantaneous | 

of the e.m.fs. in two circuits ; i, and i, the instantaneous 


&4R, =e, LA L yd 
xta a 

I M 

; The rato at which energy is being stored in the medium is given by 


EP irae he UR + est, — iR, 
a (did duc sq r 
Wy r an Lad, og; 


nW- J aw = [i] 5: Mus] 4 nu] ; 


where the square brackets denote that the quantity enclosed is the 
value at time i, and there is no integration constant since W—>0 
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when i, and i, are each zero. Now W is always positive and 


if, for brevity, we call a =I, eto., we may write 
tt 
Ww M F/M T L Fm V] 
2— —I?-2.—Ll Ele: tara. i ea 
i RES Ls + iG | te (5) 


Let n=- fle Then since W is positive for all values of 
I, and Ip M? < Lil. 


The coefficient of coupling.—Consider two coils, having 
respectively N, and N; turns, which are so close together that the 
effective flux in one coil is completely linked with the other. If ó 
is the flux in each turn of (1) when the current is i;, the linkages for 
coil (1) number N,®. The self inductance of this coil is thorefore 


i= Ne The mutual inductance is ND L m ay? 
a 5 Ni 
similarly, i£ iia the p o NR D M BAS, =, 
3 
and m = a = N, " 


condition is never fulfilled, although it is approximately true if the 


M m. 
i ) » BILE PUT kn 
coils are very close together. Tie matio = (08 7; is known 


as the coefficient of coupling and is of importance in radio work. 
When it tends to unity, the two coils are said to be ‘ close-coupled ’; 


when it is considerably less than unity the coils are ‘ loose-coupled ’. 


To prove My, = M,,.—Energy considerations enable us to estab- 
lish the fact that My, — My, where Mas is defined by the statement 


that the e.m.f. induced in (1) is — Mar when the current in (2) 


is varying. A similar definition applies to Mg, Consider hwo 
neighbouring circuits defined by the parameters +, L,, R, and i, 


L,, Ry respectively. s 


dt 
and iR, = e — Lo — MS 
i Energy given to surrounding medium in time && is 
(aL, + Madi, + (iL, + iMai = AW 


This proof is valid even when ferromagnetic materials are present 
in the neighbourhood of the circuits, 4 


The energy due to currents in two rigid coils which are not- 
/d.—If M is the mutual inductance, the e.m.f. induced in the 


frst oironit due to the changing current in tho second is Ži). 
Equations (i) in the previous paragraph then become q 


j Cd ds i 
ih =e — Ly. qM - . . 9 
.and SR. = e — LT — T0) EE 


Multiplying (iv) by í ð and (v) by i, t, wo find 
OW = Li, 0i + Lai, diy + i, Mi) + i, Mi) 
= Lá 5, + Lj, 0i, + Mi). 1 
Hence Wo ht -MA«IL4S 20. |; (vi) — 
This equation gives the energy stored in tho feld up to tho time 
of the mutual inductance at that 


The measurement of the magnetic induction associated 
with a strong magnetic fleld. Let N and S, Fig. 812, be the 
i : ; In 


. coil, known as a search-coil, ‘is placed in the gap with its plano — 
norma] to the field. This coil, with N PERERA, cross-sectional 
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area A,, is connected to a ballistic galvanometer, G, an adjustable 
resistor R, and the secondary 
of & mutual inductance M. pills 
The resistor E, is to limit, if | N) f 
necessary, the throws of the 
galvanometer and if G is a 
moving coil instrument, the 
total resistance of the second- 
ary circuit must exceed a 
certain value if the galvano- 
meter is to’ remain ballistic, MÅ 
cf. p. 339.. When the search- nAg 
coil is rapidly withdrawn j 


from the field there is a K s Primary 
circuit 
I-i H 


condary 
circuit 


change in the number of 

linkages associated with the 

coil and the quantity of PE 
electricity produced may be Fiq, 8-12,—Measurement of a strong 
measured by G, provided this magnetio field. | 
instrument is standardized. i 
To do this a known current I is quickly reversed in the primary of 
the mutucl inductance M and the corresponding throw of the 


galvanometer coil (or, magnet) noted. 
If a value for M is to be calculated, then the mutual inductor 


a cross-sectional area A, and upon this there is wound the secondary, 
a coil with a large number of turns Ns. Since the solenoid is neces- 
sarily finite in length, the secondary should be wound as close as 
possible to it in order that the flux due to the field outside the 
primary shall be negligible. 

When the search coil is rapidly withdrawn from between N and S, 
the change in the effective flux associated with the coil is N,A,B and 
if r (e.m.u.) is the resistance ‘of the secondary circuit, the quantity 
of electricity, gı produced is 

a= NAB _ «(t + 3) 


r 
if 0, is the throw of tho galvanometer, « a constant and A the 


Tt will be noted that the resistance of the Secondary ig ker 
constant, so that from the above two equations, we have 


D: 
The motion of a metal ring falling through a horizontal 
radial field.—Fig, 8.13 isa section of an electromagnet, Í 
M, in which tho pole faces are separated by a narrow cylindrical gap, f 


ANS 


n 
T 


This gap is crossed by lines of magnetic induction which spread 
m radially from the centra] core. C is a metal ring placed over 
th 


ELE 


the motion of the ring, i.e. 
would if the motion took 
To examine this 

Let B be the 
cross-sectional area of 
perimeter, y the 
material, At time ¢ let 
Consider an element of 
element is B(ósyu, so that, 
current induced is OO 


which, on integration, giv 
DE 10, 


since at t= 0, u — 9, 
Iíu-;, we have 
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On account. of this slow motion the ring appears as if it were a 
levitating in the annular air gap. 

The self inductance of a coaxial line.—This system of con. 
} ductors consists of a pair of coaxial and _ 
o very long cylinders carrying equal cur- p 
rents in opposite directions; the inner © 
conductor is a thin-walled cylinder of ` 
external diameter 2a, while the outer con- 


; , Current in each conductor is shown sym- 
Pete Tbe ot jo bolically in Fig. 8-14. The magnetic field 
; at all points such as Po, outside the system 
and at a distance r, from ita central axis, is constant in magnitude, 
and using Ampére’s circuital relation is given by Hy, where 
2nn,H, = 4n(i — i) — 0, 


= ui 
Ec 
for the field strength is s cf. p. 182, Since the field, and therefore 
the induction, inside the thin walled inner conductor is everywhere 
zero, the flux per unit length of the system is viven by 
B= f'a, : 
LJ 
since B is uniform over an element of area of length unity (normal 
to the plane of the diagram) and width ôr 
~ Õ = 245 n 4 
and this is also the number of linkages associated with unit length 
of the system. 
*. Self inductance Per unit length SP 3 In 9 in practical 
a 
units this becomes 
L = 234 ln? x 10- henry em = 


Now let us assume that the medium between the cylinders is air 
50 that its Permeability u, may be taken as unity, while the inner 
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cylinder is a solid core with constant permeability y. Then in the 
region between the cylinders, 


qut) 
$,— X1 nci 


where 9, is the flux per unit length in this region. To determine 
®,, the flux per unit length in the wire itself, let tg be the current 
density in the wire. Then, by the circuital relation, 
4a(is.zr*) = 2nrH, 
where H is the field strength at a point distant r from the axis of 
the wire, (r — a). j 
<. H= mri or B= 2nyri, 


1G, = [3 dr, 


since B is normal to the radius of cross-section of the wire. Hence 
Õ, = nya*i, = pi, 

where ¢ is the current in the wire. The self inductance per unit 

length of the core itself is therefore #, and hence, with a notation 

which is self explanatory, 


T= i +i = Mala’ +p, 


Tt must be noted that the values of the inductances thus obtained 
are valid only for direct or low-frequency alternating currents, for 
it has been assumed that the current density in the wire is constant. 
When the frequency is very high the current is confined to the 
surfaco of the wire so that Ø, — 0. In such instances the self 


inductance per unit length will be 2u, nè, 


The self inductance of a pair of parallel wires in air.— 
Suppose we have two par- 
allel conductors, each a long 
wire of diameter 2a; let s 
ke the distance between their 
axes and it is assumed that 


t> 0. Unit length of the 

system is shown in Fig. 8-15 i9. 8:15.—The self inductance of a pair 
and it is assumed that Q acts Spent palus 

as a ‘return path’ for the current in P. The flux ot magnetic 
induction across this portion of the loop and due to the current 


in P is given by 
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where ui, is the permeability of air, for at all points in the element 
of area shown, : 


^5 — yin (2). 


Since the current in Q gives rise to an equal flux across the loop, - 
and the total flux outside the system is zero, 


I oad 4u, In (3. 
or L = 4u, In () X 107? henry.cm.-1 


f The measurement of self and mutual inductance.—In 189] 


used. will be in Chapter X 
EXAMPLES VIII 
$01. A thin uniform rod, mass m and | 2a, swings under 


3 hrough 
one end. The rod swings through a semi-vertical angle 0; Obtain an 
-expression for the maximum p-d. between the eiren of the 


' & value for the mutual inductance of the 8 


the system, with its plane normal to the lines of induction, calculate 
ystem. 


cro; 
solenoid is wound is 10 om.* and its permeability is 200. [18-8 mH.] 
8-04. A Circular metal dise, diameter 48 Dm rotates on its axis — 
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50 times in a second, If the plane of the diso is'n ormal magnoti 
field of strength 70 oersteds calculate the E brushing 
touch the axis and Periphery of the dise and the ‘resistance OE the 
external circuit is 22 ohm, LU Sol gs mA.] 

805. Calculate. a value for the mutual inductance of two ia 
coils of wire, the inner one consisting of 400 turns of wire wound on 
a wooden core 80 cm. long and 3 om. in diametar, while the outer one 


their relative merits, A Copper disc, 50 om, in diameter, rotates at a 
constant speed of 2400 o of tha as POr minute in a uniform marasi 
field nofmal to the plane of the digo, The field is due to. current of 
5 amperes in a long solenoid having 10 turns per em, Obtain a value, 
in volts, for the potential difference tho axlo andthe alo 
of the disc. If thig Potential difference is balanced ‘against that 
between the ends of a small Tesistance connected in series with the 
solenoid, what is the value of this resi 1 
[4-94 x 107 volt, 0.988 x 19-2 ohm.] 
807. Deduce a formula for the field inside a long uniformly wound 
solenoid. Stato carefully the law used as the starting point in your 


8:08. A small magnet of moment M can moye along the axis of a 
circular coil of radius a. Show that when the magnet is at a distance z 
from the coil the flux of magnetic induction across the coil ig 


ng X 
Uniform magnetic field with induction B. The terminals of the coil 
Bre connected together, the total resistance of the circuit so formed 
being r, N, eglecting the effects of self inductance, obtain expressions 
T: 


(2) The peak value of the e.m.f. induced in the coil, 
(5) The peak value of kho t in the coil, 
(c) The mean couple on the coil, e ; 
and (d) The rate at whit work must be done to maintain the coil 
in rotation. 


1 N!A?B*o 
[o NABo o.m.u., (jj NABo — p dyne.cm., 


z emu. (c) 2 T 


3B151 T 
— erg.sec. | 


(2) 
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. 810. A coil of wire in the form of a square of side a and with N 
turns is rotated with constant angular velocity œ about an axis parallel 
to one side and passing through the centre of the coil. If there is a 
ic field with induction B normal to the axis prove that the mean 

254p, 
ate which wodt ist be done ¥o maintain the rotation is P, ^ eed 


where r is the resistance and J the self inductance of the coil, each in 


each coil. A ci metal disc, of radius 1-5 cm., coaxial with the 
coils and with its centre midway between them, rotates about the 
- common axis of the system. Find the rate of rotation necessary to 
establish a potential difference of 10 microvolts between the rim and 
the centre of the disc. B 
Establish any formulae used in the calculation and comment on any — 

assumptions which are made. 5) 
[157 rev.sec.-4] 1 


CHAPTER IX 


ELECTROTHERMAL EFFECTS AND 
THERMOELECTRICITY 


ELECTROTHERMAL EFFECTS 


The heating effect of a current.—Let A and B be two cross- 
sections in a wire at potentials V, and V, volts respectively 
(V, > Va). Suppose that a charge 6Q coulomb passes from A to B. 
At A the potential energy associated with the charge is V,.6Q; 
at Bit is V,.6Q. The loss in potential energy associated with this 
charge as it passes from A to B is (Vi — V,)6Q. If a current of 
I amperes is passing along the wire, ÓQ = I. 6t, if ôt is the time 
taken to transfer the charge from A to B. The energy lost appears - 
as heat in the conductor and the rate at which energy is dissipated, 
the so-called power, is VI watts, if V, — Va = V, the drop in poten- 
tial between A and B, The energy dissipated in ¢ seconds is given 
by W = VII joules. 2 

If v, v, and 4 are the potentials and current in e.m.u. we may 
show in a similar way that the rate of working is vi erg.sec. *. 

Now since the actual amount of energy evolved per second must 
be independent of the units in which it is expressed, we have 

VI watt. = vi erg. 

But I = 10i, and 1 watt. = 107 erg.seo. 7. 

+. V(10j)10? = vi, or 108V =», 
ie. 1 emu. of potential difference is equal to 10-8 volt. 
Tf R is the resistance of the wire between the points A and B, 
we have V = IR, so that 
a 
W-VEU-IT*NA or M e 
R 

Now although these alternative expressions for W, which measures 
the so-called Joule heating effect in the wire, are theoretically 
identical, the use in calorimetric work of those which involve the 
resistance Ris much to be deprecated. 
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CALLENDAR always emphasized that the value of R under the con. 
ditions applicable to a calorimetric experiment was never known 
unless both V and I were measured. The reason for this is that the 
temperature of the wire is always several degrees in excess of that of 
the calorimetric fluid ; this excess is unknown, so that even if the 
resistance of the wire has been measured at a standard or known 
temperature and an accurate value for the resistance-temperatur. 


- coefficient for the material of the wire is available, it is neverthe- 


less impossible to calculate a reliable value for the resistance of the 
wire when it is used in a calorimetric experiment. The effect is 
small if manganin wire is used but the argument is greatly clarified 
by the following experiment.  . : 

A nickel wire, s.w.g. No. 34 and about 40 cm. long, was used as 
a heater. At room temperature its resistance was about 0-85 ohm. 
Assuming a value for J, the mechanical equivalent of heat, it was 
hoped to use the above wire in a simple calorimetric experiment to 
determine the specific heat of paraffin oil. When a high resistance 


‘voltmeter was placed across the wire, the current through it being 


about 2 amp., the fraction $ differed considerably from the resist- 


ance of the wire as measured by means of a post-office box, even 
when the liquid was thoroughly stirred. When the stirring ceased, 
the voltmeter reading decreased by as much as 10 per cent; the 
resistance of the wire had increased considerably so that the current 
through it was reduced. Hence, in calorimetric experiments, where 
the rate of supply of heat is controlled electrically, it is most 
undesirable to use any other expression than VIt joules for the 
energy dissipated in the calorimeter, 


Experimental determination of the thermal capacity, at 
room temperature, of a calorimeter and its contents.—As 
shown in Fig. 9-01 (a), the apparatus consists essentially of the 
calorimeter containing a thin insulating oil; the calorimeter C is 
fitted with an ebonite lid which carries the heating coil H, the whole 
being surrounded by a large double-walled copper vessel D, the 
space between ita walls being filled with water. For preference, 
the calorimeter should be suspended by three fine strings. The 
temperature of the water in the outer jacket is recorded by the 
thermometer T, and is the ‘temperature of the enclosure 2 or 
“room temperature’, "The current is supplied from a battery as 
shown in Fig. 9.01 (b) and is kept constant by means of the sliding 
resistance R; its magnitude is measured by an ammeter A. The 
potential difference across the heating coil is measured by a high 
resistance voltmeter V. To obtain a reliable result in any calori- 
metric experiment of this nature, the energy must be supplied at a 
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rate of 20-30 watts and, for really accurate work, a potentiometer 
should be used to measure both the current and the potential 
difference involved. 3 
Now whenever a voltmeter and an ammeter have to be used 
simultaneously to measure Power (or determine the characteristic 
curve of a diode, eto.) it is well to consider the circuit arrangements. 


g" 


In the present instance the two possible arrangements are shown 
in Fig. 9-01 (c) and (d) respectively. Using the information given 
on each diagram, the current through the heating coil in the first 


arrangement is "E so that the power actually: discinated a 090 


in the heater H is 


vl r 


which differs from VI, the power determined from the instrument 
readings only, by 0-1 per cent. d em 
. In the second arrangement the potential difference across the 
3 0:5 Dre gatas 
"^ heate: ME d yen that th wer in the coil is, in fact, 
eater is (ss $ ut 80 e po " 
0-5 


oar) 
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error now being 2 per cent ; the first arrangement must therefore 
used. 
"To determine the thermal capacity of the calorimeter and its 
contents it is necessary to determine the rate at which the tempera- 
ture of the calorimeter and its contents is changing at a given instant. 
Now, in general, the observed rate of rise in temperature will be 
affected by the rate at which energy is being exchanged between the 
calorimeter and its surroundings. If, however, the rate of rise in 
temperature for the calorimeter and its contents can be determined 
.at room temperature, the net energy exchange between the calori- 
“meter and its surroundings must be small. To do this the calori- 
meter and its contents are cooled to a temperature about three 
‘degrees below room temperature. The cooling agent, which must 
be external to the calorimeter, is then removed, the external surface” 
of the calorimeter dried, if necessary, and the current switched on. 
' Observations are taken to enable one to exhibit graphically the 
manner in which the temperature of the calorimeter and its con- 
tents varies with time ; such a graph is shown in Fig. 9-01 (e). Let 
CD be the line which represents how room temperature varies 
- during the course of the experiment; it will be almost a straight 
line with a very small slope. Let CD cut the heating curve in P. 
To determine a reliable value for the slope'of the curve at P, normals 
to the curve at five or six points are drawn with the help of a plane 
mirror; the corresponding tangents are then constructed and the 


slope of each is determined. The curve showing how = varies with 


©” Bis then constructed. Fig. 9-01(f) is such a curve. Owing to the 
- error in determining a value for the slope at any point on the heating 
curve, the points are scattered somewhat irregularly but the best 


curve is drawn through them. The value of -: at room tempera- 


. ture 0,, viz. E » is obtained by drawing the ordinate MN, 
$20, 
where ON = 6,, to cut the curve in M. The value for the. slope 
+t P thus obtained is very reliable since it has been found by evalu- 
ating several slopes in the manner indicated. 
If © joule.deg.—! C. is the thermal capacity of the calorimeter 


and its contents, 
do 
q= = Vi, 
(z ia 


so that a value for C may be found. If a value for the specific heat 
of the material of the calorimeter is available, then that of the 


liquid t room temperature may be calculated provided the mass 
2l liquid in the calorimeter is known. 


[Since both V and I are known, a value for the resistance of the 
heating coil under the conditions in which it is used is at once 
available ; a correction for the power dissipated in the voltmeter 
is easily made.] 

Maximum power to be obtained from a given battery.— 
Let E be the e.m.f. of & battery with internal resistance B. If a 
resistance R is connected to the battery the current through R is 


ds Hence the energy dissipated per second in R is 


2 
BERTE sey: For this to be a maximum or a minimum 


ak must be zero. Differentiating, we have, 


dR 
-dP _ EXB + R)? — E'RI(B + Kj] 
| — Pm ae 


This is zero when R = B. A second differentiation shows that 
P is a maximum when R = B. 


Experiment.—To make use of the theorem which has just been 
established and obtain useful data about an accumulator, the circuit 
shown in Fig. 9-02 (a) may be used. The source 
of power is an accumulator E with a 1 ohm coil 
in series with it; let B be the internal resistance 
of the accumulator plus that of the coil. Then 
this combination may be regarded as a cell 
with an e.m.f. E and an effective internal 
resistance B; it is arranged in series with & 
known adjustable resistance R, having com- 
ponents 0-1, 0-2, 0-2, 0-5, 1, 2, 2 and 5 ohms, 
and an ammeter A, whose resistance is neg- 
ligible. The potential difference, V, across R 
is measured with the aid of a high-resistance 
voltmeter; the current is I. 2x 

If a series of corresponding values of V and 
I is obtained, the graph shown in Fig. 9-02 (b) 
may be constructed and used to find the follow- 
ing facts; the graph is linear and must be ex- 
trapolated to cut the axes in points H and K. 

(a) When R —- co, I—» 0 and the reading 
of V tends to equal the e.m.f. of the cell. Thus 
OK measures this o.m.f. Fie. 9-02. 

(b) The maximum current which the cell can , 
Supply occurs when R = 0,i.e. when the voltmeter reading is zero. 
is maximum current is therefore given by OH. 

(c) The equation to HK is 


:$-L 


als 


where a = © and b = E. 


oi y = E — Bz, 
Orgs Peat f oi di line HK, the power developed in R is 
pe Paayan- B) 
3 eee emt shornita bè &maxinmm when 2 T73B ie. when Q is 
the mid-point! of HK: Its coordinates are Gr is). so that the 


‘maximum power is im as required by the above theorem; the slope 

he line joining O to the mid-point of HK is B. 

The principle of least heat.—Let us consider two resistors R, 

and R, in parallel, the current through the combination being I. 

1f I, is the current through R,, (I — I,) is the current through R, 
-. Rate at which heat is produced in the two resistors 


oh IPR, + (I— Ij, i 860.7! — P (say) 
Wei PURUS mph : 


1 
^p eR +20 LC Ry 
E 2 
` This is zero if I (R; + R,) = IR, and since T. is positive for 
E 1 
this value of I, the rate of production is a minimum when this 
i I A. I 


conditionissatisfed. Itmay be written 1 TRSOBSAR =A. 
1 1 3 1 


I 
where A is a constant ; similarly, I, = A Thus Pisa minimum 
$ 2 


when the current through each resistor is inversely proportional 
to its resistance. This, however, is the manner in which the current 
I does distribute itself and hence the division of current is such 

that the rate of production of heat is a minimum, 
The rise in temperature of a wire due to the passage of an 
électric current.—Consider a wire of length 7, radius a, through 
_ which a current Iis flowing. -If R is the resistance of the wire when 
steady conditions have been attained, i.e. when 4, its teraperature 
excess above its surroundings, is constant, the rate at which heat is. 
developed in the wire is ITRJ-1, If N ewton’s law of cooling applies 
TRJ- = ¢.2nal.¢, where e is the surface emissivity of the 
wire. But R = RN where y is the resistivity of the material of 

. the wire at the excess temperature d. 


| i a : E t= atan]. 
à! 


X 


* 
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Thus the elevation of temperature is independent of the length 

of the wire, but for a constant current ? is inversely proportional 
x 


to the cube of the radius, = 
Instead of assuming Newton’s law of cooling it may be supposed 
that the wire behaves as a full radiator (or black body) when the 
tate of loss of energy in erg.sec.-! is given by 
IR x 10! = Z2nalg(T* — Tat) 
where o is Stefan’s constant, viz. 5-74 x 10-5 erg.cm.-? geo,-i 
deg.-* K., T and T, the absolute temperatures of the wire and its 
surroundings. If the wire is a filament in a lamp T > T, so that 
T,* may be neglected in comparison with T4, Since R = PR 
na 
P= ante x 1077, 


For tungsten x is almost constant, so that for tungsten wires of 


constant radius, 
PaT, or Tom. 


Example.—An electric fire radiated at GI* watts, and its heater 
element has a resistance 15 4: UT*, where T is the absolute temperature 
of the element and a and b are constante; With a potential difference 
of 100 V. across the fire the current is 4 A. Tn order that the fire may 
lose heat at a rate P watts, and assuming that the loss of energy is by 
radiation only, show that the voltage across the fire must be adjusted to ` 


a value V15P + jPi-5, Prove, also, that the current is P . 
15 -4 VP 


When V is the applied potentiel difference, let R be the resistance. 
en 


E RaT oy KON M 


If T, is the temperature of the heater when V = 100 V. and 
I = 4 amp. wo have 


400 = aT,*, 
and 26 = 16 + bT," ie. 10 = 67,2, 
Eliminating T, from these equations, we get, 
- Ya. 
z b 
: yi P 
Now P-dgym -mar4 r. m= f 


1 
i. pé ode = 


2 
46 E UT! Is L1vP. 
^O = OVIBP + pP% 
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V VisP + Pis EXP 
due leg 16 -3vP 15 + 1 VP 
Esample.—The rate of radiation of heat by an electric firo is pro- 
portional to the fourth power of the absolute temperature T of the 
1 i ich increases with increase of temperature. 
A given small diminution in mains voltage reduces the Steady rate of 


radiation of heat by the fire. Show that the reduction of heat radiated 
is less than it would be if R were independent of T, in the ratio 


FERT UE 
! 1:1 4- n d(In Ty 
approximately. — P 
Let P = power = aT«, where a is a constant; also let R = f(T). 
Thái. Pe aol, ie Vic RaT - oT, 
Áo 2V6V = [4a T*f(T) + aT^4f (TyjoT. 


. P. dP dT Bamiy 
"dy Tal av 7 aT HT) a aT*f (T) 
(a) IFR = f(T) = constant, let (SP), be the change in power. Then 
8aT*V ov 2V 
GP. = eT - RY 

which could have been written down at once, using P =: x = «V! 
E: where a is a constant. 

(b) If f(T) is not constant, let the change in power be (óP),. Then 
daT?. 2V . 


(Ph = TT F Ty: 
. Ph ____ 2VaV 1 
(GP) AT) + PT) "n "s 
= SEDIS CHE T tt 1 Enn 1 . 
KATE): TRT Y din R) 
**Rdp tinm) 


Experimental investigation of the power dissipated in a 6V. 
-—For this purpose the lamp is placed in the arm CD of the 


Series with the ammeter is to raise the resistance in the arm AD so 
that R, may have ,^ reasonably large value. 

i "When the bridge is balanced the Voltage, V, across the lamp is given 
by the reading of the voltmeter, while the current through it is that 
"^ the ammeter, viz. T. Hence the power dissipated in the lamp 


È 
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is VI = P, say, while its resistance is R = t If it is assumed that. 


P = aR”, then the constants a and n may bo found after a series of 

corresponding values of P and R has been obtained. To proceed, we 

write ' f 
log P = log a + n log R, 

or Yy =A + nz, 


where A = log a and z = log R. This is the equation to a straight — 
line and usually a large-scale graph is required if accurate values for 


H- 


H—I2V 4 


Fic. 9-03.--Experimental determination of the power dissipated in an 
electric lamp. 


the constants are to be obtained. It is then almost impossible to 
indicate the origin of coordinates so that a value for A cannot be deter- 
mined at once. To overcome this difficulty two widely separated _ 
Points (x, y) and (as, Ya) on the straight line are chosen and theequation 
to it is found by using i 

y—91 YY 

$—2, m=i 

This may be arranged as : 
y- A + nz, i e 

80 that A and m are at once known. 


THERMOELECTRICITY—FUNDAMENTAL FACTS 


The Seebeck effect.—In 1821 SrEBEOK discovered that an 
electric current could be produced by thermal means alone. , He 
showed that a current flows in a circuit consisting of two wires of 
different materials as long as there is a difference in temperature 
between the two junctions. Such currents are termed thermo- 
electric currents and the electromotive force producing them is 
known as a thermoelectric force. j 

One of the first pieces of apparatus whereby Seebeck discovered 
how to produce thermoelectric currents is shown in Fig. 9-04 (a). 
The ends of a copper bar were bent, as indicated, and soldered to a 
bar of bismuth. The plane of this combination of metals was 

G.D.P.—v—K 3 


Hot <—— Bi Cola 
A i 77, B 
N Antimony 
® ATSO 
Cu —> 
(a) 


Fia. 9-04.—The Seebeck effect. 


direction of the current ma 
coil in the meridian and observin 


any current produced by a 
‘junctions’, In each 


e energy necessary to maintain the current is derived 
from the Surroundings, ie, on the whole, there is an absorption 
of heat from them, 


Experiment, AH ig a rod of copper 1 cm. in diameter and bent 
88 indicated iw Fig. 9-05 (a). It is short-circuited by C, a thick 
Piece of constantan [Cu 60 per cent, Ni 40 per cent]. A large iron 
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B 


(a) (6) 
Fra. 9:05.—The Seebeck effect. 


halves, grooved, and fitted round the rod as shown in 
(©): AB is insulated from thi m 
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y be found by placing the plane of the - 
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The Peltier effect.—An effect which is the converse of that just 
described was discovered in 1834 by Purr. He noticed that 
when a current passed.across the junction between two dissimilar’ 
metals there was either an evolution or an absorption of heat, i.e. 
the junction was either heated or cooled. For any two metals the 
condition whether the junction shall bo heated or cooled is deter- 
mined by the direction of the current. This effect is entirely apart 
from the Joule’ effect which is irreversible, i.e. it does not depend 
on the direction of the current in the conductor, whereas the Peltier 
effect is reversible. In the following experiment the former effect 
is made negligibly small by using thick rods. B, Fig. 9-06, is a rod 


«C pend 


Fic. 9:06.—The Peltier effect. 


of bismuth soldered at each end to a rod of antimony, A. If a 
current is passed in the direction indicated there is an evolution of 
heat where the current passes from the antimony to the bismuth, 
At the other junction heat is absorbed. The effects are reversed. 
when the current is reversed. These effects are clearly shown if 
coils of thin copper wire are wound round the Junctions of the metals. 
Copper is chosen because its resistance-temperature coefficient is 
large. The resistances of these coils are measured when a current 
is passed along the rods. An increase in resistance of the coil at 
the junction where the current passes from antimony to bismuth 
shows that heat is developed at this junction. The other junction 
is cooled for the resistance of the coil round it decreases. When 
the direction of the current is reversed, contrary effects are obtained, 
indicating thereby that the effect under investigation is reversible. 

The existence of the Peltier effect may also be demonstrated in 
the following way. Let T, Fig. 9-07, be a the mopile conmiepred 
through a key, K,, to a sensitive galvanometer, ©, and a resistance 
R,. Further, let us suppose that when heat radiation falls upon 
the right-hand face of the thermopile the eurrent“in, the circuit 
marked (i) is clockwise. Let B be an accumulator, in series with a 
Teversing key K, an ammeter A, preferably of the MOTORES 
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type, an adjustable resistance R, and key K}, so that a current of 
about 0-1 ampere may be passed for a period of about 10 seconds 
through the thermopile T [circuit (ii)]. By arranging a resistance 
R,(> 104.2) in parallel with A and G, i.e. across PQ, a small fraction 
of the current I, may be made to pass through @ and hence, by 
using the réversing key Ky, throngh T in the same direction as did 
.. the thermoelectric current produced when heat radiations fell on 

the right-hand face of T. When K, is opened and K, closed im- 
mediately afterwards it will be found that G is deflected ; the direc- 
tion of this deflexion will be such as to indicate the presence of an 


Circuit (i) 


mæ.. 


Ly Heat 


ron radiation 


Ny 
sx. 
Fie. 9:07.—Demonstration of the Peltier effect. 


anticlockwise current in circuit (i). Thus the junctions of the 
thermopile on its r.h.s. must have been cooled with respect to those 
on the lh.s. If the current from B through T is reversed, the 
‘current through G when K, is closed will also be reversed. 

Both the Seebeck and the Peltier effects may be explained if we 
assume that there is an electromotive force at the junction of two 
metals, acting in the case of an antimony-bismuth junction from 
the bismuth to the antimony, i.e. bismuth is electropositive with 
respect to antimony. Ifa circuit consists of two metals only and 
the temperature is everywhere the same, then the electromotiv> 
force at one junction is equal and opposite to that at the other and 
the total electromotive force in the circuit is zero. If, however, the 
temperatures of the junctions are different, the opposing electro 
motive forces are not equal and the difference between them causes 
a current to flow. | 

On the other hand, when & current is passed from antimony to 
bismuth work is done in overcoming the electromotive force at the 
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junction; this appears as heat and the junction is heated. If the 
current is reversed the junction is cooled. Hence, on these assump- 
tions, the existence of the Peltier effect finds a ready explanation. 
In a general way the existence of an e.m.f. at the junction of two 
metals can be accounted for from our knowledge of the structure 
of conducting substances. Modern theory suggests that all such 
bodies contain large numbers of free electrons, ie. electrons free to 
move in the interstices between the constituent particles of the 
conductor. These electrons behave very much like the molecules 
of a gas so that they are often referred to as an ‘electronic gas’. 
The density of this gas at any fixed temperature of the metal is 
assumed to vary in different metals, so that when two metals are 
placed in contaot the electrons diffuse from one to the other. This 
diffusion establishes an electromotive force at the junction which 
increases in value until it is sufficient to prevent a differential 
diffusion of the electrons from the one metal to the other. The 
equilibrium condition finally established is an example of a 
‘dynamic’ equilibrium as distinct from a ‘static’ equilibrium, 
for there is no reason to suppose that when equilibrium has been 
attained the motion of the electrons ceases. : 


The Thomson effect.—From theoretical considerations KELVIN 
when he was Sm WM. THOMSON, proved that if the only seat of 
potential difference in & thermocouple was at the junctions the total 
emf. in the circuit should be proportional to the temperature 
difference between the junctions. Experiment shows that this is 
not even approximately true so that Kelvin assumed that in any 
homogeneous wire there must be an e.m.f. whenever there is a 
temperature gradient in the wire, To test the validity of this 
conclusion, Kelvin sent a heavy current through a homogeneous 
bar. The ends of this bar were kept at a constant temperature, 
but the central portion was heated. Then, with the aid of a sensitive 
differential thermometer, he showed that the amounts of heat 
generated in the two halves of the bar were unequal. He also 
showed that the effect was reversible. 


Electron theory and the Thomson effect.—Since the electron 
density is greater at low temperatures than at high, it follows that 
we may expect an electromotive force whenever a temperature 


Thomson effect. Unfortunately, 


directed from the region of high temperature to that where it is low, 
ie. electrons move from the cold to the hot region, whereas experl- 
ment shows that this direction depends upon the material 


investigated. 
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The Seebeck and Peltier effects—Let A and B, Fig. 9-08 (a), 
be two dissimilar metals, one junction being hot while the other is 
cold. Then, in general, a thermoelectric current flows in this circuit 
as long as there is a temperature difference between the two june- 
tions. It will be assumed that this current passes from A to B, 
across the hot junction. In Peltier's experiment a battery is 
placed in the circuit formed by A and B, cf. Fig. 9:08 (b), the two 
junctions being at the same temperature initially. It will be sup- 


Heat absorbed 


‘Hot 
TA 
a 
A = B d 


Cold’ Heat liberated 
e (Q0 (b) 
Fie. 9-08.—The Seebeck and Peltier effects, 


The above experiment Suggests that the therm i 

oelectric current 
A to the Seebeck effect is maintained by the energy absorbed from 
: Source less that Supplied to the sink. Since there is a current 
ne in the circuit there must be an electromotive force acting 
_ Let ITa denote the heat absorb 
(in oe when a mall 
ay is termed the Peltier coefficient 
in volts. This coefficient is not a constant 
but, as will be proved later, varies as the 


; it is usually expressed 
for a given pair of metals 
absolute temperature of 


If in any particular instance J7,, i i 
H is tive, . i i 
indicates that heat is evolved when t| oes o B. 
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these conditions are as indicated. Let us consider the gain in energy 
of a charge 6Q taken round the circuit in a clockwise direction. 

Heat absorbed at the hot junction is [Ia], 6Q (work units). 

Heat liberated at the cold junction is [/7,,]y, 6Q (work units). 

Hence the energy gained by the charge when it is taken once 
round the complete circuit is ; 


(ade, — Ua, )9Q, 
if it is assumed that the ohmic resistance of the circuit is negligible, 
and the Peltier effect is the only thermoelectrie effect in the circuit. 

If E is the electromotive force in the circuit, the energy gained 
when the charge 6Q is taken round is E.6Q, i.e. if OW is the gain 
in potential energy, E — id 

LI dQ 
^SOE Ula, — Ule. 

Application of the principles of.thermodynamics.—The 
cirouit—cf. Fig. 9-09 (b)—now under consideration is such that it 
may be regarded as a heat engine in which energy is drawn from the 
source at a temperature T + ôT and given to the sink at a lower . 
temperature T. In the process energy is expended. Such an engine 


i [a], [zo] 
ot (T,) T+6T 7 
A B A C) 
Cold CT) TS 
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Fic. 9-09.—Application of prensa Aper de a thermoelectric 
circuit. 


is known as a Carnot engine, if the processes are reversible. Now 
the thermoelectric effects in the circuit considered are reversible, 
i.e. we have a reversible engine of the type contemplated in thermo- 
dynamics. According to the principles of that theory, the sum of 


the quantities 
Heat absorbed 
Absolute temperature at. which it is absorbed 
for all the sources and sinks in a reversible cycle is zero, i.e. 


Te Uo DO 
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Let us apply the above principle to a circuit whose junctions are 
at temperatures T and (T + ôT), the Peltier coefficients being 
Uas) and [Maltar respectively. Since no confusion can arise in 
the present discussion these coefficients will be denoted by JZ and 
II + ôl. Hence, by the principles of thermodynamics, 

(T + 61)6Q IQ _ 
T+ óT Beni 


; IZ Ho 9 
1e. Ti TT or (7) =0. 


[Here we have to remember that if y = s, where u and v are 


| Oud du 
yt e D uc» piy 


functions of some variable, say 2, 
w--óu | d 


Since X) — 0, it follows that cs is constant. 
If we apply this result to a thermocouple whose junctions are at 
temperatures T, and T, (T, < T,), we have 


and therefore 


E-IL-IL- s I a n5). 
: foe $ 1 1 
i.e. the e.m.f. in the circuit is directly proportional to T, — T, the 
difference in temperature between the two junctions.) This is not 
80; hence there must be some other reversible effect in the circuit. 
This was predicted by Tomson (Kevin) and this second reversible 
effect is termed the Thomson effect. It refers to the evolution of 
energy when an electric current traverses a temperature gradient 
in a metal; it is the only one of the three thermoelectric effects 
which deals with a single material, so that it is sometimes referred 
to as the homogeneous thermoelectrio effect. 


(The Thomson eff Thi 
ect.—This is defined in the following way. 
m ced ôQ coulomb be taken from a point at temperature T 
E on d conductor to another point at temperature 
~= “Aen the energy gained is g. 9T. 6Q joule, where ø is the 


Thomson coefficient for the materi 
Yaspatium T. ) eed aterial of the conductor when at a 


; ered positive when there is an acquisi- 

ae mie by the charge under the above eia, 
7 nid dr shown in Fig. 9-10 (a) has been developed. to 
biens € existence of the "Thomson effect in constantan ; 
alloy is selected since its Thomson coefficient has a large value. 
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A is a rod of constantan about 1-2 cm. in diameter and 18 em. long. 
Tt has a fine screw thread cut along, its whole length except near 
the ends where it is slightly reduced in diameter and fitted with 
brass terminals T, and Tẹ. B is a brass rod about 2-5 cm. in 


Polished metal 


bunsen 
screens . 
T 
M, 


Tm 


NES 


(e) 


(2) 


Fro. 9:10.—(a) Plan of apparatus for demonstrating the Thomson effect, 
» (not i scale) ; (b) The electrical circuit. ! 


diameter and screwed to carry the constantan rod ; brass nuts hold 
this rigidly in position. C, and C, are brass chambers fitted to 
the rod and held by means of brass nuts in symmetrical positions 
with respect to its centre; 8 rapid stream of cold water passes 
continuously through these chambers.. H, and H, are thermistors 
mounted with their elements on the axis of the rod and at equal 
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distances from its mid-section; a small quantity of Araldite holds 
each in position. The bar B is heated witb a bunsen flame, the 
main part of the assembly being screened from it with the aid of 
the polished metal plates M, and M,. 

H, and H, form the ratio arms P and Q of a Wheatstone bridge, 
the arm AK is a fixed resistor R(100 Q), while in CK we have an 
adjustable resistor Sy in series with a combination of a 10.2 coil 
in parallel with an adjustable resistance S. R is a resistance of 
500 Q in series with the galvanometer G so that this is not heavily 
damped. At room temperatures the resistances of H, and H, are 
each about 2000 2-5000. but these decrease to lie within the range 
50 2-100 Q when used in the rod. 

A current of 20-30 amperes is then passed along the rod, when 
almost at once the balance of the bridge is destroyed and the spot 
of light drifts slowly off the galvanometer scale. This drift is soon 
arrested when the current along the rod is reversed, and in a few 
seconds the spot of light begins to move in the opposite direction 
across the scale. Tel 

If low-frequency current is passed along the rod the bridge 
remains balanced, and if the constantan rod is replaced by one of 
lead, about 2 cm. in diameter, the bridge is balanced with currents 
of both zero and low frequency; thus in lead the Thomson co- 
efficient is very small, if not zero. [When these experiments are 
completed the water must be allowed to flow for some minutes to 
prevent the Araldite from .charring.] 

(To obtain an expression for the Thomson coefficient let us con- 
sider the circuit shown in Fig. 9-11 (a). In the metal A, as a charge 
4Q moves from T, to Ta, then, on account of the Thomson effect, 


the gain in potential energy associated with the charge is òQ ( ‘o,dT. 


Let the charge 6Q be taken round the circuit in a Un dir 
. r) £ & ee 
tion. Then ôW, the total gain in potential energy, is given by : 


aw = aaff oar + Walk, + f^ aT + Us. 


i aw LN 1 
Ram c [ner etas, SE aar Wah}, 
; ui T, ; 
E dl 9E = ITA] + (o, — %)6T, 
opi is written for SE, and [IT] for Woke yor — UL. 
utum -m o... (i) 
1t. p, = 2E the ther . 
a= ap t moelectric power or relative Seebeck 
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coefficient for the two metals, we may write the above equation 
in the form 
dll. y 
Pa = gr b. %): 20-9 Was: A GAR) 
and each of these equations has been obtained from the principle 
of the conservation of energy ; the small irreversible Joule heating 
effect is neglected. 


[ras], [+017] 
Hot CT) I~ (T«dT) 
[a] bu] ala so 
'Cold (T-A 1: í 
Sa [mj]; v. [n], er 
(a) AE T 
Fro. 9-11.—Application of thermodynamics to a thermoelectric 
cireuit. 3 


Now let us consider the Carnot cycle indicated in Fig. 9-11 (b); 
implicitly, the processes must be reversible. Applying the thermo- 
dynamic principle cited on p. 263 we have 

HI HT WT. 

T-o0T (T T T 


oe 


: ralio? Ga — 0b. v ag 
Le. am rlt or $ . (üi) 
From. (i) 2 = a+ (da — 9%) $ : . (iv) 
Multiplying (iii) by T, 
aq M, Qr HE i ies 
3x: T (ga — 99) (0) 
From (iv) and (v) is 
dE bes T5 de ^ Hal dv d(Eap) =Py - . (vi) 
JT S eee dT i 


GR P 
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a) 
Ao. sR gee Ur. dM dT 
dE [dE d*E 
-5- (a+ Tm) 
E t 
as Ca ey mmo PB . i : « . (vii) 
Again, since P= F> 
I dI] d a 
BUT uT 5 
This we may write in the form 
dP 


1 
Fd =F (o, SE 0»). 


An examination of this equation shows that on one side we have 
P.,, à quantity relating to two metals, while on the other side each 
term refers to one metal only. Can therefore P,, be regarded as 
the difference of two quantities, one referring to metal A and the 
other to metal B? Since the third law of thermodynamics, cf. 
Vol. II, enables us to show that at the absolute zero of temperature 


both Pay and TR are zero, we may therefore write 


T n 

P. = pe pie | od 

ab P; Py E T " T , 
where P, is defined as the absolute Seebeck coefficient for the 
metal A; similarly, for Py. The absolute Seebeck coefficient for 
a metal at very low temperatures may be determined by joining it 
to a superconductor which is assumed to have negligible thermo- 
electric coefficients. In this way the absolute Seebeck coefficient for 
lead has been found (1958); the values for ø were determined by 
Cumistran and others using the method of Borexivs, cf. p. 291. 
Law of intermediate temperatures.—It has been proved that 


Eo = Tuy, — Wer, 5p fe — )dT. 
T 


The first important property of Eqs be : i 
Fees: Wap becomes apparent if we choose 
some temperature T, such that > TS T. Tet Eq” and Eqs’ 


denote the e.m.fs. for the temperat i 
(T — T,), respectively. "Then E o 5m 


Bas” = (Tale, — Waly + f ioe Sailer, 
T 


Eu! = Uab — Ufa], + L (os — ovat. 


and 


M o 
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By addition we have 
Ew” + Eoy = Eo» 


an equation showing that the emf. of à thermocouple for any 
temperature interval T, — TT, is the sum of the e.m.fs. corresponding 
to any smaller intervals into which the range T, — T, may be sub- 
divided. 

Law of intermediate metals.—Now let us consider the three 
thermocouples AB, BC, AC, the junctions in each instance being 
at temperatures T, and T; respectively, where T, T, Then 


T. 
Ew = wh, — Wash, + i: (0, — wa, 


and Ew Uf, — Ww, [e eT 


By addition, we have 
Ey + Eve = [La + Hier, ~ Ula + Ihe, 


cf “(oa — oT - . v») 
T. 


To evaluate the first two terms on the r.his. of the above equation 
let us imagine that the three metals, A,B and C, form & closed circuit 
as in Fig. 9:12 (a), the temperature being the same at all points in 
the circuit. Then the resultant ehf. in this circuit must neces- 
sarily be zero, for otherwise a current would exist and energy be 
dissipated without any source of energy being present. Such a 


Cold’ 
(T) 
e M 
B B 'Cold" 
(T) 
A ‘Hot A 
(a) Pa 


Fro. 9:12.—The law of intermediate metals. 


state of affairs would be inconsistent with the principle of the 


conservation of energy: | 

Since the temperature gradient is everywhere zero the Thomson 
e.m.fs. are zero, and we have, ifa charge 6Q is taken rouad the 
circuit in a clockwise direction, 


(IL 4- Ii + II4gQ-— 0, ie Ia + Hy = Moo 
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Hence from (i) we get 


T, 
Eg + E» = Waor, — Malr, + E (dq — Ge)dT 
= Eas SONIS mo : : » (ï) 


Therefore, if the thermal e.m.fs. for each of two metals in com- 
bination with a third are known, the e.m.f. for the thermocouple 
formed by combining the two metals is obtained by subtraction, 
for equation (ii) may be written 

; Ej — Ey = Ej. 


Tt is necessary to note carefully that the equation must be written 
as above, since in actual practice the third metal is lead and the 
e.m.f. in a lead-metal circuit is considered positive when the 
thermoelectric current flows from the lead to the other metal 
through the hot junction. Thus for metals A and B in contact with 
lead (L) to form separate thermocouples, we have 


Ey +E, +E,=0, or Ey = Ey + Ep, 
from which it follows at once that 
Ey — Ej = Eg. 

The convenience of the above theorem is at once apparent, for it 
permits us to measure and tabulate for all metals their thermal 
exn.fs. with respect to some metal as standard. This standard is 
lead, since the Thomson effect in lead at temperatures somewhat 
removed from the absolute zero of temperature is zero or negligibly 
small. The difference between two such values gives the e.m.f. for 
a thermocouple formed from the corresponding pair of metals. 

To conclude this part of our discussion on tnermoelectricity, let 
us imagine that a third metal M is included Letween two metals 
A and B, as in Fig. 9:12 (6); there being no differen ve in temperature 
between the ends of M. Let the junction between A and B be at a 
ne abi T, while T, is that of M. — 

n 


Ea = Ula), + fnr + Wome, + 0 + Hmalr, + NC dT 
= Uh, + Him + Ia), + L (e — oyaT 
Ti 


= Wake, — Ulo), + I (Gs — oy) T 
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temperature, it follows that the e.m.f. of a thermocouple is unaffected 
by the introduction of these metals under such conditions. 
These last remarks are exceedingly important since they indicate 
that all instruments and connecting wires included in a thermo- 
electric circuit do not contribute to the emf, provided that the 
temperatures are the same at each end of the wire or instrument. 
The e.m.f. of a thermocouple.—Experiment shows that when 
the cold junetion is at the temperature of meiting ice, then for 
many pairs of metals and over a limited range of temperatures, 
E = of + $80%= «(T — 273) + ipu — 273), 
where a and f are constants for any one pair of metals, and @ is the 
temperature of the hot junction on the gas centigrade scale of tem- 
perature and T is that on the Kelvin scale. The restriction that 
the temperature of the cold junction is 0° C. does not affect the 
argument which follows since 


9, 0a Os 
[= - DE 
0, 0 o 
= a(0, — 01) + i9; — 06,9). 
where in this last equation 8, is & constant temperature, while 6, 
is a variable one. 

These equations show that the relation between Eqs and tempera- 
ture is a parabolic one, but whether or not the curve passes through 
the origin of coordinates depends on the scale of temperature and 
the temperature of the cold junction. 

Thermoelectric power or the relative Seebeck coefficient.— 
This is denoted by the symbol Pa» and is defined by the equation 


Py = Et nat = a+ AT M9 : 


Thus P, measures the slope of the thermoelectric curve, i.e. the 
curve obtained by plotting values of Eg» as ordinate and correspond- 
ing values of 0 (or T) as abscissae.. Such curves are shown in 
Fig. 9:13. 5 


(œ) à je 
Fre. 9-13.—Thermoelestric curves and thermoelectric power. 
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The thermoelectric diagram.— This is a diagram constructed 
to show the relation between the relative Seebeck coefficient or 
thermoelectric power in a circuit comprising two metals and the 
temperature of the hot junction provided that the cold junction is 
kept at a fixed temperature, It is not necessary to specify this 
temperature, however, since the thermoelectric power is independent 
of the temperature of the cold junction. Usually one of the metals 
is lead since for this metal the Thomson effect is either zero, or 
negligibly small. Such diagrams were first constructed by Tarr, and 
are known as Tait diagrams. For purposes of theoretical dis- 
cussion temperatures should be referred to the Kelvin scale of 
temperature. 

Let it be stipulated that the current flows from lead to the metal 
at the hot junction. The straight line* A, in the Tait diagram 
shown in Fig. 9:14, represents the thermoelectric power Py, in 


SO My Q 
7 
4) 
/ 
/ 


Tn 5 T 
Fic. 9:14,—A. thermoelectric diagram (or Tait diagram). 


a lead-metal circuit as a function of T, the absolute temperature of 
the hot junction, Suppose that ordinates GF and HK correspond- 
ing m ius temperatures z and T, (on the Kelvin scale) and repre- 
e. y OG and OH; respectively, are drawn; then the area 
ars measures the electromotive force in the lead.metal circuit 
when its junctions are at temperatures T, and T, respectively. To 
prove this, consider the element of area amnb. Its area is 


dE 
Por = VU 


dE, 
[Pa a’ but the subscripts are dropped. | 


II dE 
Now T^g^P ie. ôE = P ôT. 


. T: s, 
. [s] = i8 PdT- area FGHK, 


* 
sha tinea are algae ae rp nbn E= a t 40"; in all other instances 
of the areas on a Tait diagram, which are i" “hoo et Mio 


now about to be discussed, 
WA 


an ng 
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and the direction of the thermoelectric current is from the lead to the 
metal across the hot junction, This is represented on the diagram 
by the arrow drawn in an anticlockwise direction. 
Again, if P, and P, are the thermoelectric powers corresponding 
to T, and Ty, we have 
inl, = ie = T,P, = area of rect. HKDO. 
Similarly, [UTimln, = area of rect. GFCO. 


Again, a — Om = — T 


- -da DE AUI of strip abgp. 
"T. i 
iS | ‘oma = area of OFKD. 
Ti 


LI Ts 
" [= = Wmr, — Uline, -f c, dT 
T; T. 
= area FGHE, 


as elready proved. [N.B. This eam.f. is such that the current 
flows from J to m across the hot junction, as shown by the arrow 


Suppose now that a second thermoelectric line is constructed on 
a Tait diagram. Let these lines be A and B in Fig. 915 (@), and 
let the metals be denoted by 4 and b respectively. Construct the 
ordinates shown. Then 


[=]. = aroa C Col 


T. 
and [E = area C,C B3B 
do D. Bp cere ABD. and the 
pine. of m e is indicated by the anticlockwise arrow. 
Now (uk, = T, -0A and Hok, = T,.6;Bi. 
+, Wah, = Ufa — Ij), = U^» — Hual, 
TAB. 
Similarly, Ual, = Ta: ABe ; 
Also, since By = En — E, we have . 


Pa = ar Bid = Pu = Pw 
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i.e. if any metal be taken as standard and the variation of thermo- 
electric power with temperature for a number of metals be plotted 
with respect to it, the thermoelectric power of two metals with 


Fia, 9:15.— Tait diagrams. 


Tespect to each other at a given temperature will be given simply 

by the difference of the respective ordinates for the thermoelectric 

lines of the two metals, each with respect to the standard metal. 
2 

5 If it is assumed that o=0, c, — TUE = 77 E 


dT —dT* 


Since T is essentially positive, om has the same sign as a 
1 Suppose now that the thermoelectrio lines for A and B are as 
indicated in Fig. 9-15 (b). Then E; is positive and is measured 
by the area C,0,A,A,, Ep is negative and is measured by the area 
C,0,B,B,. What is Ep ? Now, in general, 


Ea + Ei, = Es. 
^OEa = Eg + Ep = Ep — Ep = — [area A, A,B,B,]. 
<. En = + area A,A,B,B,. 
. Hence, in any instance in which the relative Seebeck coefficient or 


thermoelectric power is & linear function of 
hot junction, the e.m.f, of à the: ER ae uet d 


e. rmoeouple is equal to the product 
of the thermoelectric Power at the mean temperature of the ons 
and the difference in temperature between them. 

The neutral temperature.—Tho te i 
the point at which two thermoelectric ou ee 


intersect i 
neutral temperature,* and it is such that at this acsi = 


* Cf. also p, 282, 


mE. 
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/ 
thermoelectric power of the two metals is zero. Since P = = = 0, 


at the neutral temperature, it follows that at this temperature | E | 
is a maximum. : 

Let us suppose that the temperatures of the hot and cold junctions 
are each greater than the neutral temperature, T, in some definite 
case. If the Tait diagram for this instance is as shown in 


(a) 
Fic. 9-16.—Tait diagrams and the neutral temperature. 


Fig. 9-16 (a) how is the area A,A;B,B, to be interpreted ? We have, 
By, = area CCAA, Ep = area C,C;B,B, 
2. Eas = Eg — Eu = En — Eu 
= — area A,A,B,B,, 
and the current flows from b to a through the hot junction. The 
arrow on the diagram which represents this fact is still drawn in the 


anticlockwise direction because the line B is below A in the region 


under consideration. $ 
The neutral temperature is further characterized by the fact that 


since Pa = 0 at this temperature, 
Ula, — 9 
Another important property is revealed by the fact that if the 
temperatures of the hot and cold junctions are equally removed 


from the neutral temperature and on opposite sides of it, cf. 
Fig. 9:16 (b), the electromotive force in the circuit is zero, for 


T, Ta T, 
[E - E Dez 
T, T, Tn 
The numbers in the following table, when inserted in the expression 
E = «ð + M50, give Ein microvolts, when lead is.one metal in the 
thermocouple. The positive direction of the current is such that it. 
flows from lead to the metal at the hot junction. 
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Table of Thermoelectric Constants | 
Metal | a (uV.deg.-* C.) | 8 (uV.deg.-* C.) | 
Antimony . 35:58 0:146 
Bismuth . — 14:42 0-032 | 
Cadmium . 3:06 0-029 | 
Copper. . * + + 2-76 0:012 
Gol - PL S 2:90 0:009 | 
Tron (soft) . CES VAT. 16:65 — 0:030 | 
BfOUPY ^vi wey — 8-81 — 0:033 
Molybdenum . 5:89 0-043 
Nickel... . ; — 16:30 — 0:027 
Platinum ‘ — 3:04 © 0-033 
Silver . e 5 $34 0-008 | 
ing 0-23 —0-001 j 
Tungsten 1-59 0-034 | 
Zio. 4 cee 3:310 — 0:032 
Constentan. . — 87-76 — 0-079 
Manganin . 1:37 0-001 
Pt (90 per Cent) 
—Rh (10 per cent) . 7:00 0-0064 | 


Example.—Calculate, using the above table, Jab and (oa — o») Zor 
a For erg thermocouple at 0? C. 
e have 


Epp.pi = [— 74:420 + (003202) 4V. 
Epp.ag = [9:340 + 3(0-00802)] nV. 
^. Epiag = Enüpo — EAg.Pp = Epp.ag — Épp.ni 
= (77-760 — }(0-0240%)] aV. =E (say). 


dE dE 
Now dT 497 17-76 — 0:0240. 


> z dE 

Ns [as]... = nx). = (273 x 77-16) uV. 
= 2:12 x 10-7? V, 
= 212 x 10-? joule.coulomb.-1 


Also TBI — Sag = — (pb — opi) + (opp — cag) 
"d'Epygi — d'Epy, 

[ES tena 

Hence, at 0? s , 


— Gag = 273[0-032 — 0. *008] nV. deg.-1 C. 
= 6:6 uV. deg.-1 C. 
[Alternatively, we could have written 


[on = tid]. - =>- = [ran] = — 273[— 0:024] 


T=273 
Eo 


| = 6:6 AV. deg.-1 C.] 
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Exainple.—A. certain thermocouple, with one junction at 0°C., has 
an e.m.f. given by 
E = [87-2766 — 14,527{1 — exp (— 0-00253 0))] «V. 
Determine the Peltier coefficient at 0° C., and show that the differ- 
ence between the Thomson coefficients is practically stationary in a 
small temperature range in the neighbourhood of 122° C, 
We have 


dE @E 
Oa — 0b = -Tm = = (273 + 8)351* 
2 
Now E = 14,527(0-00268)* exp (— 000268 0). 
«og — op = — (213 + 8){14,627(0-00258)* exp (— 0:00263 6)). 
= — (273 + 6)A exp ( — 0002530), say. 
z Dto, — a = — A oxp (— 000258 01 — 0:00253(273 + 6) 


This is zero, corresponding to & stationary value of (va — o), if 
O = 1 — (213 + 0)(0-00253), 


i.e. 395.9 — 273 +0, or 0 = 122°C. 
Also 


Un, [s] = 273[87-276 — 14,527 x 0-00253 exp (0)] BY. 
dT | 273 
= 273(87-28 — 36-76] gV. 
= 138 x 10-* V. 
This example is appended to show that expressions, other then that 


used in the rest of the chapter, may be found to express the relation 
between E,, and the temperature 8. [Cf. also Ex. 9-27.) 


Thermodynamics of the steady state.—In order to develop 
a mathematical theory and thereby explain certain observed facts, 
it is necessary to leave the complexity of the real world and replace 
it by an idealized situation capable of being represented by mathe- 
matical analysis. One of the most successful ideas thus introduced 
into science has been that of equilibrium; thisisa static and time- 
invariant state of a system in w ich all macroscopic quantities 
remain unaltered and no spontaneous process occurs. Such & con- 
ception is necessarily an ideal one, for no system of observable 
bodies is ever in a state of absolute equilibrium, being subject to 
small changes such as may originate from the penetration of the 


for the measurement of thermal conductivity, of, Vol. II. In such 
methods the temperature at each point finally attains a steady value, 
ie. the system remains unchanged in time but the occurrence of a 
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dissipative force prevents us from regarding the system as more than 
one in quasi-thermodynamical equilibrium. : 7 

Since the first quarter of the present century the conception of a 
second type of idealized state, which is also independent of time, has 
come to be decepted. _ In contrast to the first type termed equili- 
brium, which is the time-invariant condition of a closed state, in 
the second type the time-invariant condition of a system which is 
open to its environment is termed the steady state. When the 
flux from the surroundings approaches in value to zero we have a 
system tending to a condition of absolute equilibrium. 

In developing the mathematical theory of thermoelectricity in 
this chapter, the methods used by Tomson (Kelvin) in 1854 have 
been followed; in these the irreversible processes of heat con- 
duction and of Joulean heating, both of which increase the entropy 
of the system, have been neglected. In applying the second law 
of thermodynamics only to the reversible processes in such a system 
Thomson was fully aware he was using a procedure which could 
not be justified on contemporary theory; experimental data sub- 
sequently obtained, however, were in such reasonable accord with 
the equations Thomson had obtained by his quasi-thermodynamical 
arguments, that these were accepted. As late as 1934 Bridgman 
wrote, * As long as there is any doubt as to the legitimateness of neglect- 
ing the irreversible processes of Joulean heating and thermal con- 
duction, the comparison of values oblained by direct and indirect 
methods is not superfluous.’ 

Thomson used the same method respecting the variation of 
the e.m.f. of a voltaic cell, cf. p. 669. In 1878 similar methods 
were used by HELMHOLTZ in connexion with the theory of concen- 
tration cells, and in 1889 by Nersr in his study of diffusion. 
On each oecasion the neglect of the irreversible processes was fully 
appreciated. san AA SEN 

Onsager's theory.—In 1931 Onsager introduced into thermo- 
pede e ep cio bigis as the principle of microscopic 

we de st disset to the first and second laws, and 
pss d 2 j; it Un sa equilibrium conditions any molecular pro- 
anager | videns that process, will be taking place on the 

rage at the same rate . . ^; this implies that at molecular level 
equilibrium is never maintained by a cycli 

Onsager proceeded to establish ie so e 

à theory by introducing the so- 
called thermodynamic equations of motion. "These express an 
assumed linearity between the rates of the various t es 

E ypes of process 
pni aa energy flow, diffusion, etc.) and the so-called 
rmodynamic forces, which are regarded as the causes of 


the corresponding currents. Such forces are proportional to the 


€— 


respective gradient of potential, temperature, concentration, eto. 


» 
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Thus if Tis taken as the rate of flow and X as the force, there exists 
an empirical relation of the form 


= = 


J = LX, 
where L is a scalar. quantity. When there is a flow of energy 
between two * vessels ’ and also a flow of electricity, we should have 
J, = LX, and Ja LX, 
if the processes take place separately. Actually they occur simul- 
taneously and so, retaining the assumption of linearity, Onsager 


writes M ts BO E 
J;—IQuXi;ciuaX. c 
> s => 

and J, = LaX; + Lro 


The coefficients Ly, and Lra are related to the thermal and elec- 
trical conductivities respectively, whereas the coefficients Lj; and 
L, represent a possible coupling between the two flows; ECKART 
assigns to each the term drag coefficient and Onsager showed that 
Ly. = Lg. These reciprocal relations of Onsager express a certain 
symmetry in the mutual interference of two irreversible processes 
occurring simultaneously in a system. Thermoelectric effects may 
be viewed as the result of mutual interference between energy flow 
and electric current in a system. 

In 1948 CALLEN used Onsager's theory to place the subject of 
thermoelectricity on a more certain basis. The final equations 
obtained are identical with those obtained nearly a century pre- 
viously by Thomson. The calculations are too involved to be 
given here but the original paper is in the Physical Review for 1948. 
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Experimental determination of thermal e.m.fs.—Since the 
thermal e.m.f. which it is proposed to measure is small, a potentio- 
meter wire having a small potential drop per unit length along it 
is required. Suppose that this wire AB has a resistance 7 ohms 
and it is placed in series with a resistance R ohms and a cell D. of 

emf. E. The potential drop across the wire is equal to the current 
along the wire multiplied by the resistance of the wire, viz. 
Hin serie ips 
R+r 
If E is of the order 2. volts, r of the order 10 ohms, and R of the 


order 2000 ohms, the potential drop across the potentiometer wire 
will be 107? volt, or 107* volt.cm.~* if the wire is one metre long. 


To help maintain a steady current in the potentiometer wire AB, 
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Fig. 9:17, the resistance R is divided into two parts R, and Ry; 
BR, js fixed in any given determination and Ra is variable. A 
standard cell S and galvanometer G together with a protective 
resistance X, 10,000 Q, are arranged as shown and with the keys 
K; and K, closed, the value of Ry is adjusted so that there is no 


Ky s ‘Hot? Cold’ 
Fro. 9:17,Experimental determination of thermal e.m.fs. 


deflexion of G. The potential drop:across R, is then equal to the 
e.m.f. of S on open circuit since this cell is supplying no current. 
If necessary, when an approximately correct balance has been 
obtained, the key K, may be closed to short circuit X ; this permits 
' the galvanometer to be used at its maximum sensitivity. K and 
K, are then opened. : 
The thermocouple is arranged, as shown, and, with K, open, its 
e.m.f. determined by finding the point C on the wire AB corres- 
ponding to no deflexion of the galvanometer. If E is the e.m.f. of 


the standard cell, the current in thé main cireni* is x i.e. the drop 
1 
in potential across the potentiometer wire is r = ) The potential 


difference between A and C is therefore : 


y 4E AC 
"RAB 
This is the e.m.f. of the thermocouple. 

[N.B. If E = L0180V, it is convenient to make R, = 1019 2 
80 that the current in the potentiometer is 1-000 mA. ; the arrange- 
ment is easily modified to give currents of 0:5 or 20 mA, Also it 
is not necessary to know R, and when once the potential drop 
across R, has been made equal to the e.m.f. of S on open circuit 
the constancy of the current along the potentiometer wire may be 
tested and maintained by keeping R, constant and adjusting R, so 
that the deflexion of G is zero when K, is closed.] à 
ue Mme how the emf. of the thermocouple varies with the 
is n "i € of its hot junction one junction of the thermocouple is 

a test-tube and surrounded by melting ice and the other 


E 
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heated to different known temperatures ; in each instance the 
position of the sliding contact C, when the galvanometer deflexion 
is zero, is noted. The thermal e.m.f. in the circuit is in each instance 
equal to the potential drop along the corresponding portion of the 
wire AC. 


Thermoelectric curves.—The curve obtained ir plotting the 
emf. in a thermocouple against the temperature of the hot junction 
is known as a thermoelectric curve. Generally, one junction is kept 
at 0* C. In many instances the curve is almost a parabola with its 
axis vertical; sometimes only a portion of the curve can be obtained 
either because one of the metals melts, or rapid oxidation occurs. 
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Temperature (deg. C.) ; 
Fic. 9-18.— The thermoelectric curve for a Sr thermocouple with 
one junction at 0* €. 

For a copper-iron thermocouple, for which when one junction is at 
0? C. Eg, s, = [10:34 0 — 3(0-0366) 67] HV. the curve is as shown in 
Fig. 9-18. Ifthe temperature of the cold junction is raised to 100° C. 
(say), the corresponding thermoelectric curve,is obtained by trans- 
ferring the origin to 0,, whose abscissa with respect to O is 100° C., 
and using Oz, and O,y, 8$ the axes of coordinates. 

Practical determination of the constants in the equation 
to a thermoelectric curve.—If the equation expressing the relation 
between the e.m.f. of a thermocouple and the temperature 0 of its 
hot junction, when the other is kept at 0° C. and æ and fi are con- 


stants, is 4 B= ab + 30?, 
it may be written 
: = a + 180. 
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It fo'lows at once that if a series of corresponding values of E and 0 


is obtained, then by plotting (5) against Ó a straight line, whose 


slope is $$ and whose intercept on the OL is x, should be 


obtained. 

If the equation to the curve is E — a0", where a and n are con- 

stants, then we have 

log E = log a + n log 0, 
and the method described in detail on p. 257 should be used to 
discover accurate values for the constants [cf. Ex. 9:29, p. 300]. 

Example,—1f 0 is the temperature of the hot junction of a thermo- 
couple and E its e.m.f. when the cold junction is at 0°C., then 
E = a0 + 460%, where « and f| are constants. Discuss whether or 
not the e.m.f. of such & thermocouple may be represented by 

E =p +6 + 163, 
where He g and r are constants and the temperature of the cold junction 
is not 0°C. 4 
Let 0, be the temperature of the cold jun. on. Then from the law 
of intermediate temperatures, we have 
E = Ea! + Egh, 
ie Eye = ES - EQ 
= («0 + 380*) — (a0, + 380,7) 
= að + 480? +a term which is a function or 6,. 

Thus p, being a function of 9, is not a true constant and so while the 
proposed equation may be justified mathematically, in physics its use 
is somewhat limited. 

Thermoelectric inversion.—It has already been stated [cf. 
p. 274] that at a certain temperature of the hot junction for a given 


: WE 
pair of metals d$" Le. the thermoelectric power may become zero, 


ie. E is either a maximum or a minimum. The temperature at 
which this occurs is known as the neutral Bture. If the 
curve can be obtained at still higher temperatures then it may 
eventually cut the axis of temperature, i.e. the e.m f. will be zero 
in spite of the fact that there is a temperature difference betwoen the 
junctions of the thermocouple. "The temperature of the hot junction 


(other than 0° C.) when E becomes zero is known as the inversion 


temperature. ` Tf 0, is the temperature of the cold juncti 
3 junction, 0, the 
neutral temperature and Om the inversion temperature, it is clear 
that when the relation between E and 0 is parabolic then 
$ (Om — 6,) = 2(0, — 0o). 
ote on some thermocouples used in ractice.-—Wh 
thermocouple is used to measure a erie one j ina 


A 


junction is 
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placed in contact with the object whose temperature is to be deter- 
mined while the other is kept at 0° C. ; a calibrated microammeter 
enables the temperature to be obtained direotly. For precision 
work the e.m.f. developed must be measured by a potentiometer 
method and any additional junction pairs must be kept at 0°C. 
For example, in an iron-manganin thermocouple for which f = 0, 

- so that the relation between E and 0 is almost linear—a fact. which 
enables a graph to be used quite easily—these two metals are joined 
together and the other ends of the wires are joined separately to 
copper wires. The copper wires lead to a potentiometer, while the 
copper-iron and copper-magnanin junctions are kept at 0^ C. ; it is 
the iron-manganin junction which is heated. The arrangement of 
the wires is shown in Fig. 9-19 (a) and (b). 


2---Y-----—. 


Fia. 9-19.—The mounting of thermocouples. [The narrow tubes 
carrying the wires and insulating them are not shown.] 


Copper-constantan is another thermocouple which may be used 
very satisfactorily in the temperature range — 200° C. to 400° C. 
It is because of the large thermal e.m.f. between copper and con- 
stantan that this alloy is never used in resistance boxes designed for 
precision work ; the coils are made of manganin because the thermal 
e.m.f. between copper and manganin is small, although the tempera- 
ture coefficient of increase of resistance is not quite so small as for 
constantan. T eu 

For the temperature range 0* C. to 1750° C. platinum joined toa 
platinum-rhodium alloy [13 per cent Rh] is used ; up to 1400° C. 
a chromel-alumel thermocouple is very useful and for this combina- 
tion of alloys the thermoelectric curve is very nearly a straight line. 
[Chromel is 90 per cent Ni; 10 per cent Cr; Alumel is 95 per cent Ni, 
5 per cent Al with traces of Si and Mn.] 
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For purposes of comparison thermoelectric curves for iron- 
manganin and for chromel-alumel are shown in Fig. 9:20. The 
lineazity of the chromel-alumel curve is very striking. 


n 2 7 


Fio. 9-20.—Thermoeleetrie ourves for (a) iron- i 
(b) sicdeschte iei ove ros M 


Temperature measurement by means of a c 
opper-con- 
stantan thermocouple.—From the numerical data erdei on 


p. 276 we have 
Epp cu = 27760 + 4(0-012)62, 
Eph cons = — 37-760 — 3(0-079)01, 
so that Ecu cons = Ecu pp + Epp cons = — Epp cu + Epp coms 
= — 40-520 — 4(0-091)02 = E (say). 
. dE 
D db = — 405 — 0:0910. 
Hence the relative Seebeck coefficient is 
P rw) ird i zero when § = — 444°C. 
nh ME oe for this particular thermocouple 
Suppose now, however, 
with one junction at 0° 
A temperature $ on 


and 


Wm a en thermocouple, 
oC, as a centi 

Ba de i dee bs tigrade thermometer. 
$.2E-E E 


E since E, = 0. e Eg — RE, Eq 
) 


Hence ¢= - 
where y — re If therefore we write E = a0 +- 190*, we have 
9 aE ga Ot HO 
$ dv dus a + 508 T 
2 46 Tt) 
-= 5 100), 


so that, by proceeding as on p. 193, a value for 9 should theoretically 
always be obtainable when ¢ is known. 

Unfortunately, however, for a copper-constantan thermocouple 
$ — 0 is never small except when 0 = 0° or 100°C. Hence 0 is 
best deduced from a large-scale graph showing how E varies with 0. 
It is for this reason that an iron-manganin thermocouple is pre- 
ferred to the above thermocouple since f is small, i.e. $ — 0 never 
becomes very large. For a chromel-alumel thermocouple 


E = [40-970 — 3(0-0068)0*]uV., 
so that when ¢ = 500* C., ¢ — 0 is only about 1-6 deg. C.; and 
when ¢ = 1000? C., the value of ¢ — 0 does not exceed 7 deg. C. 


Measurement of the Peltier coefficient at the junction of 
two metals at 0? C.—The energy absorbed per unit: (positive) 
charge when a sreall quantity of electricity passes across the junction 
of two metals is called the Peltier coefficient for those metals. If the 
energy is measured in joules, the current in amperes, and the time 
in seconds, the Peltier coefficient will be given in volts. Generally, 
one of the metals is lead, and if energy is absorbed when the current 
flows from the lead to the other metal across tho junction, the Peltier 
coefficient according to our convention with regard to the sign of 
E is positive. 

To measure the Peltier coefficient at 0° C.—for a lead-constantan 
junction, for example—the junction is placed in the inner tube of a 
Bunsen ice-calorimeter and covered with à small quantity of in- 
sulating oil to ensure good thermal contact with the calorimeter. 
Let a current of I amperes be passed through the junction for t 
seconds, If R is the effective resistance of the couple, then 

Heat evolved = ra 7 Im En, 


where JT is the Peltier coefficient, J is the mechanical equivalent of 


heat, viz. 4-18 joule.cal.—4, & is the constant of the calorimeter (deter- 
is the distance through which 


mined by an electrical method) and 2; i 
the mercury recedes. 
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Now let the current be reversed for ¢ seconds. Then 
TR + Mt 


E T T = Kets; 
where 2, is the distance the mercury recedés in this instance. Hence, 
T= Ka, — 2) volt. 


[Norz.—Although the Joule heating could be made small and 
perhaps igible by using thick leads, this would be à very un- 
desirable procedure in praotice since the flow.of heat by conduction 
along the leads to the interior would be augmented and so make 
steady conditions well nigh impossible.] 

Caswell's method for measuring the Peltier coefficient for 
two metals.—Fig. 9-21 (a) is purely to show the principle of the 


Fic. 9-21.—Experimental determination of the i i 
E Peltier coefficient for 
a Cu-Bi thermocouple. [cupi is negative.) 


E i ydo and B are two Dewar flasks containing equal 
of oil are adj ped ip il such as kerosene—or rather the masses 
their contat so that the thermal capacities of the vessels and 
are the two dete nd den MS SUP POLS that copper and bismuth 
duel. Süd Jenn ch the Peltier coefficient is to be deter- 
the junctions placed i of thick wire are soldered together and 

J ons p! in the calorimeter vessels. The liquid is well 
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stirred and any difference in temperature between the two calori- 
meters is' detected with the aid of a copper-constantan thermo- 
couple T, in series with a sensitive galvanometer G. A battery D 
sends a current through the copper-bismuth wires ; its magnitude 
is recorded by Ag. By means of a key K, this current can be 
reversed. 

Now at one of the junctions heat will be absorbed—at the other 
it will be liberated so that the temperatures of the two liquids will 
become different. To equalize these temperatures small resistances 
ra and rj are inserted as shown and energy can be dissipated in 
one or other of these resistances. Let the thermal capacities of the 
two vessels be equal and let I be the current through the copper- 
bismuth system. 

Now heat is absorbed on account of the Peltier effect when the 
current passes from bismuth to copper. Then if JI is the numerical 
value of the Peltier coefficient and Ra, Ry, the effective resistances 
of the thermocouples in A and B respectively, the rates of gain of 
heat are 

LRa t IM+ a and IR, — MI + itr t a, 
where « is a small term representing the net gain due to stirring, etc. 
It is assumed constant. The above rates were made equal—the 
deflexion of G was zero—so that I*(R» — Ra) = 2III — ibro. 

When the current is reversed : 

1*°(Rp — Re) = — 2III + iata. 

From these two equations we have 

yg (eee Patt) T Uu 


iL une 

The method of mounting the different wires, etc., in the Dewar 
flask is indicated in Fig. 9:21 (6). Some of the results obtained 
were 


Ilo, p = - 001013 V., at 18°C. 


Tos ag = — 000008 V., 2t 18°C. 


Thermoelectric cooling.—In 1838, Lenz, making use of the 
newly discovered Peltier effect, showed that a droplet of water 
placed in a small depression at the junction between bismuth and 
antimony rods could be frozen by the passage of an electric current 
across the junction, the direction of the current being from bismuth 
to antimony, ef. p. 258. The success of this experiment depended, 
in part at least, on the low ambient temperatures which often exist 
in Leningrad. In recent years, pairs of semiconductors have been 
produced for which the Peltier coefficient is large. 1 T 

Many solids are semiconductors, ie. their behaviour is inter- 
mediate between that of good conductors and that of good insulators, 


sil 
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and this remarkable feature is due to the presence of impurities 
which disturb the regularity of the crystal lattice on which the atoms 
are normally arranged. Some solids are semiconductors even in the 
absence of such imperfections; these are the so-called intrinsic 
semiconductors in contrast to the extrinsic or impurity semi- 
conductors mentioned above, but they, too, may have their pro- 
perties greatly modified by the introduction of impurities. 

The simplest type of impurity semiconductor has a very small 
fraction (10-® to 10-19) of the atoms in its crystal lattice replaced 
by atoms of an element whose valency differs by one or two units 
from that of an atom in the undisturbed crystal. These substituted 
atoms produce no significant distortion of the lattice and appear to 
oceupy the positions in the lattice of those atoms which they have 
ejected. When the substituted atoms have a valency greater than 
that of the displaced atoms, i.e. they have more electrons, they are 
known as donors, whereas if the valency is less we have acceptor 
atoms, a name arising from the fact that such atoms have an in- 
sufficient number of electrons to maintain normal relations with 
neighbouring atoms. "Thus, essentially, there are two types of semi- 
conductor known respectively as the n-type and p-type. When the 
conduction in a semiconductor is due primarily to electrons it be- 
longs to the n-type. On the other hand, in the p-type of semi- 
conductor, the current is due to the transfer of holes, a name 
implying a region from which an electron has been removed, i.e. 
an electron has been ejected from a covalent bond. Thus a hole 
is equivalent to a positively charged body but it must be empha- 
sized that holes have no real existence; they only represent the 
absence of electrons. 

_The particular semiconductor with which we have to deal is 
bismuth telluride, Bi,Te, ; atomic numbers 83 ond 52 respectively. 
To prepare it, an ingot, formed by direct fusion of the two elements 
(in correct proportions), is crushed into small pieces, some of which 
are then placed in a long silica boat and melted in a vacuum. The 
melt thus produced is allowed to solidify when, by means of high- 
cok ce et a ank molten zone is formed at one 

miniature i is zone i 
along the ingot, after ASH the central col toy bate: uel 
uniform thermoelectric properties ; it is of the p-type. To produc: 
tenth ‘tela uf ; . To produce 
EM of ical, the n-type & small and carefully measured 
atomic number 53, is added to the crushed pieces 


a e ingot produced. Tt is thought that the iodine 
telluride lattice, and Or tellurium atoms within the bismuth 


1 it should be noted that RAD 
has one more ron than a tellurium iret normal iodine atom 


80 that 
extra electrons for the production of an n- the necessary 


type semiconductor are 
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available. The semiconductor is said to have been doped with 
iodine. 7 : 

Since the p- and n- types of a material such as bismuth telluride 
have relative Seebeck coefficients or thermoelectric powers which 
are positive and negative respectively, a Tait-diagram for them is 
as shown in Fig. 9-22 (a) ; the thermoelectric current in a thermo- 
couple made from these semiconductors is directed from the n-type 
to the p-type across the hot junction. If therefore, by using a cell 
as shown in Fig. 9-22 (b), a current is caused to pass in this direction 
across such a junction, this will be cooled. 


Silver-coated 
brass plate 


Melting ice or 
H water at room 
vaer O Memperature 


(6) (c) iar 
Fia. 9:22,— Tait diagrams for p- and n-types of bismuth telluride. 


To demonstrate such cooling two short lengths of the p- and 
n-types of bismuth telluride are arranged as shown in Fig. 9-22 (c) to 
form a thermocouple ; their upper ends are joined together by a 
brass plate, silvered on its upper surface to form a, mirror. Each 
lower end of the thermocouple is soldered to a system of vanes with 
large blackened cooling surfaces ; each system is insulated from the 
other. In the diagram each set of vanes is represented by a plate. 
T, and T, are two terminals arranged so that, currents up to 10 A. 
may be sent across the upper junction, a germanium diode, D, with 
an adequate cooling fin being incorporated in the circuit so that only 
the passage of current in the correct direction through the thermo- 
couple is permitted. When this takes place the brass plate is cooled 
very rapidly and hoar frost soon appears on it—a small droplet of 
water placed on the plate quickly froote -o a es 

The same instrument may be used to determine the dew-point. 
The current is adjusted so that the silvered plate cools slowly when 
the formation of dew upon it shows that: the dew-point has been 

G.D.P.—V—L AUOD US 
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reached, and a value for it is determined as the mean of the two 
temperatures at which dew forms and disappears. 

To measure such temperatures one junction of a copper-constantan 
_ thermocouple is placed in thermai but not electrical contact with the 
mirror; T, and T, are terminals which permit a high-resistance 
galvanometer G to be placed in series with the thermocouple, but 
if this is to be calibrated am external copper-constantan thermo- 
couple may be added to the circuit as shown. Its junction is kept 
in melting ice while the temperature of the instrument may be 
maintained at any desired and known temperature within the range 
0° to 30°C. Details for carrying out the calibration are unnecessary, 
but it is essential to check that the electrical connexions are as 
described. "Fo do this a small piece of ice is placed on the mirror ; 
the connexions are correct if the galvanometer reading is almost 
zero, ie. the separate thermocouples are in opposition. If the 
galvanometer shows an appreciable deflexion then the two couples 
are in conjunction and the external leads to T, and T, must be 
reversed. 


Thermoelectric refrigeration.—The advantages of a re- 
frigerator in which Peltier cooling is used to obtain the necessary 
low temperature, as compared with the more conventional type of 
cold storage unit, are its small size, its silent working and, because 
there are no moving parts, its greatly extended useful life. 

In a typical domestic refrigerator the power needed does not 
greatly exceed 40 watts. If the relative Seebeck coefficient may be 
taken as 400 HY. deg.-! C. a current of 1000 A. is required when the 
Peltier effect is used to produce the cooling ; thus, theoretically, a 
single thermocouple would be sufficient provided each element in it 
hud a large cross-sectional area and a short length. To reduce the 
current to a reasonable value, say 5 A., two hundred couples, 
arranged ln series, are required. The essential structure of a 
practical form of ‘cooling unit is shown in Fig. 9-23. The thermo- 
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Fins to cold 
5 ps chamber 
Fio. 9:23.—The Structure of a thermoelectric refrigerator. 
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elements are connected by flat copper or aluminium strips so as to 
form a rectangular array The faces of the copper connectors are 
ground flat and pressed against the flat surfaces of two large metal 
slabs A and B to each of which cooling fins are attached. These 
slabs must be insulated electrically from the copper connecting 
strips but at the same time the thermal contact must be good. 
Jorre has shown that these conditions are satisfied if thin mica 
sheets, coated with a silicone varnish containing aluminium powder, 
are interposed. The metal slabs are drawn together by bolts 
arranged round their periphery. 

The fins attached to the hot face A of the cooling unit are larger 
than those entering the cooled chamber, This is a necessary re- 
quirement since whereas the latter merely have to abstract energy 
from the chamber, the former have to pass this energy, as well as 
that developed in the thermocouples, to the surroundings. 


Experimental determination of the Thomson coefficient 
for a metal.—By measuring the emf. of a thermocouple as a 
function of the temperature of its hot junction and using the 
theoretical equation on p. 268, the difference between the Thomson 
coefficients for the two metals comprising the thermocouple may 
be found. Since, however, the Thomson coefficient is a charac- 
teristic of each metal it is desirable that absolute values for the 
individual coefficients should be known. When the absolute value 
of the Thomson coefficient, o, is known for one metal, then values 
ior all other metals may be deduced from experiments such as those 
cited above. In 1922 Bomzmus devised a suitable method which, 
in conjunction with KxEESOM and Jowansson, was improved in 
1928. Essentially the method, which may be used at low tem- 
peratures, is as follows. 

The metal under investigation is in the form of a wire about 
O-l cm. in diameter; a piece about 7 cm. long is stretched in a 
vacuum between two massive leads maintained at a selected con- 
stant temperature. When a steady current is passed along the 
wire, the Joule heating effect raises its temperature ; it is a maxi- 
mum at the centre of the wire so that in one half the Thomson 
effect produces a cooling effect, while in the other half there is a 
heating effect. As shown in Fig. 924 (a), & pair of platinum- 
constantan thermocouples is used to measure the temperature of 
the wire at two points H, and H,, equa'ly distant from O, the 
centre of the wire. The wire on test is coated with a thin layer of 
enamel lacquer, while shellac serves to im prove the insulation 
between the wire and a thermocouple, and 19 hold it in position. 
Actually the temperatures of the cold junctions are kept at the same 
temperature as the massive leads, so that it is an excess temperature 


$ which is really measured. 
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Two essential measurements are necessary ; for the first, in which 
the thermocouples are in series, the necessary connexions are shown 
by the thick lines between the mercury cups of the reversing key 
and it should be noted that, when these connexions are made, a 
resistor Rọ is added to the circuit so that the sensitivity of the 
galvanometer is reduced. When the second measurement is made, 
the thermocouples are in opposition ; hatched lines show the con- 
nexions, and under these conditions Ry is no longer operative. 


Ot —32á8—4 
ts 
os Ox 


Fra, 9:24.—Determination of the absolute value of the Thomson coefficient 
of a metal at a fixed temperature. 


Temperature differences due to asymmetry in the positions of H 
and H, may be eliminated by reversing the deos of the heating 
Io and repeating the observations. In the theory which fol- 
ows it will be assumed that energy is lost only by conduction along 
the wire and «, the thermal conductivity of its material together 
be R, the resistance per unit length of the wire, are constant. 
S is the cross-sectional area of the wire, then since the total 


amount per second of energy developed within ing 
i t] 
leaving the element shown in Fig. 9:24 (b) is eg E "e 


BD ITE 

nS 4 sahs E 7) + I*Róz — Idd = 0, 
: dp d 
ie. em m ^ +0=-— TIR. 


For the complementary function, we have 


vane 
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where A and B are constants and « == = while for the particular 


xS 
integral 
PR. , PR 
hr gta 


The complete solution is therefore 
TPR , PR 
UN uno MTS 
$ exp az +B + m daher 


and the constants À and B may be found by using the facts that if 
21 is the length of the wire, then ¢ = 0 for both z = — land x — I. 
These end conditions give 


9 2 
0— Aexp (— al) +B- PEL FS, 


ania o= A exp (al) + B+ PEDE 
Subtracting and adding these equations in turn, we find 
PR 1 
piu 77 
IR 
and 0 — A cosh al + B+ -7 


Hence, after some reduction, ; ^ 
I*RI e. 
2 OM: h od F sinh d. 
$ mer RII: MEE. 
If H, and H, are the points £ =b, = — b, we have 
b-i 
faa... [H exp ob + mh at + p sinh at), 


ond Ap cQ [ exp (= ab) coh at - pi a] 


If 4, = $z- and $2 = $z=-b We find 


= 4, when (aD) — 0. 
ET 

ib 
In these investigations it was found that the Thomson coefficient, 


Hence D] 
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c, was related to the apparent, ie. measured value, ga, by the 
relation 


Cc 
a= 90, b iy 


where C is a constant and I the current through the wire. This was 
accounted for by assuming that slight inhomogeneities in the wire 
introduced a Peltier effect. It was also found that at very low 
temperatures the thermal conductivity of a pure metal varied so 
much with temperature that the expression for g in terms of x, etc., 
was no longer applicable. The following are some of the results 
obtained ; the alloys contained 0:37 atomic per cent gold. 


THOMSON COEFFICIENTS [y-joule. coul.-* deg.-* = pV deg.-!] 


Temperature (° K.) 


200 300 

Copper i 4 S v4 0:80 1-52 
Copper + gold. . . 2-03 2-33 
RN 0:98 1:38 


Silver + gold . 


EXAMPLES IX 


9-01. .A heating coil, of resistance 21 ohms, immersed in oi . 
tained in a calorimeter of total thermal capaci. ; 200 s T or 
arranged in series with a copper voltameter. When a steady current 
is passed through the circuit for a certain time it is found that 0:0987 gm. 
of copper is deposited on the cathode of the voltameter, and that when 
the temperature of the calorimeter is equal to that of its surroundings 
the rate of rise of temperature is 0-045 deg. C. sec.-!. Assuming the 
electrochemical equivalent of copper to be 0-000329 gm.coulomb.-! 
find the time of flow of the current. [224 sec.] 

02. es a current of 0-333 amp. from a battery of 
ens «4 3 ts, the potential difference across the lamp being 3-6 volts. 


for the resistant: A 
resistance of the battery. oe of the filament and for the internal 


If the battery costs 10d. and has a total working li ? 
i refte life of 1 n 
what is the cost, in pounds sterling per hee ketine sas s 00 minutes 


it supplies to the flament ? of the energy 
9:03. The air, specific heat . {£16-7.] 
deg.-! C., which is used to ohare Pressure = 1-00 joule.gm.—* 


leg.-! heat losses from t 
Dr an apea 9 is = bar C. as it is used. Tf ee rato of 
and ti sity of air at s.t.p. is 0- = 
find bing volume of air in cubic metres which rust S ang ihe 
gpd ots XY. ony away the heat losses ; the volume nid 
nee i” OF the existing barometric height, H cm. of 


S Hence caleulsie the rate of flow of air in metre.3sec.-! needed to 


a eee eee 
—— D € 
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carry off the losses of a 5000 kW. generator having an efficiency of 
0-90 at full load, assuming that the air temperature rises from 10° C, 
to 30°C., H = 76-2, and the volume of air is to be measured at 
10°C, and 76-2 cm. of mercury pressure. ; 
un P 3-6, 76 He ] 
[o Kee —mis H' 20-0 metre.*sec.-!, 
9.04. Define electromotive force, internal resistance of a cell. 
Describe and explain an experiment to measure the internal resist- 
ance of an accumulator. A cell, e.m.f. E and internal resistance B, 
is connected to a resistance R. Show that W, the rate of dissipation 
of energy in R, is a maximum when R = B, also that 
Eg: 
Be Wax’ ; 
Experimentally it was found that, for a certain battery, W varied 
with R according to the following table: ; 


R(ohm) . .| 05 | 10 | 15 | 20 L 30 


W (watt) . . | 0-62 | 0-83 | 0-90 | 0:90 | 0-88 | 0-85 
LLL MM 


Determine graphically the maximum rate of dissipation of energy, 
Wmax and the corresponding value of R. If E = 2:5 volt. calculate 
& value for B, and comment on your lb. RIT 

[0-91 watt. 1:74 ohm.] 


9-06. (a) Electrons pass from a hot cathode across à vacuum space to 
a collecting plate which is maintained at a potential of 10 volts. relative 
$ the cathode.. Find the velocity = the SEM E pth reach 
the plate assuming that their ifo charge is — x e.m.u. 
gm.-1; they sia a rest at the cathoda (b) If the cathode stream 
in a vacuum tube bears a current of 5 mA. and ita velocity is one-tenth 
that of light, calculate, in calories, the heat developed per second by 
the bombardment of the anode, assuming that no other energy trans- 


formation occurs. EO 
[(a) 1-88 x 109 cm.sec.-!, (b) 3:04 cal.sec.—*.] 


9:06. Give a detailed account of a steady flow method for deter- 
mining the specific heat of water. r 

A wire used in a steady flow calorimeter carried a current of 4-45 amp. 
when the potential difference across it was 5:69 volt, The water flowed 
at a rate of 60-9 gm.min.—! and the observed ris» in temperature was 
5:95 deg. C. When no energy was dissipated in the wire the water 
at the exit apparently had a temperature excess of. 0:10 deg: c. over 
the incoming water. When using & slower rate of flow of 1^ 9 gm.min.- 
the observed temperature rise was 6:20 deg. O.; the surent was 
2-45 amp. and the potential difference 313 volt. Obtain values for 
the specific heat of water (a) neglecting heat losses, (b) making a cor- 
rection for them. ig. 
[4-26 joule.gm.-!deg.-! €.; 418 joule.gm. "deg. C] 

9.07. A tangent galvanometer and & coil of insulated resistance 
wire, immersed in a calorimeter containing water, are Joined in series 
and a steady current, which gives a deflexion of tan- 04 on m 
galvanometer, is passed for 6 min. 58 sec. The temperature of the 
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calorimeter and its contents rises from 15-80? C. (room temperature) 
to 22-51? C. while the current is passing and begins to fall at a rate 
0-15 deg. C. min.-! when the current is switched off. If the galvano- 
meter has 2 turns of wire of 15-7 cm. radius, H, = 0:20 oersted and 
the calorimeter of thermal capacity 9:5 cal. deg.-! C. contains 90-5 gm. 
of water, calculate a value for the resistance of the coil. Give a diagram 
of the electrical circuit and suggest any modifications which would 
lead to a more accurate result. [7:24 ohm.] 
9.08. Six wires, each of resistance 2 ohms, connect the vertices of 
a hexagon ABCDEF. Each vertex is connected to the centro of the 
hexagon by a wire of resistance 1 ohm. A current of 2 amp. enters 
the system at A and leaves it at D. Find the drop in potential between 
A and D and the power dissipated in the network. 
[2.22 V., 4-44 W] 
9:09. The rate of emission of energy from an electric fire is a0* watts ; 
the resistance of its heater element is (30 + b0?) ohms where a and b 
are constants independent of the temperature 0 of the heater. The 
fire is operated from a d.c. supply whose voltage, V, can be varied. 
The current is 4 A. when V = 200 volts. Show that in order to change 
the power to P, the voltage must be altered to V30P + 0-71Pl5. Show 


that the current is then M 30P + 0:71P!5 TIPES, 
30 + 0-71P05 


9-10. A No. 16 s.w.g. copper wire in an electric circuit is protected 
N T pro 
; by a fuse wire No. 22 s.w.g. Assuming the room temperature to be 
15° C. and the following constants for copper and for fuse wire, estimate 
aig it will taka for Ke fuse wire to melt for a short-circuit current 
. Also estimate the temperat; f i 
fuse 'blows'. [Neglect all beg Ka si of the copper wire when the 


Copper | Fuse wire 
Resistivity x 10¢,[ohmm] . . E > 1 
Density, ch ST ig , ers ir 19 
S ic heat, [cal.gm.-! deg.-! C.] . 0-1 0-05 
elting point, (°C.) . . . . . — 190 
Heat of fusion, [jouleggm.-3]]. . . — 26 


No. 16 s.w.g. = 1-63 mm. diam. 
» » 701mm. ,, 


931. A therm Bevis, 2s - [2-50 sec., 27? C.] 
dimi MS ANS circuit consists of two equal bars of copper 
at 19" C. and 21°C. net and the junctions maintained respectively 
Joule effect with that ccc dcr the heat dissipated on account of the 
noua ab 90° A t conducted along the bars. The thermoelectric 
of copper asd be taken as 14 uV. deg.-! C. ; the resistivities 
conductivities as 0-9 de Bope 9:8 microhm.em., and the thermal 

3 0, respectively, 488"? C. and 0-2 calcm.-! sec.” 

9-12. Two semicircular ri [7-4 x 10-*.] 
are joined together to Tings, one of copper and one of constantan 

form a ring whose mean diameter may be Tako 
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as 14 cm. Each metal has & cross-sectional area of 2 om.*. If one 
junction is kept at 0° C. and the other at 200* C., estimate the current 
that will flow in the ring and the magnetic field strength at its centre. 

[Assume xcu = 2 x 10-* ohm.cm,, %cons = 50 x 10-* ohm.em., and 
use the data given on p. 276.] [17-4 A., 1-56 oersted.] 

9.13. Describe and explain how to determine by experiment the 
relation between the e.m.f., E, of a copper-iron thermocouple and the 
temperature, 0, of its hot junction, the cold junction being maintained 
at 0°C. 

The relation between E and @ for a certain thermocouple is given 
in the following table: 


If the relation is E = «ð + 366%, where œ and f are constants, determine 
their values. [x = 10 pV. deg.-? ©., B = — 0:04 uV. deg.-* C.] 
9-14. A thermocouple, in series with a fixed resistor and a galvano- 
meter, was used as a thermometer to determine the melting point 
an alloy. The cold junction was kept in melting ice and when the 
hot junction was placed in water at 100° C. and then in molten lead 
at 327° C. the ga'vanometer deflexions were 76 and 219 scale divisions 
respectively. The galvanometer i ng to the melting 
point of tne alloy was 175 scale divisions. Assuming & relation of 
the form E = «ð + 30%, where a and f are constants and 0 is the 
temperature of the hot junction, obtain a value for the melting point 
of the alloy. [250° C.] 


9-15. The thermoelectric power of iron with respect to lead is 


thermoelectric lines for these metals and 
(a) the neutral temperature for iron-copper, : s 
(b) the e.m.f. of an iron-copper thermocouple whose junctions are 
kept at 100? C. and 200? C. re: > 
(c) the values of the Peltier coefficient for the two t peratures 
and the difference between the Thomson coefficients for the 
Y two metals at 100? C. Said 
erify your conclusions by an method. 
(331° C., 0-759 mV., 6-73 mV., 2:60 mV., 15-6 „V. deg." C.] 
9:16. Determine the e.m.f, of & silver-iron thermocouple with juno- 
tions at 20°C. and 80°C, ‘The thermoelectric powers of silver and 
iron may be taken as 3-34 + 0-0080 and 10:05 - gn x Med 
where 0 is the temperature in degrees oen! igrade. 1 
degC] [635 BV.) 
9:17, The current sensitivity of & moving-coil galvanometer is 
proportional to the square root of its resistance pr the distribution 
of mass in the coil is kept constant. Determine the resistance of the 
galvenometer you would select to measure the small thermoelectric 
e.m.f. of a couple if its resistance and that of its associated leads 
amounts to 15 ohms. (15 ohm.) 
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9-18. The thermoelectric power of a lead-coppér circuit is 
(2:76 + 0:0120) pV. deg.-! C. ; 
for & lead-iron circuit it is 
(16-65 — 0-0300) „V. deg.-! C. 
Calculate the e.m.f. in a -iron circuit whose junctions are at 
50* C. and 250" C. . What is the neutral temperature! 
L [1-518 mV., 331° €] 
'9:19, Assuming that the thermoelectromotive force in a certain 
S laigives by 
E = (17-350 — 0:0250?) uV., 
where 0 is the (centigrade) of one junction, the other 
bens maintained DOE TEROR ns Joucen abont the state 
of affairs in the circuit when 0 = 100°C. 
Establish all essential formule. 
[E, !** = 1485 uV., Mi = 4:61 mV., I7, = 473 mV. 
o, — O, = 0-05T.] 
9-20. Describe and explain how you would measure the e.m.f. in 
a circuit ising two wires, of different materials, whose junctions 
are kept at di t temperatures. In a certain instance with one 
junction at 0°C., the following observations were made :— 


Temp. of ‘hot’ junction (°C.) . . | 50 | 100 | 180 | 250 | 300 
emf.(uV). . . 175 | 300 | 396 | 375 | 300 
! 
Find an expression which shall represent the thermoelectrio power 
of the above pair of metals. [(4-0 — 0-0200) nV. deg.-! ©]. 
9-21, Ifthe thermoelectric of and of constantan are 


powers of copper 
(2/76 + 00120) nV. deg.-! O. and (— 37-76 — 0.0790) pV. deg.-!C. 
respectively, find the e.m.f. in a circuit whose juno- 


2 x 107* chm.omt, and 50.) 10 ohne co i » E 


[— 7-79 mV., 64 AJ 


9-22 (a). Using the data in the table given on 276, show that for 
îs — 255° a! um-rhodium thermocouple ihe netral temperature 


(b) Prove that I — 1 and hence show that if E — «9 + 460% 


where the symbols have their usual meanings, then 
à T= a + 00 + ct, 
where a, è and c are constants; determine their values 
: [273a, « + 2795, BJ 
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9.23. For & chromel-alumel hp rye m whose cold junction is 
maintained at 0° C., the e.m.f. is 18-37 uV. and 44-24 uV., when the 
hot junction is at 444-6°C. and 1083°C. respectively. Calculate 
values when the hot junction is at 600° C. for 
(a) the thermal e.m.f., (c) the Peltier coefficient, 
(b) the thermoelectric power, (d) the Thomson coefficient. 

[24:71 aV., 004076 pV. deg.-! C., 35-58 um 

0, — 0, = 6:43 x 10-* pV. deg." C.] 


9:24. By means of the formula 
E= o(0, — 6) + 38(0* — 01°), [02 > 03), 


show that the e.m.f, in a thermoelectric circuit may be represented 
as the difference of two terms, each of which involves, spart from a 
common constant, only one of the temperatures 0, and 6, together 


with the neutral temperature, p DO m 0a) p: e( d 1] 


9-25, What is a thermoelectric diagram? Indicate the information 
which can be obtained from it. Has 

In an experiment with & copper-iron thermocoup one junction 
at 0°C., the following results were obtained with the hot junction 
at 6°C.— 


Assuming a parabolic law, find (a) the thermoelectric power àt 100° C., 
(b) the neutral temperature for the couple. G) 
t [6-8 pV. deg. C., 279° C.] 


9.26. Prove da — % = — 1225, where the symbols have their usual 
meanings. ine 

If, for a certain therthocouple E = a + 60%, where 0 Q. is the 
temperature of the hot junction, the cold junction being at 0*C., 
a= 10 uV. deg.-! C. and b = = ds pV. deg."* C., calculate 
(a) the temperature at which E = 0, : i 
0) i Il is a maximum, (II is the Peltier” 

coefficient) 
», ^» Eis solely due to the Thomson effect. 
[(a) 0° C., 400^ C., (b) — 36:5? C., (c) — 73* C] 


. 9-97. A certain thermocouple, with one junction at 0°C, end the 
other at 0° C., has an ead. given by 

E = [1008 — 15000 {1 — exp (— 0:00266))] uV. 
Determine the Peltier coefficient at 0° C., and show that the difference 
between the two Thomson coefficients 18 pur stationary in & 


: i of 127°C. 
small temperature range in the neighbour [171 mV] 


` 


» » » » 


(e) » » 
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f m.f., E, of a certain thermocouple may be represented 
ae T E= ab ++ b03 + 6, where a, b and c are constants 
and 0°C. is the temperature of the hot junction. The cold junction 
is kept at 0° C. If suffixes denote corresponding values of E and 6 


show thab E a BY = x) =b + 00, + 0). 


Hence suggest a method for finding the constants b and c. The 
following table refers to a constantan-copper thermocouple. 


8. « . «| 1099. | 200°C. | 300°C. 


Equv). . «| 4460 9680 15,20 | 


Obtain values for a, b and c. 
[a = 40 pV. deg.-1 C., b = 5:0 x 10-* uV. deg."* C., 
c=- 4:0 x 10-5 uV. deg.-*C.] 
9:29. For a chromel-alumel thermocouple with one junction at 0* C. 
and the other at 0? C., the following observations were obtained. 


m 


| emf., E | | 
(mV.) | 0 | 0-08 | 3-38 | 7-40 | 11-49 | 19-92 | 28-42 | 36-62 | 40-60 


0| 20 Em 300 | 500 | 700 | 900 | 1000 


Assuming E = a0, where a and n are constants, plot a large scale 
logarithmic graph and determine values for these constants. 
[a = 0-0200 mV., n = 1-175] 
9.30. Use the data given on p. 276 to show that for a nickel-silver 
thermocouple E= 19:640 + 0-01750%. Assuming that the Peltier 
coefficient is given by I = (1282 + 6-980 + 0-083760?) u-cal. coul.—, 
obtain & value for the melting point of ice on the Kelvin scale of 
temperature, [272-8? K] 
9.31. In a thermocouple constructed from lead and a semiconductor, 


the thermoelectric power is given by E =a+ mr where a and b 


are constants, and 0 is the temperature of one junction, the other 
being kept at 0°C. Obtain an expression for Hi fale of absorption 
of energy in the semiconductor when a current of I amp. flows through 
it &nd the temperature difference between its ends is one degree on the 
centigrade scale. _ OL | 

sm +6 Wt 


CHAPTER X — 
ELECTRICAL MEASURING INSTRUMENTS 


Forces and torques on rigid circuits —The following discus- 
sion is limited to a pair of circuits in order to simplify the necessary 
analysis as much as possible. In addition, each cirouit will be 
assumed rigid so that only relative motion between the circuits 
may occur. z 8 n 

Let one circuit be fixed with respect to the observer and suppose 
£hat the other circuit suffers small displacement ôx, cf, Fig. 10-01. 


a) 
Fie. 10-01.—Forces and torques on rigid circuits. 


Let F be the force on the second circuit in the direction of z increas- 
ing so that F óz is the work done on it. Since each circuit is rigid, 
their respective self inductances, L and lp remain constant but the 
mutual inductance, m, varies with 2. Tf the currents in the two 
circuits are i, and i, respectively, the flux of magnetic induction 
through (i) is , 747 
D, = Li mis 2 

and the e.m.f. induced in (i) when 4, úa and m each vary with time, is 


i. dig , om 
a= E + Zemin] =- [ ma T ax] 
Tf e, is the applied emf. in the circuit (i) and r, its resistance 


a + 6 hi» 
9i. Qi, , 0m ; , 
o 1 3 hy = 64r 
: hae fusce 
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Similarly, the value of e, may be written down. The rate of 
working in the two circuits is therefore 
P = eds + at 
, ði, . 0i, „Ôi , ĝi. nta $ ; 
E hirz oF hir m mi mur mist zi d Hri? + ns 
the last two terms representing the Joule effect. 
Now the energy stored in the magnetio field associated with the 
two circuits is given by 
W = phit + mii, + thi", ^ [ef p. 238] 
. OW _ |, a, -ôi , ..0m . ĝia ; 
^ h g + armar + útra + mis, omes 
à But the rate of working by the e.m.fs. applied to the two circuits 
equal to 
(the rate at which the force F does work) + = + riz? + nist. 


REN S 0m ,,0m 
Á LET = htr’ o F=ii A 
Similarly, if 0 is the angle through which the second circuit 
rotates, the work done is I” 00, where I" is the couple exerted by the 
first circuit on the second. It therefore follows that 


The two equations just established indicate that the force or 

PUS Poe See it is such that m tends to increase. 
ftect of current on current.—From Ampére's law of the 
Ee UU QUU Lies nante shell ve 
sio an | expect that forces (and/or couples) would exist between 
es Peta iiio electric currents. Such effects may easily 
je pgs magnitudes calculated from the forces 
Rien. ) between the equivalent magnetic shells. Thus, 
owes "pe nv circuits mutually at right angles as indi- 
rationi Res (2), where AB represents a: large circular coil 
one, each coil having one turn only. Now the 


magnetio feld at the centre of AB is 2 where r, is its radius 


fi 
; flowing in it, and the magneti 
valen A aiias! Magnetic moment of the 
(io permenbilty of thet for tho emall coil CD is pais, where jii 
area end i i Wo ud edium in which the coil CD lies, « its 
couple ruis : t in it. Hence CD will experience 5 
r fi iding to twist ite plane into that of AB. [I£ the 


LM 
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two coils are inclined at an angle 0 as in Fig. 10-02 (b), the couple 

.. nad is COS *] 

is ——————— |: 
Ti 

2i 


Again, a linear current, #,, produces & magnetic field as at a 


distance r from it; since the magnetic induction is times this, 


“Equivalent t PT 1 
‘magnet’ 
è į 
N p’ €. 2 
F B >$) F 
Direction of 
(5) (o mag. field 


Fra. 10-02.—Effect of current on current. 
^ 


a second linear current $a, parallel to iy of, Fig. 10-02 (c), will 
experience per unit length a force iB, or v, If the two cur- 


rents flow in the same direction the force on each wire is one of 
attraction; repulsion ensues when the currents flow in opposite 
directions. 

Coaxial circular coils.*—(a) First let us consider two circular 
coaxial coils of very nearly the same radius and situated at a small 
distance apart as indicated in Fig. 10-03 (a). Ifpisthe permeability 


oA 
i i 
C. Í—T?—54 3 
"Paszrce — 
p—-— — 0 —— LAE e oaair e ne 
ea -i 
AN fied) [0 72M » 
Li 
(e H e 
6B 


Fio. 10-03.—Coaxial circular coils. 
of the medium surrounding the coils, the force on ‘each unit length 


Shits and for an element at A of the 
AC 
coil AB this force acts along AC. The component of this, normal to 
"a'mach ooi] has one turn only. 


of either coil may be taken as 


304 ELECTRICITY AND MAGNETISM 
the axis of the coil, taken all round the coil will, by symmetry, 
vanish, but for unit length the component parallel to the axis is 
Qui, CN — Qutigr 
“AC "AG . (AO*" 
For the whole coil, since the total length = 2zr,, the force is 
2 ui iam. Doer, in Arti iar sz ; 
CEET ATAT 
It is a force of attraction, An equal but opposite force acts 
on CD. Each force is zero when z = 0, i.e. when the coils are 
coplanar and the maximum value occurs when 


R=1,—f,, is a maximum. Now 


—-T 2 where 
R? -+ x? 


ð 2 R? — 2? 
ne this equal tò zero, we find R*— 2. On finding 
ions - a) and substituting R* for 2*, the result is negative and 
therefore R? = z? or (r, — r1 = a? corresponds to a maximum. 
The force between the coils is therefore a maximum when 
zc 4 (r— r) 


ruia à 
(n — n) 

(b). When the coil r,, cf. Fig. 10-03 (b), is so small that the variation 
of magnetic field over its cross-section due to the current in the 
in f; is joa nde a de field. Then if the magnetic shell 

valent to tho s coi thickness 
gina: sg 6z and pole strength o per 
bun ee is — H(omr,), and force on ‘x + dz ’-face is 
+(E+ s^ om: 


and ite value is then 


the shell.] 
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~. Force tending to increase the distance between the coils is 


— batur ra iit 
in? + E ^ 


This is zero when z — 0 and a maximum when z — jn. 


The forces and couples on a small circular coil lying with 
its centre on the axis of a larger circular coil, both coils carry- 
ing steady currents.—This problem, when the coils are circular, 
has already been solved by one method; it is now proposed to 
verify the solutions obtained by considering the potential energy 
of the smaller coil (not ne ily circular) in the magnetic field 
of the first. The permeability of the surrounding medium vill 
again be considered constant and denoted by g. 

(a) Suppose that AB, Fig. 10-04 (a), is the larger coil carrying 


i 
--9 4 i 
E fn suem 
&- i 
exc. s EP 
EX Ses 
D pa 
L 
— 
m7 ' 
(a) | (8) 
2B 


Fia. 10-04. 


a current i and CD the smaller coil carrying a current i» Let O 
and P be their respective centres ; let us write OP — z. The feld 
strength at P due to the current in the large coil is 27:3,7,*(r4* + zi 
and is directed along OP. Since the lines of force thread the second 
circuit positively and are normal to its plane, the mutual potential 
energy is obtained by multiplying the magnetic induction associated 
with the field by — istra" [cf. p. 125]. [If CD is a small coil of 
area S, the multiplying factor is — #8-] 
2 W= — ety! + 2)". 


.. Force tending to increase z is 
QW etur stis! ts 
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The circuits therefore attract one another when the currents are 
in the same senso and repel one another when the senses are 
contrary, , 

(b) The value of the couple on a small coil situated at the centre 
of a large coil has already been obtained. Its value may also be 
calculated by considering the potential energy of the small coil in 
the field of the first. Thus if AB, Fig. 10*04 (b), is a single turn of 
radius r}, the field at its centre is oe Since the magnetic in- 

1 
. duction is zum, where w is the permeability of the surrounding 
1 
medium, the potential energy of the aystem is 
ENS dn 0 art = W. 
1 


ine W O S. irre 
ERE M 3 a A o 0: 


Thus the couple tends to make the ooils coplanar. 

The forces and couple acting on a current carrying coil 
suspended in a magnetic field.—The problem of determining 
the forces on a rectangular coil suspended in a magnetic field is very 


ne 


(c 
ir Fra. 10:05.—Couple on a coil in a CHR 
E i magnetio 
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important since upon its solution depends the principle of many 
current measuring instruments. Let PQRS, Fig. 10-05. (a), be a 
fixed rectangular coil of length / and breadth, w placed in a magnetic 
field whose direction is always in the plane of the coil. This field 
js a radial one and is obtained by using the system shown in 
Fig. 10-05 (c). If the current flows in the direction indicated each 
vertical side of the wire will experience a force iB, where B is the 
magnetic induction at points on the vertical sides of the coil. These 
forces act in the directions shown. "They constitute a couple whose 
moment is liB.w — £AB, where A is the area of the coil. 

If the coil is made of N turns of wire each with an area A, the 
couple becomes NABi. 

For equilibrium this couple must be balanced by the couple due 
to the relative twist $ between the ends of the suspension. If b is 
the restoring couple per unit twist in the Suspension, then for 


equilibrium 
NABi = 09; 
ie. Ls ap^ 


Now suppose that the coil is suspended in à uniform magnetic 
field parallel to the zero position of the coil, cf. Fig. 10-05 (b), If 
the coil is deflected through an angle ¢, each force hB is inclined 
to the plane of the coil at an angle (3 — $). The couple is there- 
fore liB.w cos ¢. If there are N turns of wire the couple is 
NABi cos ¢. For equilibrium 

NABi cos ¢ = b¢. 

The suspended-coil galvanometer.—This is a most reliable 
and sensitive instrument for detecting electric currents. A narrow 
coil, Fig. 10-06 (a), consisting of many turns of wire (only the 


movable head by a fine phosphor bronze strip between the poles 


of a strong magnet. When a current } 

act in contrary directions on the opposite sides of the coil, ie. à 

couple acts on the coil which rotates until the twist in the suspension 

produces an equal and opposite couple, To make the couple acting 
i Í i coil must 

consist of many turns of wire and be placed in a strong magnetic 


field; the method of winding is shown in Fig. 10-06 (b) To 
i i iov, is made very fine so that the 
increase the deflexion the suspenso ecu E 


torsional couple per anit ent 
to concentrate the field and arrange that it is always edd 
the plane of the coil for all positions of the latter not far mo 

from ite position of rest a cylindrical niece of soft iron is fixed mi way 
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between the poles of the magnet, as shown in Fig. 10-06 (b). The 
current enters the coil through the suspension and leaves through 
a very fine spiral below the coil. This spiral is made of very fine 
wire and consists of several relatively large turns so that it shall 
exert only a small restoring couple on the coil. A. mirror rigidly 
attached to the framework of the coil or to the lower and thicker 
portion of the suspending wire—there must be no relative motion 


Fia. 10-08.—A suspended-coil galvanometer. 


between the mirror and the coil—enables an; i 
y small deflexion to be 
Seed a 1 let us assume that $ is the steady angular deflexion 
am i that pi the couple in the strip due to unit (radian) difference 
gan mn xe ends. Then bó is the couple in the present 
; es ; a ‘moment of the forces on the coil is iNAB, if it 
cones oe Bi what each of area A. When equilibrium is 
aine e equal and opposite to the couple due to the 
twist in the suspension, i.e. 5 
iNAB=04, or i=. 
In modern mi i 
iane eos ^ es of great sensitivity special 
= copper wire which is as near 88 
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possible entirely free from traces of iron. In addition, in order to 
make the coil light no frame is used to carry the actual coil. 
Instead, the wire, as it is wound on a former, is passed through 
a Bakelite varnish such as 'Damarda'. When the winding is 
completed, the whole is heated to about 100°C. to drive off all 
solvent and then the framework is remoyed. The coil is then very 
rigid and requires no supporting frame when used as part of a 
galvanometer. 

Such a feature is very desirable when the galvanometer is used 
ballistically [cf. p. 330], but when the coil forms part of a moving 
coil microammeter, ammeter, voltmeter, etc., then it is usual to 
wind the coil on a brass framework so that the motion becomes 
almost critically damped. 

Example.-—The current sensitivity of a given type of galvanometer 
may be taken as being directly proportional to the square root of its 
resistance, R. What would be the resistance of the galvanometer you 


would select to measure the e.m.f, of a thermocouple, if the resistance 
of the thermocouple and its connexions to the galvanometer is 12 ohms ? 


The current sensitivity is defined as lim se, ie. a where é¢ is the 
change in deflexion due to a change ôI in tho current. Since the sensi- 
Q4 
tivity in this instance is proportional to Rt we may write = = kRi, 
where k is & constant. On integrating, we obtain 
¢ = kRi, 
the integration constant being zero. 
If E is the e.m.f. of the thermocouple, then 
E 
LPEN 
and this current will produce a deflexion ¢ given by 
E 
¢ = kIR = kyz yR t 


Thus ¢ = due , where « is a constant. 


12 4 
. dé and c M 
"IBS lig +R (12 ul 
This is zero, corresponding to & maximum value of 4, if 


Rt 
eth iss ch 
: 1 R i 
rene a7 eR 
ie. R = 12 ohms. 


Thus a galvanometer with & resistance of. 12 ohms is required. 
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Example.—AÀn accumulator, em.f. E and negligible internal resist- 
ance, is connected to two resistors AC and OB in series. The resistance 
of AC is 5 while that of CD is (1 - Pn, where n is & constant. 
Across AC there is placed a galvanometer (resistance G) in series with 
a thermocouple; the e.m.f. of the thermocouple is E, and it has a 
resistance Ry. Obtain an expression for the galvanometer current. 

A galvanometer with interchangeable suspensions is available. If 
its sensitivity S is proportional to Gt, find the optimum value for G. 


This represents the 
thermocoup 


Fria, 10-07. 


Suppose the cireuit is arranged as shown in Fig. 10-07. Let I and Iy 
be the cyclic currents indicated. Then for the loop (i) we have 


R=- axi -LR 


IR — 2n 
For the loop (i), : 
-Ep = WG + By) + Us - T. 
ADS d (E — nEgn 


BUS (077 8 — DR + a(R, + GY 
which may be written in the form. 


Logo» 
B + CG? 
where A, B and © are constante, 


P SU 
Now 8 = L where. 4 is the galvanometer deflexion. 


E kA VG 
> ATBP 
if 8 = kGt, where k is a constant. 


1 


| = B leo +0) - =| 
T e = ti ee | 
this is zero if B + 0G = Man ds P i 


t 
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i "HENCE 
Since ¢ = 0 when G = 0 and also when G = oo, and ¢ is essentially 

positive, the above condition corresponds to a maximum deflexion. 
The tangent galvanometer.—It has been shown fof. p. 132] 

that the magnetic field, H, at the centre of a circular coil carrying 


a current é, is equal to “NY, where N is the number of turns each 


of radiusa. A tangent galvanometer is an instrument in which use 
is made of the above formula in order to measure a current in 
electromagnetic units. The coil is placed in the magnetio meridian ; 
at the centre of the coil there is suspended a compass needle free 
to turn in a horizontal plane about a vertical axis through its centre 
of gravity. The length of the needle must be small compared with 
the radius of the coil. 

When a steady current passes through the coil the magnotic field 
it produces at the centre is compared with Ho, the horizontal com- 
ponent of the earth’s magnetic field. If ¢ is the deflexion we have 
the usual relation for two magnetic fields mutually perpendicular, 
viz. } 

H=H,tan¢ 

Since g- 2m, 


we have im ie tan y. 


This formula is often written i =? tan g, where G is the galvano- 


meter constant ; Gis the magnetic field at the centre of the coil per 
e.m.u. of current in it. It may also be written i = E tan $, where k 
is the reduction factor in e.m.u. for the gal . If Lis the- 
current in amperes, then 

I Be T= tang. 

poa aP e 
This may be written 

I=K tan $, 


where K = UP is the reduction factor for the galvanometer It 


is expressed in amperes and for a given galvanometer is not a 
constant, except at one particular location, since it involvss Hy. 

The sensitivity and accuracy attainable with a tangent 
galvanometer.—If ¢ is the angular deflexion of the needle when 
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the current is i, the sensitivity is defined as zi For a tangent 
galvanometer i = k tan ġ, 80 wnat St = k^? cos? ¢, i.e. the sensitivity 
is a maximum when $ = 0. This conclusion is of little practical 


importance. 
In dealing with a tangent galvanometer it is more important to 


consider a quantity which will be called ‘the accuracy of the 
galvanometer ’. If Ód is the change in deflexion when the current 


is increased from i to i -+ di, then T is the fractional change in the 

current, and 

"(5 or pe, 
7) 


is called the ‘ accuracy of the galvanometer ' ; let it be denoted by æ. 
a = d$ = btan jk oot $ = jsin 2¢. 


di 
Since the maximum value of sin2¢ is 1, it follows that the 
accuracy will be a maximum when 2¢ = > ie. ġ = i 


Esample.—Prove that if a tangent galvanometer is used to measure 
current from a cell, o.m.f. E volts and internal resistance B ohms, the 
instrument, for which I = K tan $, will be used with maximum 
accuracy if it is shunted by a resistance S such that 


g ae ERB DE) 
E — K(Ry +B + RY 


is tho resistance in ohms of 
a coil in series with the cell. the galvanometer and R that 
Xf I is the current from the cell, 


E 
RB git. 


Hence the current through the galvanometer, Ij, is given by 
Ry +8" ~(R+BR, +58) + RS 
If this produces a deflexion 7, I = K and the instrument will be 
used with maximum accuracy. Hence 
ES = E(R + B(R, + 8) + R,8), 
or s= __XR(B +R) 
: E- +B +R) 


I= 
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The Helmholtz system of galvanometer coils.—The strength 
of the magnetic field at a point on the axis of a circular coil carrying 
a current is given by the relation — 

2Qnia* 
B LETS 

where a is the radius of the coil, i the current and x the distance of 
the point from the centre of the coil. If the coil has N closely 

wound turns of wire, the above expression becomes 
gp. 2M ME 
(a? + gajes (a? + gis 
The rate at which this field changes with z is given by S It 


is important to find whether there is any region over which the 
above rate of change is constant, for, if this is so, by superimposing 
two fields due to currents in equal circular coils it should be possible 
to obtain a uniform magnetic field over a considerable he. AH 
the space rate of change of H with z, i.e. = is constant, then : a 
will be zero. Differentiating the expression for H with respect to x 
we obtain 


zi fe ads 4 zy = — SAz(at + a*)**. 


H 


(say). 


Differentiating again, SEG 
SE __ gayi + sty — nt m. 

This is zero, if E is constant. Equating the above expression to 1 

zero, we have bzta? + 23)! — 1, $ 


The above analysis shows that the rate of change of the field is 
constant at.the above positi . This fact is utilized in the construo- 


tion of a Helmholtz tangent galvanometer. Such an instrument is 


is uniform, for as we move along the axis from the mid-point i 
diminution in the field. strength due to one coil is compensa’ 
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: by the increase in the field due to the other coil. If xz = F we have 
2nNiat 16 aNi 

E Tn UU. 

[^ 43 1] 5v5 a 

-es the numerical value of the field due to the current in each coil at 


_ the point considered. Since the coils are arranged so that the actual 
- directions of the fields are the samo, the total field at the centre of the 


H= 


- If the planes of the coils are in the magnetic meridian, and H, is 
the horizontal component of the earth’s magnetic field, and ¢ the 
angle of deflexion of a small magnet placed at the centre of the coils, 
H = H,tan 9, 5/8 

ie. f=” 

vii 0m aH, tan ¢. 

: The manner in which the field due to each coil varies and the 
region over which the combined field is uniform is shown in 
Fig. 10-08. 


Fields due to 
. Individual coils 


Distance along axis 
from centre of system 


Fra, 10-08.—He] Y iati 
d System of ans hn of magnetio 


The | 
he Segen magnetometer.—The Most accurate method for 
determining the horizontal component of the earth’s magnetic field 


ELECTRICAL MEASURING INSTRUMENTS 315 


was proposed by ScuustzRin 1914. The actual research was carried 
out by F. E. Surrz and completed in 1923. The principle of this 
instrument, known as the Schuster magnetometer, is as follows. 
Two equal coils are arranged at a distance apart equal to their 
common radius as in the Helmholtz galvanometer. A small 
magnet is suspended by a quartz fibre so that its centre is on the 
axis of the coils and midway between them. When a current is sent 
through the coils in the same direction a magnetic field is produced 
which is uniform over a considerable region in the neighbourhood of 
the magnet. Suppose that the planes of the coils are normal to the 
magnetic meridian. Then the magnetic field due to the current in 
them is parallel to the direction of Hy. If the sense of the field is 
the same as that of Ho, then the magnet remains undeflected for all 
values of the field due to the current. If the current through the 
coils is reversed, the sense of the magnetic field due to it will be 


Fro. 10:09.—The principle of & Smith-Schuster ma 


’ i hen 
Let NS, Fig. 10:09 (a), be the suspended magnet so that w 
deflected. it is at right angles to Hy. Let the normal to the plane 


; ter. 


- 316 ELECTRICITY AND MAGNETISM 


of the coils make an angle « with OK. Letm be the pole strength of 
magnet and $ the current in the coils. Then the magnet is in 
ilibrium under the action of the two couples indicated. Since 
the moments of these are equal when equilibrium has been reached, 
we have 
mHy.21 = mGi .2l cos a, 
if 21 is the length of the magnet. Hence 
d. H, = Gi cos a. 

The formula H, = Gi cos a. may also be obtained in the following 
way. Let the magnetic fields Hy and Gi be directed as indicated 
in Fig. 1009 (b). The field Gi may be resolved, cf. Fig. 10-09 (c), 
into two rectangular components, Gi cos « and Gi sin a, respectively, 
If, by adjusting the value of the current, Gi cos « is made equal to 
H, then the field Gi sin « will cause a small magnet NS to set 
perpendicularly to H, Thus H,=Gicosa is the condition 


[Tn passing, it should be noted that if the field Gi makes an ange 
= with Hi, then NS will be rotated through an angle 7 from the 
position shown, since the component of Gi along Oy is reversed.] 
- "The value of the current was adjusted so that a. was small when 
NS was-in the desired position. The current was determined by 


weighing ' it with the aid of an ampere balance. The coils them- | 


selyee consisted of twelve turns of bare copper wire wound on à 
marble cylinder of radius 30 cm. The suspended magnet was about 
1 em. long and 5 mm.* in cross-section. This was supported by & 
MET E so ee. otne miror and damping 


Finally, H, was determined with an error of 3 parts in 105, the 
Mi observations taking four minutes. The method is exception 
e E AE a eni, and errors such as non- 
ar raged of magnetic field, possible magnetic effects of the material 
supports, and possible electrostatic effects on the sus 
TOM were —— by paying special attention to the 
pi the actual research by F. E. Smith a sensitive magnetograph 
eens i Changes in H, was in operation simultaneously. 
ee the two instruments was exceptionally good. 
meters.—The electrod, is distin- 

jnamometer is dls 
n from the moving-coil galvanometer by having the moving 
panel not in the field of a permanent magnet but in 
system of fixed coils which are traversed by thé 
current, Tieton! wget may be either absolute or secondary 
peg instruments. coils may be arranged in various way? 


an absolute electrodynamometer the geometry of the system . 


——— 
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must be such that the constant of the instrument can be calculated 
from it. 

As described at first in this chapter it may appear that an electro- 
dynamometer is primarily an instrument for the measurement of 
current, but at a later stage in the chapter it will be shown how an 
electrodynamometer may be adapted to the measurement of power. 

Weber's electrodynamometer.—This instrument may be 
regarded as a standard tangent galvanometer, ie. & 
galvanometer, with its two coils, A; and Ag, Fig. 10:10 (a), in which 
a small coil C, suspended. at the centre of the system by » bifilar 
suspension, replaces the magnet. When no current is 
through the coils, which are arranged in series, the planes of the 


Fic. 10-10.—Weber's electrodynamometer. 


small and large coils are mutually perpendicular. The passage of 
a current through the system tends to turn the small suspended coil 


electromagnetic effects and the restoring couple due to H,, the 
horizontal component of the earth’s magnetic field, and to the 
suspension. If i (e.m.u.) is the current, the magnetic moment of 
the small coil is M = xa’Nui = Bi (say), where N is the number 
of turns in it, and u the permeability of the surrounding medium. 
Let the equivalent magnet have & pole strength m and magnetic 
length 2], i.e. M = 2ml. Then if G is the field per unit current at 
the centre of the large coils (i.e. the Helmholtz system), the magnetic 
field is Gi and the couple due to it ia 
Gim.21 cos 0, = MGi cos 6, 
= GSi* cos 0, 
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where 0, is the deflexion; this equation is easily obtained by 
considering the equivalent system shown in Fig. 10-10 (b). The 

ing couple due to H, is (Nza'ui)H, sin 0,, or SiH, sin 0, 
and if 0, is small this may be written SiH,0, ; due tc the suspension 
it is b0,, where b is a constant. Now when 0, — 0, cos 0, — 1. 
Hence 


Bie: 


Gs Gen Hep f.. SHH, Qo] 

SH,+b b BuU, y D 

When the current is reversed in each coil let 0, be the steady 

deflexion; the deflecting couple due to the current and to the 

bifilar suspension will each act as before, but the couple due to the 

earth’s magnetic field will be reversed. Under such conditions 
_ GS? H,si 

Rg [i f SA] 


nr (0; + 695 
ndm joo. 


Now b depends upon the dimensions of the bifilar suspension and 
the mass, m,, of the coil, [cf. Vol. T, p. 143], so that we may write 
b = Am,, where 1 = constant. If the coil is made to vibrate about 
a vertical axis the period of oscillation, T,, is given by 


I I 
T= [=a bt. 
1 pom jm 


where T, is the moment of inertia of the system about its axis of 
rotation. A metal bar of known moment of inertia I, about the 


axis of suspension and mass m, i -— 
le ner pedo o a eo Me eol ant 7g 


T, = 27 Ath | 
Alm, + m.) 
so that 4, and hence b, can be found. 
ies elus of Ten aD he fonnd by passing a known direct current 
^ ie ey system ; when b is known the electrodynamometer may 
the prove Moe Pete value of an alternating current since 

si : : 

mean couple due to th taneously in all the coils, so that the 


the earth’: H . . 
steady deflexion m hdr caen field is zero. If 0 is the 


E E inn 


or, in practical units, 


I= Uhia = NI = Sm 
0 


€——— ———— Dn —— inn 
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where G, is the field per ampere at the centre of the Helmholtz 
coil system and 
A I 
m= sies) = Sut 
ie. 10G, — G, and 108, — S. 

Kelvin's ampere balance.—Kelvin designed several instru- 
ments for the accurate measurement of current, the principle: of 
which depends upon the mutual action between the fixed and 
movable portions of a circuiti through which a current is passing. 


A diagrammatic representation of a Kelvin balance for measuring 
currents from 0-01 to 1:0 e.m.u. is shown in Fig. 10-11 (a) and (b). 


To supplu 
(a) [Elevation] 


R 


NES 
(2) [Pian] 
Fro. 10-11.—The principle of Kelvin's ampere balance. 


It is a gravity controlled, astatio, zero reading dynamometer instru- 
ment, ‘The instrument consists essentially of six ciroulat coils, four 
Rant and two movable, these latter being carried n-& beam Which 
can rotate about a horizontal axis as in an ordinary physical balance. 


The fulcrum is represented conventionally by a repre but. in 


number of fine copper wires. These wires carry the current. 
| dim same current, 4, flows through 


each; the directions of the current are shown conventionally as 
well as by the horizontal arrows which indicate the 
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current at any instant in each half of each coil which is nearer to an 

observer. Consequently the coils P and Q, which are the movable 
_ ones, are acted on by the four forces F as indicated ; for example, 
the upper force F ón P arises from the repulsion due to the currents 
in A and P, while the lower force F on P is due to the attraction 

between the currente in P and C. 

If W is the mutual potential energy of the coils A and P, 

j ow „ôm |" in general, W = — i, V 
a-- Rex = — i, (mi) = — itm, | 
since here ¢, = i, = i. 
where m is the mutual inductance of the coils A and P and z is 
their distance apart. 

When no current is passing a rider R, òf mass ma, rests at O on 
the beam but when the current is passing this rider has to be shifted 
a distance s along the beam in order that the movable coils shall be 
in a horizontal plane. Under these conditions we have 

4Fa = mgs. [g = intensity of gravity.] 


: om 
Now = can be calculated from the dimensions of the coils and thus 


current. If th: coils then have so 


oray Asa a dynamometero : Siemens' electrodyna- 
motneter "A of fact one single principle underlies all 
[egesta le. the current carrying circuit tends 
ie Magnetic field as possible. In the moving 

needle instrumen; needle 
. pase through the coil, while 
sete iteelf so as to enclose 


i 
d 
| 
! 


—— s 
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meter the moving coil turns so that its magnetic effect increases that 
of the fixed coils. 

The Siemens’ electrodynamometer, shown diagrammatically in 
Fig. 10-12 (a), consists essentially of two coils one of which, ABCD, 
is fixed while the other UVWX, suspended by a plaited silk thread, 
is movable. Details of the suspension are shown in Fig. 10-12 (6) 
and initially the planes of the coils are mutually perpendicular—ef. 


s 

ibre 

, Helical 
S j*— spring 


(b) 


Direction of motion 


('Zero' positions of coils] 
X (œ 
Fra. 10:12.—Principle of Siemens’ electrodynamometer. 


Fig. 10-12 (c). One end of the spring S is attached to the movable 
cod and the other to a torsion head, T, which carries a pointer Pı 
moving over a horizontal uniformly graduated circular scale. The 
ends W and X of the movable coil dip into mercury cups M, M, 
arranged vertically above each other and on the vertical axis of the 
coil. A pointer, P, is rigidly attached to the movable coil but by 
means of two stops R, and R its range of de is limited to 
a fow degrees each side of the position of balance. The instrument 
is levelled and the same relative position of the coils is maintained 


in the opposite direction until the pointer P, is at the zero mark. 
Sins the movable coil is always restored exactly to its initial 
position the torque on it is rigidly proportional to the square of the 
Parent and hanse, if the restoring couple due to the spring 3 Peer 
portional to the angle through which the torsion head T is rotated, 
G.D.P.—V—M Vnde n 
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then 0 cc I5; or I = kV, where k is almost a constant for a given 
“instrument; it is not quite a constant since no spring is perfect. 
"The instrument is therefore calibrated using direct currents of known 
magnitude, When this calibration is being carried out it is desirable 
to orientate the instrument so that the local magnetic field does not 
affect it, This is accomplished by rotating the instrument about 
& vertical axis until the movable coil is not deflected when a large 
current is sent through that coil only. The efect of the local field 
is zero when alternating currents are used. Since the instrument 
is mainly used to measure alternating currents the framework is 
generally made of wood to avoid possible errors due to eddy 
currents which would be produced in a metallic framework. 
-. Jf necessary a low resistance may be placed across M,M, so that 
the movable coil only carries a small fraction of the current to be 
measured ; this only alters the value of the instrumental constant k. 


An absolute electrodynamometer.— The principal ideas 
embodied in the design of an absolute electrodynamometer may be 
gathered from the following considerations. ‘Two coils are arranged 
as shown in Fig. 10-13 (a). The fixed coil, of N, turns, is wound in 
a single layer on a marble cylinder which has been machined very 
accurately. The moving coil is wound in a single layer on & 


Fi 5 Normal toplane of moving coil in 
© geoocoocoococend ec, ixed coil its petition of static 1 E IN 
"te equilibrium. 
ie ni 


S 
i7 


kex. 
Oa e 
E CEN ky Plane of! ly À 
dl fc) — y lane oi iii 

à» 


(c) 
Fro. 10:13.—An absolute electrodynamometer. 
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movable coil is given by 


T m, 


where 0 is the angle between the axes and m is the mutual inductance 


for the system. 

To obtain an approximate value for m let us assume that the 
moving coil is a plane one of radius r. Tf n is the number of turns 
per cm. in the fixed coil the contribution to the magnetic field, H, 
at O.due to the current in an clement of width ôx, cf. Fig. 10-13 (b), 


is given by 


2Qna*in dx 
9H (at ay 
ME M ecce CEDE SD. z +t 
<. H = 2nza*ni ii at +a) = aan oan, 
Aun] | 9zNj [N, = 2l.) 


Supe ET 

Now the magnetic induction, B, associated with the magnetic 
field at O is given by B = paH, where [la is the permeability of the 
air in which the system lies. If the movable coil is small the field 
in which it is situated may be considered uniform 80 that the number 
of linkages associated with it when its plane makes an angle 6 
with B, as in Fig. 10-13 (c), will be 

[(nr2)2zcN Noa’ sin 0] + (a? + Bi, 
where N, is the number of turns on the small coil. 

Nae 22? p, r* NN, sin 9. 

UR LAE 5 

s pog 2 zr pae NON 0089. 

LS 55 = (at + 

To measure the current the moving coil is restored to its position 
of static equilibrium by rotating the head which carries the sus- 
pension through an angle 4. The couple 80. applied is b¢, where b 
is the couple per unit twist in the suspension. Under such con- 
ditions I = b¢, 0 = 0, and we have 

Inu NNi _ 5g 
(a? + 13) 

Gray has pointed out that if the radius of € «ch. coil to its length 
is as 1:3, all the terms in the series for m between the first and 
seventh vanish so that m is as above for all practical purposes when 
this additional condition is satisfied. ‘ 
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Some disadvantages of dynamometers used to measure 
direct currents.—Although dynamometers may be used as pre- 
cision instruments in connexion with the measurement of the r.m.s. 
value of an alternating current, cf. p. 507, they have several dis- 
advantages when compared with the permanent-magnet (moving- 
coil) type of instrament as a means for measuring direct currents. 
The more important are as follows :— 

(a) Since no iron is present, the strength of the magnetic field 
obtainable is small. This means that a relatively large number of 
ampere-turns is required on the movable coil in order to obtain the 
necessary deflecting couple. Consequently there is à somewhat 
massive moving coil and the loss of power is considerable. The 
‘torque per unit mass of the suspended system’ is small and this 
means that errors due to friction and internal heating assume an 
important role. 3 

(b) Dynamometers are expensive. 

(c) Since the deflecting torque per unit current is not constant 
the scale is not linear ; it varies approximately as the square of the 
current. 

Power measuring instruments : wattmeters.—4A wattmeter 
is an instrument which indicates by a single reading the rate of 
dissipation of energy in any part of an electrical circuit. One of the 
earliest types of torsion wattmeter was simply a modified Siemens’ 
electrodynamometer; the fixed coil and the moving coil are initially 
at right angles and to eliminate the effect of the earth’s horizontal 


Variable 
R choke * 


MC. tend: 
to rotate (IX (MO " 


Couple applied. 
by torsion head 


Fixed or current*coil (FC) 


Fro. 10-14.—Principle of a wattmeter. 


magnetic field on the moving coil, when currents of zero e 

are being used, thin is placed with its plane at right ee a 
magnetic meridian. The fixed coil is of low resistance and, as shown 
in Fig. 10-14, carries the same current as that which flows in the 
main circuit. The moving coil is known as the ‘ volt-coil'; it is 
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connected in series with a high resistance R and the combination 
thus formed is joined as a shunt to that part of the cireuit in which 
the power is to be measured. Tn an ideal wattmeter the volt-coil 
should have negligible inductance and capacitance so that its 
reactance is small compared with the sum of its resistance and that 
of the resistor R in series with it, in order to ensure that the current 
flowing through the volt-coil is in phase with the impressed voltage. 
Tn some cases a low value for the reactance is secured by winding 
only a portion of the coil inductively, the remainder being made 
non-inductive by double winding of the wire. If v is the instan- 
taneous voltage across the volt-coil and i the instantaneous current 


T 
in the ‘load ’-coil the mean power is =| vi dt watts. The in- 
o 


WATTIS 


'a]g4S- oon p IU eT Ea HUGE 
Nissan == 
(a) (5) 
Choke £o control Vo/tage across 


current in load’ ‘Joad’ in which 
power is requi 


| 
i i (o 


Generator | 
Fre, 10-15.—Another form of wattmeter and ite connexiuns 
: n [shown for use with 8... n 
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stantaneous torque will be kvi, where k is a constant, so that the 
mean torque will be fei di, and hence is proportional to the mean 
j 0 


rate at which energy is dissipated in the load. When the moving 
coil is restored vo its zero position, i.e. its plane is normal to that of 
the fixed coil, the couple is proportional to the angle 0 through which 


the torsion head is rotated, i.e. 


P=Ké6. [K = constant.] 


The constant K may be determined by using a d.c. circuit, the 
voltage drop across the load and the current in it being measured 


` by d.c. instruments. 


Lu 


In another form of wattmeter, ef. Fig. 10-15 (a), the small moving 
coil is suspended with its centre at the centre of a Helmholtz system 
of coils. The axes of the coils are mutually perpendicular when 
no current is passing. If the directions of the current in the moving 
and fixed coils are as indicated the small coil will tend to rotate in 
a clockwise direction as shown in Fig. 10-15 (b). 

Fig. 10-15 (c) shows how such a wattmeter is set up to measure 
power. 

Alternative connexions to a wattmeter.—In an earlier 
chapter, cf. p. 251, attention was drawn to errors arising from the 
consumption of energy in a voltmeter and an ammeter when these 
are used to measure power. A similar error may occur in the 
measurement of power by an electrodynamometer. Fig. 10-16 (a) 
and (6) show alternative methods for conne: ing the current (fixed) 
and voltage (moving) coils. In the first arrangement the potential 
drop in the volt-coil is not equal to V, that across the load, since it 
includes V,, the voltage drop in the current coils, whereas, in the 
second arrangement, the current in the fixed coil includes that in 
the moving coil. For many purposes a correction can be applied 


‘if the method of making the connexions is as shown in Fig. 10:16 (b); 


the power in the moving coil is V*R-1, where R is the total resistance 
in the branch containing the voltage coil, and this may be calculated 
with sufficient accuracy by assuming V is equal to V,, the supply 
voltage. A better method is to disconnect the load and observe 


the wattmeter reading; this is subtra 
R 1 ? cted fr t 
reading when the load is in position. 2 emete: 


To overcome this difficulty a so-called compe r 
may be used. Tn it the current.ooils are E eela 
shown in Fig. 10-16 (c). The second or ‘auxiliary current coil is in 
eee vite moving coil and has the same effective area [Z(NA)] 
yey al xd if I, is the current in-the yolt-coil and I 
b Aa en I- I, is the current in the fixed coil. Since 

curren ws in opposite directions through the above coils 
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it makes no contribution to the mutual potential energy of the 

system and hence to the torque on the moving coil. 
[Alternatively, one may consider that the magnetic induction at 

a selected point in the region of the moving coil has two components, 


say B and B, due respectively to the components I and I, of the 


Moving coil 
(Voltage) 


Fio. 10-16.—(a) and (b) Errors due to connexions in a wattmeter, 
(c) the principle of a compensated wattmeter. 


current in the fixed coil. The current I, in the duplicate winding 


produces a field with induction — By; thus the field in which the 
moving coil swings is determined solely by 1. Hence the auxiliary 
coil acts as a compensator ; it has a magnetomotive force, cf. p. 397 ; 
which exactly cancels that component of the main magnetomotive 
force due to Ij, the volt-coil current.. de 

A compensated wattmeter for laboratory use.—This instru- 
ment consists of two fixed coils F, and F,, cf. Fig. 10-17 (7), arranged 
as a solenoid with a small gap at its mid-section. A small moving 
coil C, suspended from a torsion head and with an effective cross- , 
sectional area NA, is free to rotate about & vertical axis in the fold’ 
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due to the current in the fixed coils. In general, let i, and i, (abso- 
lute units) be the currents in the fixed and moving coils respectively, 
With the usual notation B = 4zj5ni,; if the effect of the gap in the 


long solenoid is neglected, and 
W = NAB sin « = 41i, NAni, sin a, 


when the normal On to the moving coil has moved through an angle 
a. Hence the mutual inductance is given by 


m = Anpa4NnAÀ sin «, 
so that the couple on the moving coil is given by 


om A $ 
E ipe 441,1, NNA cos a. 


Ps 


Y 
loc / 
Y 


zo, \ 
poste" area A 


[Only if JV 
dc. isused] 
Fic. 10-17.—A. compensated wattmeter for laboratory use. 


i 


If bis the couple per unit twist in the suspensi 

pension and 6 the angular 

ése of the torsion head required to restore the moving coil to : 

its position of static equilibrium (when a = 0), 

là : 4n, 14NnÀ = b0. 

Bs QM is proportional to the product of the currents in the two 

piss e ers may be used to measure various electrical 

Vile sd ccs for the effect of the current flowing in 

wound with a second c on eee 

diets i coil having the same number of turns and — 
as the main coil; it is arranged in series with C. Thus | 


the field in which ; 3 
má eri C moves is due entirely to the current through — 


|. Xf v is the instantaneous i oai 
potential difference 1 | 
U x : across the load and 
r (em.u.) the Tesistance of the link containing the moving coil, 
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we have i, = 4 provided the coil reactance is negligible; this has ' 


been called i,. Hence, writing i = 4,, the instantaneous couple on 
the moving coil when in its position of static equilibrium, i.e. 
a= 0, is 


4 
EE [5 di, 


T 

and this is equal to b0. Now HI vi dt is the mean’ power in 
da x 

erg.sec,-! in the load. 


À 2 A -1 
;. Power = dan a ACE no 


_ Rx 1098 1 
7 Ang, NnAÀ joe 


NT Th NnA 
where R is the resistance in ohms equivalent to r e.m-n- of resistance. 
[Using the results obtained in Chapter XIX the dimensions of this 


expression are 
IT-3. putt Te »T-3, 
pLoL? 


ie. they are those of power.] F 
Ballistic galvanometers.—In erder to measure the quantity 
of electricity which passes each point in & closed circuit in & very 
short interval of time, ballistic galvanometers have been . 
Te galvanometer is inserted in 
idi — q, the quantity of electricity which has passed in time At 


y n 
Such galvanometers are of two types; known respectively as moving- 
coil and moving-magnet instruments. Suppose that the coil (or 
magnet) is suspended and free to move; if it is given an 
while at rest in its equilibrium position, it will be caused to oscillate 
and the amplitude of the oscillation may be considered as & measure 


of the impulse. 
[Note : Before proceeding to give the theory of ballistic galveho- 
meters  : Before To refresh ourselves with respect to two important 


theorems in mechanics. 


tar me equi and opposite forse, F, acing s & distance * 


Fr 00 = T' 80 = work done by couple 
= increase in the kineti energy of the rotating body 
= Ó(Ho?*) = Io dw, 
I being the moment of inertia of the body about its axis of rotation, 
Dividing throughout by ôt, we have, in the limit, 
To =Too, o =i, ([5—i,. 
le. the couple acting on the body is equal to the rate of change ofits 
angular momentum (Io). 
(6) Since I’ = Ió, we may write 
T ôt = I ôw = Fr ài. 
. 1f the couple acts for a time Ai, we have 


f Frdt = Tlw + Ao) — a] = IAo, 
0 


Y here Aw is the increment in the angular velocity. If r is constant 
the above a becomes 4 


r|" Pa = 10, 
n 


i ae of the impulse is equal to the change in angular 


cory of ballistic galvanometers.—(a) Moving-coil 
ballistic galvanometer. T, will be assumed that the sides of the 
coil are vertical and the magnetic field* in which it lies is radial. 


Suppose, for the Present, that " : : temi 
Let B be the value of the the coil coneists of a single 


i idi = q) 
-. Moment of the impulse about the axis of rotation 
"p t" Semi-width of coi] 
where A = area of tho coil, i.e, 
| cuu m 
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where I, is the moment of inertia* of the coil about its axis of rotation 

and c the angular velocity with which the coil begins to rotate. 

If the coil has N equal turns, the above equation becomes ` 
Iw = NAB . é $ FENA 

If we could observe c the above equation would enable us to 
caloulate q when I, NA and B were known. Since w, cannot be 
observed directly, an indirect method is used as follows. 

Tho initial kinetic energy of the moving system is }1,0* and this 
is expended in twisting the suspension until the angular deflexion of 
the coil attains its maximum value and the coil is momentarily at 
rest. If b is the torsion constant for the suspension, the work done 
for an additional rotation 60 is 60.00. 


D 
~, Energy spent in twisting the suspension is [ioo = $0, 

lo 
where 0, is the angular deflexion when the coil is at rest (moment- 


arily). Hence Iya? = bbo”. $ 
Now T, the period of oscillation of the coil, is known to be given by 


T, 

b 

From the above equations we have 
N3A3BA? = Lio! = 1,605? 


T-2x 


T: 
a 
"T i 
Hence 07 xp ee (rao assi) s . (ii) 


Since, in general, the values of N, A and B are unknown, it is 
desirable to eliminate them from equation (ii); to do this it is 
necessary to observe. the steady deflexion ¢ when a known steady 
current i is flowing through the galvanometer. Then, cf. p. 307, 
: b 
dr 
80 that 
(iii) 


This equation is true in any consistent set of units ; in particular, 
if Q is the charge in coulombs and I the current in amperes, . 
T.i 
mc. ; SENNY. 
a= x » 
* I, is the symbol used to denote a moment of inertia; confusion with I, 
the symbol for a current in amperes, is thereby avoided. 


. 
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(b) Suspended-magnet ballistic galvanometer.—Let G be 
the galvanometer constant, so that if i is the current in its coils at 
any instant, the field at the centre is Gi. Hence if m is the pole- 
strength of a small magnet suspended at the centre of the coil, the 
instantaneous force experienced by each pole will be Gim. If this 
acts for a time dt, the impulse will be Gim dt. If the ' transient 
current’ lasts for a time Aż, the total impulse on each pole will be 


At At 
f Gim dt = Gina. Pe a= | iae] 
0 o 
The moment of the impulse is Gmg(2l), [21 = magnetic length] 
= GM4 = Ivo [M = 2ml.] 
where I, is the moment of inertia of the magnet about its axis 
of rotation and wọ is the initial angular velocity of the magnet. 
Again c must be determined indirectly. Suppose that the impulse 
is over before the magnet has moved from its zero. position ; then 
the energy acquired by the magnet is 3,0. The needle will rotate 
until the controlling field brings it to rest, i.e. until the work done 
against the field by the needle is equal to Iw. 
When the magnet has been moved through an angle 0, cf. 
Fig. 4-03, p. 101, the work done against the field is 
2(AP)mH = MH(1 — cos 8). 
If 0, is the maximum deflexion of the needle when it will be 
momentarily at rest, we have 
Lw = MH(1 — oos fo). 


But the period of the magnet is given by 


E nen kd C 
i» peg ind 


If i is the steady current giving a deflexion $, then, cf. p. 311, 


Gi = H tan 4, 
and hence $ 


If 0 and ¢ are each small, we have 


g =F 


^ 
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As before, this equation is true in any consistent set of units, so 
that, in practical units, 


Damping : logarithmic decrement per cycle.—In practice 
the motion of a suspended coil or magnet is never purely simple 
harmonic because the amplitude decreases with time. The main 
contributory causes for this so-called damping of the oscillation are 
the resistance of the air to the motion of the system and electro- 
magnetic dámping.. Let Oy Os 03, » . . be successive maximum - 
angular deflexions as the needle swings, ie. ‘the first maximum 
deflexion and then the deflexions at the entl of each successive cycle 
of the motion. It is found, of. p. 336, that 

6, Oy SG ee 

9, = 8, 8, ep (say) 
where p is a constant. Since In 0, — In 0, = ete. = In p = Ô, say, 
the constant difference ô between the logarithms of the amplitudes 
of successive oscillations on the same side of the zero is termed the 


projection of a rotating vector whose initial position is OA, 
Fig. 10-18, upon OB, where OB is a straight line normal to OA. In 
practice successive amplitudes always decrease in & constant ratio, 
so that it is necessary to imagine that the rotating vector OA 
shrinks with time. Since the impulse was given to the moving 
system before it left its equilibrium position, the shrinkage of tho 
vector OA that has actually occurred before 0, is observed will be 
that which occurs in a quarter of a cycle. 


; fu) fò 
Now ft — exp ô, so that for a quarter of a oydle d = exp (2) 


De een ep? = 6n + 40) [s 9 is small in practice). 
Hence the formula obtained for q, the quantity of electricity 


‘discharged through a ballistic galvanometer, becomes 


Ti ô 
a= Li +3) i 
where 0, is the maximum observed deflexion and à is the logarith- 
mic decrement’ per cycle. If 4 is the logarithmic decrement per 


» 
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half-oycle and this is still used-in connexion with ballistic galvano- 


meters, then 4 = 48, so that 
du um 
igne $ 
Ballistic galvanometers— 
alternative theory.— 
(a) Moving-coil pattern. 
Since the lines of magnetic in- 
duction in the air-gap arenearly 
radial, the couple on the coil is 
almost independent of the angle 
6 which its plane makes with a 
plane through the centres of 
the pole pieces and it is propor- 
tional to the current, say xi 
(actually it is NAB). The re- 
straining couple due to twist- 
ing of the suspension is b0, 
where b is a constant, and 
when the current is steady, 
the coil takes up a position for 
which these couples balance. 
Hence, if ¢ is the steady de- 
flexion, 


ki = bg, or fel ge 
K 


[k = NAB, in our previous 
notation.] 

When the current is a tran- 
sient one the instantaneous 
value of the total couple tend- 
ing to increase the deflexion is 
xi — 60, so that, if I, is the 
moment of inertia of the coil 
about the axis of suspension, 


the equation to its motion is — 


1,0 = i — 8, 
when damping is neglected. 
Tf the coil starts from rest 


i (1 + j 


in degrees 


Position of 
rotating vector, 


in the position 0 = 0, we have 


IT eai fom 


D 


Fie. 10-18.—A dam oscillatory motion. [The slight increase in the 
= i period pe aaie E is not indicated.] 
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Now I dt — q, the total charge which has passed through the 
galvanometer in time At; if this takes place quickly the coil has no 
time to move before the discharge is over, so thai “gd =0. 
Hence our equation shows that the coil acquires a sudden angular 
velocity, [= c, given by 

t- 


nöi = hee re mW 


When the discharge has taken place, the coil swings on open 
circuit without any current flowing in it. The motion of the coil 
under these conditions and in the absence of damping is 


LPO SO ee. =) 
with the conditions @=0 and 6 — œ, when t= 0. 
The corresponding energy equation, obtained by multiplying 
throughout by 26 and integrating is 
1,6? + 06? = constant .  . (i) 


Applying this to the instants (a) when t= 0, (b) when the coil 
is first momentarily at rest after having moved, ie. when 0 = bo, say, 
we find 

Tc? = 6057 . à : . (iv) 


Further, the periodic time T is 2x, f » 


where ¢ is the deflexion due to a steady current i. 

To allow for small damping assume a frictional couple propor- 
tional to the angular velocity. Then the equation to the motion 
of the coil is f ; : 

1,0 + ad + 8 = 0, 
where a is some small constant specifying the amount of damping. 
If a =% and f =}, the above equation may be written 


o oii 
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A olution of this differential équation, since the damping is small, is 
[m exp (— fat) [C cos 4V 48 — a? t + D sin 3/48 — a? i] 

where C and D are integration constants. Since 0 = 0 when 


+=0,0=0. 


+, 0 = exp (— dat) D sin 3 V48 — a? t. 
The deflexion is first a maximum at time /, when 
MULT db f e 

1V4B — và t gp i? t woe 


The deflexion is next & maximum on the same side at time f, 


1V48 — a? ame ie. t, = TF E 
COPS TOR Papas AN 
3 Vp — a8 
if = Ohno 
w = $V 48 — a? D, ie. De a Be 

v —u JU 

Also 6, = (0), = exp = bo) 

0s = (8), = exp E E) 


LN Exp Eat exp 4, 
phe ie tn optimi doen po cg Jo = }oT and 
= 
Now in the absence of damping 0 = D sin }ft, ie. D = % 


o = leer C) = tex (—2), 
= exp $ =a(1 $3 j- 0,(1 +3). [8 is small] 


2 
uaa charge which has passed through the ballistic galvano- 


meter is given by 
Lies 3 
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Now t= 1— jal, and - 1— $xT, where 6, and 6, are 
successive deflexions on the same side. 
„ o— eg, or Gy = 4 10 — 99 
6, TU. 

This gives an easy method of applying the correction for damping. 

(b) Moving-magnet galvanometer. Let G be the magnetic 
field per unit current at the centre of the coils, and let M be the 
magnetic moment of the small magnet whose centre coincides. with 
that of the coil system. When at rest, and no current is in the coils, 
this magnet will point with its axis along the direction of the con- 
trolling field, H. When a steady current č passes through the coils 
the magnet finally assumes & position in which its axis makes an 
angle $ with the controlling field and, since H and Gi are perpen- 
dicular to one another, we have 3 

GiM cos ġ = MH sin 4, 
H 
ù = — tan ọ. 

or G $ 


- is the reduction factor k, while Gis the galvanometer constant, 


and it should be noted that this equation involves the field strength . 
H and not its associated induction B. gages 
If a discharge is passed through the coils and the moment of 
inertia of thé magnet about its axis of rotation is so large (relatively) 
that the discharge is completed before the magnet has moved 
appreciably from its position of static equilibrium, then 
1,6 = couple tending to increase 0 
s GM = hoos c iš 4 é (i) - 
where c is the angular velocity with which the coil begins to move. 
After the discharge is fini je subsequent motion of the 
magnet, if damping is neglected, is given by i 
: 1,0 -+ MB sin 0 — 0 fags cies ahi a aiti 
Multiplying throughout by 26 and integrating, we get 
1,6? 1 oMH cos 0 = const.” — 


since 6 — o, when 0 — 0. ; E } i 
Tf 0, is tho maximum value o! 0, and this occurs when 0 = 0, 
0 — 2MH cos bo = Tuo. — 2MH, 
Los? = 4MH sin? ifo i 


i.e. 
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` Since the period of the magnet is T = 2x Ty we have 


MH’ 
Hmm 
q.s 10, 
and when 0,—» 0, 
HT 
I= G5 3% 


‘When the swing is small and the motion slightly damped, the 
equation of motion is, with the usual notation, 


LU + af + MHO = 0, 
or 6+ ab + p0 — 0, 


where a -I and f = T Hence, as for a moving-coil galvano- 
0 
meter, the decrement per half-cycle is 3o/T(— A) and if 0, is the value 
of the first angular deflexion, 
HT À Ti a 
== geek 142]2—.-. = 
| i-es (1) a^ 2) 
_ Where ¢ is the (small) deflexion due to a Steady current i. 

The motion of a moving coil galvanometer when a small 
and steady potential difference is applied across its ter- 
minals.—Let us consider a moving coil ga;vanometer whose coil 
is not wound on a metal frame, i.e. electromagnetic damping is 
small. When the steady potential difference v is applied, the link- 
ages associated with the coil begin | to change and an induced 
em.f. — NABÓ, where the symbols are defined on p. 330, is sct up. 
Assuming that the self inductance of the circuit is negligible, the 
instantaneous current through the coil is given by 

jas NABÓ 
; r ? 
where r is the resistance (¢.m.u.) of the s i 
: ce (e.m.u. ystem. Since the couple 
on the coil, due to the current and the magnetic field in which it 
moves, is NABi, the equation expressing the miotion of the coil is 


Vj + ab + 6 = wap[*=NABE), 


rpg (NAB 
he it xd + BO= y, 
where y is the constant NABe 


7, Assuming that the constants are 
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such that the motion is oscillatory, a solution of the above equation 
is 

6 = O exp (— dat) cos [348 — e.t + yt 
where aly = @ + a, and @ and y are constants which may be 


determined from the conditions that when t = 0,0—0 and Ó = 0. 
The first gives 


ånd since 
6 = Oft exp (— $o£) cos [Vap — a.t + W— yl} 


where tan y = bie DES , the second condition gives 
cos (V/ — x) = 0, ie y — y= ți. 
cos V/ = — sin y = DM 
Hence, 0=— Tg ae 
ie. 


=“ i- -a gom t jane ae} 


Finally, when ¢—> 0, we have 


NAB v 
$ = [0]... = B Shee ¥ 
Thus the coil moves with damped harmonic motion whose period 


Lj qn its motion the coil overshoots its 


equilibrium ¢ and then oscillates* about this ont with diminish- 
= 2V bl, 


ing amplitude. 
It is left to the reader to show PN a 
position AAB) SN i.e. 
* s ovi, the 


but much 


is approximately 27 


the coil approaches iis equilibrium 
there is critical damping, and when a + pi 


coil again approaches its end position / without overshoot. 
more slowly than when the damping is critical. 

* The curve shown in Fig. 1412, p. 484, is similer to that which would now 
indicate how @ varies with time. 
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The essential features of a ballistic galvanometer.—The 
theory of a ballistic galvanometer, as just developed, shows that if 
a charge is to be measured then that charge must have passed 
through the coil system before the coil has moved from its position 
of static equilibrium. In practice this is effected by using a coil 
with a large moment of inertia about its axis of rotation and a 
suspension with a small torsional constant. Thus the period of 
oscillation is made large. The use of such a suspension has a further 
advantage, viz. for a given quantity of electricity a larger throw is 
obtained, but a limit to the smallness of this constant is set by the 
fact that the suspension must be sufficiently strong to carry the 
relatively massive coil; thus, in practice, a compromise between 
these conflicting ideals must be reached. 

Moreover, it has been shown that the throw is affected by damp- 
ing; since a correction for damping is often involved it is desirable 
to keep the damping small. Now damping is caused by induced 
currents set up in the metallic parts of the movable system as it 
traverses the magnetic field of the instrument, by its motion in the 
air which is a slightly viscous medium, and by internal friction in 
the suspension although this is usually negligible. Thus the main 
factor contributing to the damping of a galvanometer arises from 
induced currents; these are made vanishingly small if the former 


. on which the coil is wound is non-metallic, In many modern 


instruments no former is retained, the coil being impregnated with 
a synthetic resin, such as ‘Damarda lacquer’. which is hardened by 
raising the temperature of the coil to about 10° C. for a few hours. 

In contrast with this, many direct current instruments are wound 
on metal formers so that the motion is rather more than critically 
damped; such instruments can never be used ballistically, but it 
must be realized that all ballistic galvanometers may be used as 
ammeters or voltmeters provided the necessary shunt, or shunt and 
Series resistance, is available; usually the shunt is such that the 
motion of the coil is oscillatory but almost critically damped. 

The current sensitivity of a moving-coil galvanometer.— 
In the first instance the current sensitivity of a dius galvano- 
meter is defined as the deflexion per unit current. Since 


the current sensitivity, o;, is given by 
j q = >=. 


In practice it is usual to E 
f measure the sensitivity, Xj, as the 
qn in mm, when the current, is 10-* amp. a the scale is 
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at a distance of one metre from the mirror attached to the galvano- 
meter coil. Then if ¢’ is the steady deflexion in mm., we have 
10-7 (e.m.u.) = =a gi tn 
NAB 2000 


The quantity sensitivity of a moving-coil ballistic galvano- 
meter.—Again, in tho first instance, the quantity sensitivity of 
a moving-coil ballistic galvanometer is defined as the (observed) 
deflexion per unit charge. [N.B. The word ‘ observed ’ is inserted 
into this definition since we do not have to consider the correction 
for damping, for the sensitivity is governed by the observed value 
of the deflexion.] Since 

ET 
= L———. ah 1 A , 
q NAB 2x „(l +44) 
where the symbols have their usual meanings, the qui 
tivity, og, is given by í 
0, NAB 2 1 $a 2 


antity sensi- 


w= a= EUs TUFA 
2a 1 
Thus 0, =F F mi 


If, as usual, Ais small, 


2x 
0, = TA 


Now the quantity sensitivity in practice, viz. Eo 
expressed as the deflexion in mm. 
discharge of one microcoulomb when 
If 0' is the observed deflexion in mm., 


10-7 (em.u.) = sis (bos) nm 


we have 
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To calculate the undamped period from the observed 
period.—It has been shown that the period of a ballistic galvano- 
meter is given by the formula 
ån 
T= CER 
Vip — a? 
where œ is a damping coefficient; the undamped period would be 
To= Since the logarithmic decrement per half cycle is 


4 = aT, we have 
167° m? 
2 = L——————— = — 
Ses as Cy ea AI a à 
Ts Tq 
In practice À is usually very small so that Ty may be taken as 
being equal to T. 


Further remarks on the damping of moving-coil galvano- 
meters.—In addition to the mechanical damping investigated on 
p. 335, we have to consider the fact that the movement of the coil 
in the permanent field of the galvanometer magnet induces currents 
in the circuit if this is closed, and these currents tend to bring the 
coil to rest. Now although the coil moves in a radial field yet, on 
account of the fact that there is an iron core, there will be a change 
in flux as the coil moves, This change in flux will be proportional 
to 6, the angle which the plane of the coil makes with its position 
of static equilibrium, for, as shown in Fig. 10:19 (a), it is the lines 
of induction in the air-gap defined by 0 which pass through the coil. 
The value of the flux may be calculated in the following way. 

Let the coil consist, of N turns each with an area A. When the 
plano of the coil makes an angle 6 with the field in the core as in 
PO 10:19 (6), the magnetic flux across the cylindrical surface 

0% QP, where PQ is the vertical side of the coil, is 


-€- B[1(390)6], 
where B is the magnetic induction at points alo 
ng PQ and R$. 
ane fix through each complete turn of the coil is therefore 
23 (196) = BAS, 
where A = lw is the area of the coil. 


If the N turns are made of fine wire so that they may be considered 


to be in a plane, the effective fux for the coil ic 
i : NAB6 = V. (say). 
IL Spee, Vie induted ext is NABO; and tho current in the 
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circuit is given by 


NABÓ 
r 
where r is the resistance in e.m.u. of the complete circuit. 


= 


» 


722225. 


f 


77777 


PP 


2227 


X 


X 


ec E z [3 zit 
2m [e] 
e» 3 [£a] (e 
Fio. 10-19.—Experimental study of the damping of a moving-coil 
galvanometer. 


Now the potential energy of the coil in the field may be derived, 
at once, from that of its equivalent magnetic shell [cf. p. 125] and is 
— i x the flux of magnetic induction in the positive direction x N 


= — ix Bao x N = NABE xcd oW (mp) 
The couple acting on the coil and tending to increase Ó is 


2 a _ _ N*A*B* 4 ig an independent variable.] 
r Ms 
The equation of motion for the coil is — 
1,6 = sum of couples tending to increase 0 
we (« 4 wae — 06, 


r 
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. where I, is the moment of inertia of the coil about its axis of rotation, 
af is the couple due to mechanical damping and b is the torsional - 
. constant of the suspension. This equation may be written ` i 


4 2A2B2\ + 
i (<4 SAB + =o, 
and it shows that the effect of closing the moving-coil galvanometer F 


through a resistance r is to increase the damping coefficient by an - 
: N*A?B* : 


Dn j 
{Sometimes it is stipulated that the coil moves in a uniform — 
field. When the plane of the coil makes an angle 0 with ` 

the field, as in Fig. 10-19 (c), the magnetic flux through each turn 
of the coil is a 
AB sin 0 = @. 

The effective flux is NAB sin 0 — W, and the induced e.m.f. is A 
= — NAB cos 0 Ê. 

The current in the circuit is 
_ NAB cos 60 
r 


"Where r is the resistance in e.m.u. of the complete circuit. 
The potential energy of the coil in the field is 


N'A*B! sin 0 cos 0 Ô 
T 


— i x NAB sin 0 = = W. (say). 


Tho couple acting on the coil and tending to increase 0 is 
ôW _ _ N?A?Bt{cos? 0 — sin? 616 

E | 

since Ê is an independent variable. ^ 

When 0 —» 0, sin @—»0 and cos 0 —» 1, so that the couple becomes: * 

<p c ANBI 


i r 
and the equation of motion for the coil is, as before, 
f; i N*A3B? 
ie i p =o} 


Now on open circuit the logarithmic decrement per half.cycle is 


ELECTRICAL MEASURING INSTRUMENTS 345 


Since T = T, we get : 
1 N*A?B* 


AR 4. rh To 
or T= MABT l. 
4I, (A a Ao) 


a straight line graph, cf. Fig. 10-19 (d), and from this graph a 
value for r, may be found. [Actually, if R is the value of a resistance 
expressed in ohms, then when the graph is plotted R’ and R, may 
be used, as a constant factor will only affect the slope of the line.] 


Critical damping.—The motion of the coil of a galvanometer 
is said to be critically damped when the damping is such, that the 
motion is just rendered non.osoillatory. When the damping is 
greater than this, the final reading is only approached very slowly. 
On the other hand, if the damping is much less than the critical 
the spot vibrates backwards and forwards about its final position 
so that some time must elapse before & reading can be obtained. 


N*A*BAM 
Now the damping is critical if 4p — (« + mE) = 0, where 


I, is tho moment of inertia of the coil about its axis of rotation and 
r is the total resistance of the circuit in absolute units. If A is the 
decrement per half-cycle on open cirouit, and this is easily found, 


A= 4a, so that « may be determined. Also T= Gy #0 that f 


may be found. If the resistance of the circuit when the damping 
is just critical is determined then & value for NAB may be caloulated. 


Additional notes on dalvanometers.—A modern galvanometer 
should satisfy the following critical demands :— 
(a) Its zero must be steady. 


(b) Variations in temperature should 
(c) The construction should be robust and the insulation as 


nearly ideal as possible. 
(d) The movable system should be protected effectively from 


dust and the disturbing effects of air currente. 
(e) dun and Paoud take place wien te insiruménh 15 % 


transit. 

Ta o anle ern types of moving-ooll gaivanometet, the eub d 
not suspended but is stretched between two wire in this way a 
high zero steadiness is attained. "The coil is enclosed in an air-tight 
case. The, Maimping of the oui eeomres & safe réneport 
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instrument ond the act of clamping is automatically preceded by 
a loosening of the stretched wires. 

Modern high sensitivity galvanometers usually have quanta 
suspensions or stretched ‘wires’, In such instances the current 
is conveyed to the coil by means of two short strips of gold 
foil, i 

A good galvanomoter should have a short time of indication ; the 
precision attainable with a given instrument is found to depend 
very largely on the quickness of its response. A slow instrument 
integrates all extraneous disturbances but by working with a galvano: — 
meter with a quick response the effect of these disturbances may he 
eliminated almost completely. Ti 

In using a moving-coil galvanometer to measure current it 18 
often an advantage to have slight underdamping rather than critical. 
damping. With slight underdamping the spot of light just over 
shoots its final position and then returns to it. By such means 6m 
observer may easily satisfy himself that the instrument is free from _ 
all “ sticking effects’ and that the full deflexion has been attaine 

When the period of a given coil has been adjusted by the selecti 
of the correct suspension, the condition of near-critical damping has 
to be secured. When the circuit resistance is small the galvano: 


use of a so-called magnetic shunt. This is a piece of soft iron 
which bridges across the top of the magnet at a selected distance 
from the gap. Sometimes the shunt is placed across part of the gap 
and either in contact or nearly in contact with the pole pieces. — 


When the shunt is close to the gap, it considerably reduces the field - 


| 


Faomple.—The coil of a moving-coil 1 
galvanometer has 400 turns — 
ads mae in a uniform magnetic field with fndiistion B = 1000 — 


por d Te E pons 2m Whose torsion constant is 2:0 erg. 


If the galvanometer resist E 
e tance is 250 ohm. calculate a value for the 
resistance which, when connected across the galvanomoter terminals, 3 
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will give critical damping. ‘Assure the damping to be entirely electro- 
magnetic. à 
The equation of motion is, with the notation previously used, 


N*A*B 
+le+—y + fd = 0. 
0 
If « —> 0, the motion will be just -critical when 
N‘A‘BS : 
4p — RAO 0. 


With the data provided f = $3 — 0-8. Hence the damping is 


64 x (400)4 x 101* 
Tr 
or r = 1:29 x 101° emu, 
ie. ` R-1290 ohm. 
Hence the additional resistance required is 1040 ohm. 


Example.—A. moving-ooil galvanometer has a sensitivity 4:0 om. 

per „A. with the scale 1 metre away, and tho time of oscillation is 

3.14 seconds. If the galvanometer is critically pangad when the total 
hm lue for 


critical when 


the moment of 


inertia of the moving system about 
Since 1 pA. = 10-7 emu, from the 


4 4B, 
10 = NAB 200  3SNAB OT D 


4n? 
Assuming that a —> 0, D = qa = 4. 
Tho condition for critical damping gives 
NIASBMM 
AB = (« + rper, , 


and since we have assumed « = 0, 
NASB! (0 N'A'B* 
4-5 T gx n xi 


N'A'B' ee ho ih yey OU 


“Ty = jg x 108 
Eliminating NAB from equations (i) and (ii) wo have, 
2561$ x 10% 
To = gx 12 x 10 


c I = 188 gm.cm.*. 
Comparison of a large capacitance with a much smaller 
one.—The usual methods for the comparison. of the capacitances 
of two condensers are only applicable when the capacitances are of 
the same order of magnitude. The following t : 
used to compare capacitances of very different orders of magnitude. 


(a) Suppose that C; and C, Fig. 10:20 (a), are two condensers 
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and, for example, 100 C,~©,. These condensers are arranged in 
conjunction with two resistances E and RE, of such values that 
99R, =R, The current through them is supplied by the accumu- 
lator A and its magnitude controlled in the manner indicated. 
Then if V is the potential difference across E, that across R, + Ry 
is 100 V. By closing the key K and then using the mercury cups 
a, B, Y, 6, £, each capacitor may be charged in turn and then dis- 
charged through a ballistic galvanometer BG. This must be a high 
resistance instrument so that it shall have a high quantity-sensitivity. 


Tra. 10:20.—The comparison of a small capacitance and a large 
capacitance. 


. In accurate work the current i 

CIAR 1t, I, from the cell A must be kept 
VE Nes is done by adjusting the rheostat R, so that the 
E. a suitabl pud across the resistor R,, with its resistance fixed 
Tf 0, and Bd ^ Js am to the e.m.f. of the standard cell S.C. 
) T : 
for each capacitor C, and d di D Drmometer throm’ 


ba _ (Ry + RjIC, 
6, RIO, gi J 


or € EN R, 6, 
€ Ri+R, ba 


The values of R, and R, should be such that 0, = 0,. 


b) Tn thi à 
E Bee ae two capacitors C, and C, a ballistic galvano- 
Fig. 10-20 (b). The jus a set of mercury cups are arranged as in 
accumulator A and is k I through R is Supplied from the 

ept constant by adjusting R, so that the 


ELECTRICAL MEASURING INSTRUMENTS 349 


potential difference across a resistor R, is equal to the e.m.f. of the 
standard cell S.C. "The condenser C, is charged and then its charge 
is shared with the small condenser C,. This condenser is discharged 
and the charge remaining on C; is again shared with 0, ; C, is dis- 
charged and the process repeated n times. finally, the charge 
left on C, is discharged through BG; let the throw be 0,. If % 
is the throw when C; is charged and immediately discharged through 


BG, then 
1 
C, (ATI 
he: EA fe ic 
C; (a: 


To prove this let V be the steady potential difference across R. 
Then the initial charge on C, is given by 
Qo = C,V = khos . L . LI (i) 
where kis a constant which includes the correction for damping. 
At the first sharing of charges the potential of the system 13 
4 ey 
C tO tO 


0,2 
<. Charge on C, = Q = 0.V1 = B E a" 
1 


= V, say: 


After the second sharing of charges 6 
a= CVs and V,— Ga 


E QNS. 
pw $7 GEG! 


After the nth sharing of charges 


Qe or rq (0 
(9 + Ca” 
From (i) and (ii) we get i 
C T6 bo or o(a =1. 
C, 0, € M, 
This equation may be written. 
n log (e+ erie 


so that if n is varied a linear graph is obtained by plotting log 0, 


against n. The slope i$ — (o 1) 


istance and 
Determination of a capacitence in terms of resistar, 
time.—The capacitor C, Fig. 10-21 (a) whose capacitance 38 to 
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determined, a galvanometer G and a cell B, e.m.f. V, are arranged 
as shown, suitable keys being provided so that C may be charged 
and then discharged through G. If 0 is the ballistic throw and all 
quantities concerned are expressed in practical units, we have 


2 IRAQ OUT TE A 
=Q -5il + j 
To determine - and remove V from this equation a small steady 


$ 
current is passed through G. This is done by placing across the 
cell B a known resistance S (say 0:1 — 1-0 Q) in series with a large 
and known adjustable resistance R (maximum value 10,000 Q). 


Fig. 10-21.—Determination of a capacitance in terms of resistance and time. 


"The small potential difference thus developed across S is used to send 
a steady current, I, through G; the magnitude of the current i$ 
controlled by Ry, its value being so large that its shunting effect 
on S may be neglected. If R, is the resistance of the galvanometer 


V 
OR 
(R, vm Ry. 
and this produces a steady deflexion ¢. 
Hence CV = E cam 4 +3) 
I RR, F RSA 3) 
$2 S 6 A 
or C= PEER ENTIS Lut Se eet N 
zh FEA 2) 


1f C is large and the cell an accumula i i 
tor then, in general, Q will 
be so large that the spot of light moves off the galvanometer scale. 


- overcome this a resistance R,, Fig. 10-21 (6), (say 100.2), is 


- placed in series with a large resistance R, and the cell ; the potential 
difference across Ew, is used as V. [In the laboratory it should be 
verified that the quantity of electricity passing through G gannot be 
varied by placing a resistor in series with C. If this resistor has 
a resistance 20 MQ, the quantity discharged is unchanged but the 
throw will be reduced. This is because the time vonstant, of, p. 474, 
of the capacitor-resistance combination is now so large that the 
condition for the discharge to have passed through G before its 
coil has moved is violated and the equations developed in connexion 
with the theory of a ballistic galvanometer are no longer applicable.] 

Fig. 10:21 (c) shows another cirouit for carrying out this experi- 
ment. R is a large resistance, 1 MQ, and by connecting b and d a 
small steady ourrent mey be sent through G. Itis easy to show that 

T bh. Bue 
urs mrt T 2 
and in using this expression R, may be neglected since ge 


In practice only a small fraction of the voltage available from the 
cell may be required. 

Further note on the sensitivity of a moving-coll galvano- 
meter.—(a) The current sensitivity. The current sensitivity, 


stp, Bio, ls given ky ep ee 


large, ie. by having @ thin suspension and strong permanent 
magnet, the sensitivity may assume 9 high value. The sensitivity 
is also dependent upon the effecti 
a circular or square coil of considerable cross-section the gap between 
the pole pieces becomes wide, with & consequent reduction in the 
value of the field and a disturbing of ita radial features, it is ous- 
suia to make the coil long LX. W. 

t-is also important to use an 
is free from traces of ferromagnetic impurities, these give rise 
to an additional restoring couple which reduces the sensitivity, 

(b) The quantity sensitivity. pallistic galvanometers 
are used to measure quantity 
least ten seconds, if it is to be con i for the o 
several successive swings. This is attained in practice by making 
A large and b small, T. i off course, essential to keep the air 
damping as small as possible but since the period has to be larger 
than for a galvanometer designed for current measurement, 
may be mare massive. 

The Grassot fluxmeter.—The use of a ballistic galvanometer 
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for the measurement of magnetic flux is restricted by the fact that 
the flux linkages through a search coil must be varied so quickly 

- that the associated electric charge passes through the galvanometer 
before the moving part is displaced from its position of static equi- 
librium. The fluxmeter, designed by GnAssoT in 1904, enables a 
magnetic field to be explored with the aid of a search coil, but its 
use is not limited by the above restriction. In a Grassot fluxmeter, 
which is in good working order, the deflexion of the fluxmeter is the 
same whether the flux change in the search coil be made quickly or 
at some slower rate. The deflecting system is at rest both before 
and after the charge of electricity has passed through its coils. This 
result is obtained by making the damping due to the electromagnetic 
effect between a permanent magnet and the coil as it rotates pre- 
dominant, while at the same time all other sources of control are 
reduced to a negligible amount. Hence a fluxmeter of this type is 
really a ballistic galvanometer with a suspension almost free from 
a torsional couple when it is twisted. 

"To achieve these remarkable features the coil C, shown in 
Fig. 10-22 (a), is suspended by a single cocoon silk fibre F whose 
upper end is attached to a flat spiral spring H to minimize damage 
from small mechanical shocks. The permanent field is supplied by 
2 magnet NS, whose pole pieces are fashioned with concave 
cylindrical surfaces and between these there is a coaxial soft-iron 
oylinder, A, so that the coil moves in à radial magnetic field—f. 
Fig. 10-22 (b). T, and T, are external terminals which permit the 
passage of a transient current from a search coil through the coil of 
the instrument. 

‘To establish a working formula for this ballistic galvanometer 
with its almost torsionless suspension, let us imagine that a search 
coil K, Fig. 10-22 (c), consisting of N turns each of area A, is con- 
nected to the coil C ; let r be the resistance and 1 the self inductance 
of the complete circuit; these two quantities are expressed in e.m.U. 
Let the coil C make an angle 0 with some reference line fixed in the 
field and passing through the axis of the core of the fluxmeter. 
Let Ø be the flux through each turn of the search coil; then V, 
the number of linkages, is given by V = NO. The e:m.f. induced 
in the search coil at any instant is e — — Nd, ‘This will be con- 
sidered numerically as it causes other effects ; among other things, 
è harem current through C is established and, in consequence, 

biota "uum flux through the fluxmeter coil C, when it is in 

aa 3 » be k0, where k is a constant, viz. NAB, cf. p. 342- 

-+ must be noted that although the magnetic field in which C moves 

18 radial, the field is only radial in the air-s ap; the lin f tic 
induction in the core E e ene 

E are straight and it is the flux due to these 
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that is represented by the term KO; it is only as an approximation 
that k is considered constant. When the coil C moves an e.m £., 


opposing that induced in the search coil, is set up; it is ko. 


Mi 


E 
Y 
p 


Ls 
c 


3s 
| 


K r l (e 
Fia. 1092.—A Grassot fluxmeter. 


Under these circumstances we have 
[Nd — 19] — 5 =n, 


the e.m.f. — e being due to the self inductence of the circuit. The 


equation expressing the motion of the fluxmeter coil is 
1,0 = ki — ab, 


G.D.P.—V—N 
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where I, is the moment of inertia of the coil about its axis of sus- 


pension, £i is the couple due to the current, cf. p. 334, and aĝ is the 
couple due to air-damping. 


nd = — ab + ug —kó— al 


Integrating this equation with respect to time, the initial and final 
value of 0 and of i being zero, we have 


k? k. 
0=— (: ur ye s): NP, — 0), 


where 0, and 0, are the initial and final positions of the fluxmeter 
coil, while ©, and ®, are the initial and final values of the flux 
through each turn of the search coil. 


Now if a—> 0, and this restriction is often claimed to he valid 

in a well designed instrument, 

N(®, — 9) = k(0, — 6,); 
and it will be noted that this oxpression is independent of r, the 
resistance of the circuit. 

Thus, under the conditions stated, the change in the number of 
linkages associated with the search coil is equal and opposite to the 
change in the number associated with the fluxmeter coil ; moreover 
the change-in Y is directly proportional to the change in Ó. ` 

If a is not negligible, and this is the condition which holds in 
practice, let us call Ø, — Ø, = Ø, and (0, — 0,) = 0, so that our 
equation for the change in flux becomes 


NO = (i m 2) 


Suppose that, we carry out a series of experiments keeping NØ 

ping 
constant, say Y^, and observe values of 6 for different values of f, 
the total resistance of the fluxmeter circuit. Then 


A plot of 6-1 against r will yi ight line 

: yield a straight line if our theory 

rises and enable us to find a value for the constants k and a. 
ypical graph is shown in Fig, 10-22 (d). 


D 
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The Campbell moving-coil vibration galvanometer.— . 
These galvanometers are used for the detection of small alternat- 
ing currents. They are of the 
d'Arsonval type and have & 
moving-coil suspended, between 
the poles of a strong permanent Bridge- 
magnet. Fig. 10-23 indicates the prece 
general structure of a vibration 
galvanometer which can be used Coi Mirror 
over a range of frequencies from 
50 to 1000 cycle.sec.-!. The 
moving system has a very sbort 
natural period of vibration and N 
the damping is small in order ; 
that the resonance curye shall 
show marked selectivity, ie. 
for a given current through 
the instrument the deflexion will 


frequency of supply departs by Fro. AY somo piace 


S,. The moving coil carries a small mirror (4 x 2 mm.) and the 
system vibrates when alternating current is passed 
an extended band of light appearing on the scale. I 
turns in the coil and its resistance, plus that of the connexions, are 
adjusted to match the resistance of the external circuit and to suit 


the frequency of the supply. 


Theory of a vibration galvanometer with one degree of 
freedom.—The Campbell vibration galvanometer has only one 
degree of freedom, i.e, the suspended system only rotates about the 
axis of suspension. The equation of motion is 


LU -+ aĝ + b0 = ki, 
where tho symbols haye their usual meanings: If i= Loos 9 
LÖ- aĝ + b0 = kd cos wt, 
ie. 6 4- að + BO = y cos wt. 


Son Dd PAN 
The complementary function in the solution 18 relative y 
important; the particular integral gives the steady oscillation 
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is readily obtained by the symbolic method [cf. p. 545].. We have 
(— o? + jaw + BÓ = 7. 
W MD. AD 
d (B — o) + jaw (B — w?) — jaw 
mo Y exp (— jh), wheretan $ = Piet: 
VE T WS iR p (~ j$) $ vem 
BINNEN S us 
(B — qj! + aw? 
If o, is the free circular frequency, wo? = f, and we have 


i orci up 
E uei 1606 (ii d) 
N (o? — w)? + ne 
zÍ onia 


SS VI Ao — o) 4- aho 

If the ‘frequency’ becomes nw, we have 

VIS (os? — (nw)? } + anw" 

and this gives the deflexion due to the nth harmonic when this is 
present. i 

The maximum current-sensitivity will be obtained when the 


instrument is exactly tuned to the frequency of the a.c. used, i.e. 
‘when o, =w, and » —1. Then 


6, cos (not iod $4) 


grum à ; : MU 
^ ^ dfe 
[0, and I, refer to the first harmonic or fundamental.] 
If the instrument is correctly tuned to the ‘frequency ’ wo, the 
t ^ 
deflexion caused by a component I, will produce an amplitude 


^ 
0, = —L—————————————. 
"Via — niwi + aX 
EAE itta. SUCRE fi aw —> 0, and the denominator is H 
I (ntot — os) ranged as shown because no? > o. 
kl, : 


us Toon? — 17 [o = o, if tuned.] 
so that 0, is negligibly small. 
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For high current sensitivity, equation (i) shows that a must be 
small, the free period low and the coil-constant k largo. 


EXAMPLES X 


10.01. Show that if the coil of a tangent galvanometer is rotated 
about a vertical axis so that the needle is in the same vertical plane 
88 the coil, then the current i is given by 


vico ORR vention 
ind 


where ¢ is the deflexion, a the radius, N the number of turns, and H, 
the horizontal component of the earth’s magnetic field. [When used 
in this way the instrument is known as a sine galvanorneter.] 


10.02. (a) The circumference of a circular coil is 100 orn. It is 

used in a sine galvanometer. If H, = 0-18 oersted., show that the 

current which can be measured by the galvanometer is 4:56 amp. 

(b) In setting up a sine-galvanometer there is & small error B in 

. estimating the direction of the meridian. If 4 is the value of the 

. Current calculated from the observed deflexion 0, show that the correct 
value for the current is i[1 + f cot 0]. 


10-03. The primary of a standard mutual inductance consists of 
500 turns wound uniformly in a single layer of length 100 cm. The 
Secondary, which is inside the primary and at its centre, has 200 turns 
of mean diameter 4 cm. and áa joined in series with a ballistic galvano- 
meter, the total resistance being 100 ohm. On reversing a current of 
3 amp. in the primary, a defloxion of 100 seale divisions is obtained. 
Calculate the sensitivity of the galvanometer in microcoulombs per 
Scale division. [0-096.] 


10-04. A suspended-magnet ballistic galvanometer of resistance 
25,000 ohm. bae d period of 2:5 seconds and logarithmic decrement 
per half cycle of 0-012 when on open circuit. A condenser of unknown 
Capacitance was charged to a potential of 2:04 volt, and discharged 
through the galvanometer, Tho throw was 15-6 om. When the same 
p.d. was applied to the galvanometor shuntod by a remistanco of 
200 ohm. and with a resistanco of 1000 ohm. in series, tho steady 
deflexion obtained was 8:57 om. What is tho capacitance of tho 
condenser ? [4:82 pl.) 


10.05. A solenoid A, 200 ern. long and 10 em. in dinmotor, ia uni- 
ormly wound with 1600 turns. S is n Keurch coil, 4 em. in dinmotor 
and wound with 30 turns; it is mounted couxinlly midway along A. 
If 8 is connected to a ballistic galvanorneter, cnleulile a valuo for 
the quantity of electricity which will pasa through tho galvanomotor 
When n current of 4 amp. in the solonoid in rovorsod. Assimo that 
the permeability of tho cylindrical shell on which tho solonoid ia wound 


18 unity and that the resistance of the galvanomoter circuit is 2000 ohm. 
[0:152 mierocoulomb.] 
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10-06. A standard condenser of 1 uF. capacitance was charged to 
a potential difference of 2-2 V. and then discharged through a moving- 
coil galvanometer. Tho first two successive deflexions, taken on the 
same side, were 15 cm. and 14 em. The galvanometer mirror was at 
the centre of à curved scale of radius 100 om. Calculate : (a) the 
quantity of electricity discharged in the galvanometer circuit, (b) the 
decrement per half-cycle, (c) the decrement per cycle, (d) the quantity 
sensitivity of the galvanometer, (e) the current sensitivity if the period 
is 5-6 sec, 


tically. Calculate the period and the current required to produce a 
deflexion of 1 mm. on a scale 100 om. from the mirror of a ballistic 


. 10:09. A coil of wire of three turns, each 1 em.? in effective area, : 
is connected to a ballistic galvanometer of the moving-magnet type 
and the total resistance of the circuit is 24 ohms. On introducing the | 
coil into a strong magnetic field, the maximum deflexion recorded by 
the galvanometer is the same as that recorded when a condenser of 


of the coil. Would your result be correct if a moving-coil galvano- 
meter were employed? [4-8 x 10? gauss.] 

10:10. A moving-coil ballistic galvanometer is connected in series 
with a cell, a resistance and a key. Neglecting all damping, show 


that on elosing the key, tho initial throw will be twice the final steady 
deflexion. 


; 2-68 vA.) 
, 10:12. The coil of a moving-coil galvanometer has 300 ying ‘and 
18 suspended by a phosphor-bronze strip, whose torsion constant is 


.ÁK 
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2 erg. radisn.-!, The magnetic field is radial and at points on the 
vertical sides of the coil the magnetic induction has a value of 1000 
gauss. The coil is 2 cm. wide and 2-5 om. long, and has a moment of 
inertia of 1-5 gm.cm.* about its axis of rotation. If the galvanometer 
resistance is 120 Q, calculate a value for the resistance which must be 
placed in series with the galvanometer to give critical damping. It may 
be assumed that the damping is entirely electromagnetic. [551 Q.] 

10-13. With the scale at a distance of 1 metre from the coil, 
a certain moving-coil galvanometer has & current sensitivity of 
50 mm. uA.-!. The time of free oscillation is 3-162 sec. If the 
galvanometer is critically damped when the total circuit resistance is 
2000 2, calculate a value for the moment of inertia of the moving 
system about its axis of rotation. Assume that the damping is entirely 
electromagnetic. [8 gm.em.? j 

1014. A wire, bent into the form of a circle of radius a cm., carries 
a current i e.m.u. Determine the strength of the magnetic field due 
to the current at a point on the axis of the circle at a distance x cm. 
from its centre. Deduce the field strength at the centre of the circle. 

A circular galvenometer coil, having & mean cross-sectional area 
of 10 cm.*, is suspended inside a long straight solenoid in such a way 


that its plane makes an angle of 7 with the axis of the solenoid, If 


the suspended coil consists of 200 turns of wire and carries a current 
of 0:5 mA., while the solenoid consists of a winding of 5 turns per 
centimetre length and carries a current of 6 A., calculate the torque 
which must be applied to the suspended coil to prevent it from rotating 
about a vertical axis. [2-67 dyne.em.] 

1015. A pair of circular coils, each 40 om. in diameter and with 
250 turns of fine wire, are set up as in a Helmholtz galvanometer. A 
small coil of 100 turns and mean radius 2-00 em. is suspended with its 
centre at the centre of the two fixed coils and its plane normal to that 
of either larger coil. Find the couple on the small coil when a current 
of 600 mA. passes through all the coils. [363 dyne.cm.] 

10.16. A current balance consists of a coil of 500 turns arranged 
with its plane vertical. The mean radius is 40 em. At the centre of 
the above coil there is another small coil of mean radius 3-00 em. and 
with 100 turns. This small coil has its plane horizontal and is sup- 
ported on a knife edge placed normal to the axis of the large coil. 
When a certain steady current is passed through both eoils in series, 
& mass of 0-50 gm. placed on the small coil at a distance of 6-0 cm. from 
the common centre and on the axis of the large coil, counterbalances 
the couple exerted on the small coil by the mutual action of the currents. 
Obtain & value for the current. 5 3 [145 A.] 

10-17. A circular metal hoop of radius a and resistance r is suspended 
by a fine wire attached +o a point on its circumference so that it hangs 
vertically in a uniform horizontal magnetic field with induction B; 
when the hoop is at rest its plane is parallel to the field. The moment 
of inertia of the suspended system about the suspension is I, and me 
torsional constant is b. Neglecting mechanical damping and the aa 
inductance of the hoop, calculate the period and decrement per cyclo 
of small oscillations of the hoop. 
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10-18. A moving-coil galvanometer has the following constants ; 
resistance 100 2, moment of inertia of suspended system, 2-0 gm.cm.? : 
restoring couple due to the suspension, 2-5 gm.cm.*sec.—*radian-}, 
When the terminals are connected to a coil of resistance 1500 2, the 
logarithmic decrement per half-cycle is 36 x 1077. On open circuit 
the decrement per haif-cycle is 3 x 10-*, and in each instance the 
period may be taken as 6-0 sec. Obtain a value for the external 
eritioal damping resistance. [59 ohm.] 

10-19. The current sensitivity of a moving-coil galvanometer is 
200 scale divisions per uA. and its period is 10 seconds. A 1 uF. 
condenser is charged to 1 V. and then discharged through the galvano- 
meter, A ballistic throw of 120 scale divisions is observed. The 
secondary of a mutual inductance of 1 mH. is then connected to the 
galvanometer terminals when the total resistance of the circuit com- 
prising the secondary and the gaivanometer is 1000.2. When a current 
of 1-0 A. is made, or broken, in the primary of the mutual inductance 
a ballistic throw of 100 scale divisions is observed. Show that in each 

sriment the same quantity of electricity is passed through the 
gelvanometer and comment on the observations. 

[Q = 10- coul, A, = 0:094, A, = 0-5.] 

10-20. The arms AB, BC, and DA of a Wheatstone bridge contain 
resistances of 20, 20 and 20 ohms respectively ; CD contains a certain 
metal rectifier the cuxrert through which is found to be directly pro- 
portional to the square of the applied voltage. A galvanometer con- 
nects B and D and current is supplied to the bridge so that 2-0 V. is 
the drop in potential across it; the bridge is found to be balanced. 
The current to the bridge is then raised so that the potential drop 
across the bridge is 6-0 V. when it is again balanced. If this balance 
is effected by altering the resistance in BC, obtain a value for this resis- 
tance. [10 ohms.] 

10-21. A voltmeter of resistance G is connected (a) in series with & 
resistance R, and a cell of e.m.f. E and internal resistance B, and 
(b) in parallel with a resistance R,, which combination is then placed in 
series with the same cell. If the readings of the voltmeter are identical 
in the two instances, prove that R,R, = BG. 


CHAPTER XI 


FERROMAGNETISM : A GENERAL SURVEY OF 
THE FACTS 


Whenever an iron core is used in a current-carrying solenoid, it 
is observed that there is a marked increase in the strength of the 
magnetic field surrounding the solenoid. To investigate the matter 
further let A, Fig. 11-01, be a toroidal solenoid supported on a core 
free from iron impurities. Kis 
a narrow gap in this core. Dis 
& battery supplying current to 
the solenoid while S is a search 
coil encircling the solenoid and 
connected to a ballistic galva- 
nometer G. However S is 
moved, provided it still en- 
circles A, the galvanometer de- 
flexion remains zero. If how- 
ever S is withdrawn through 
the gap K, a large throw of 
the galvanometer is observed. 
This proves that the lines of 
magnetio induction are closed. 

When the core is made of 
Soft iron the lines of induction 
re still closed but the throw 
Obtained when S is withdrawn 
is only maintained of the same 
Order as that before if the 
resistance of the galvanometer c 
le. the flux across the gap has 
Sal a core made from nickel or co 
about a hundred times. 

With cores of copper, aluminium, zine, etc., no observable à 
can be detected but very exact measurements show fuso 
aluminium there is a very small increase and with bismuth & Men 
Small decrease. Substanoes which increase the flux in the interior 
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fra. 1101.—A fundamental experi- 
ment with a ferromagnetic substance. 


ircuit is increased 8 thousand-fold, 
been increased a vhousand times. 
balt the flux is only increased 
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of æ toroidal solenoid are said to be paramagnetic ; others are 
diamagnetic. For such substances the change is a few parts in 
& hundred thousand; substances which increase the flux many 
times are termed ferromagnetic. 


Kelvin’s description of the magnetic state of matter.— 
Let Fig. 11-01 now represent an iron-cored solenoid with a small 
gap at K. Experiment shows that as long as the search-coil S 
encloses the solenoid, there is no ballistic throw produced in G when 
S is moved. The lines of induction are still closed, i.e. the flux 
across the air-gap is equal to that in the iron. 


The vector H is introduced to describe the fact that the strength 
of the magnetic field within the core is independent of its nature ; 
it depends only on the magnitude of the current in the coil. To 


L (a) (5) 
Fic. 11:02.—Magnetie induction and its relation to field strength. 


show how this vector could be measured Kelvin imagined that & 
long needle-shaped cavity was constructed in the core, the axis of 
the cavity being parallel to the field when the specimen was absent. 
Such a cavity is shown in Fig. 11-02 (a). Let « be its cross-section 
and let & small pole dm be situated at O, a point near the centre 
of the cavity. If J is the intensity of magnetization within the 
material, the effect at O is the same as if free poles of strength + Ja 
existed at the ends of the cavity. Ifr, and r, are the distances of 


these poles, Jæ and — Ja, from O p s 
is given by m O respectively, the force on ĝ 


Ust bgt?” 
— Ho is the magnetic permeability of free space. Hence the 
orce per unit pole on the small pole at O is S 


CE O T 
lim— = icq lease ees s 
ôm Bex] 


Now if « E. very small compared with 7,2 and with 7,?, the last 
two terms can be neglected so that the force per unit pole at O is H. 
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Now suppose the cavity is very flat, ie. its length in une direction 


of H is very small—ef. Fig. 11-02 (b). If f is the cross-sectional 
area of the cavity, the force per unit pole on a small pole within the 
cavity and due to the distribution of magnetism on the flat ends of 


> 


the cavity is, by Gauss’ theorem, = ; the total force per unit pole 


is therefore H ES E and this is a measure of the magnetic 
Fo 
induction, B, which, by analogy with the corresponding problem 
in electrostatics, is defined by 
B= m: + 4n]. 

Other shaped cavities may be drawn, but the field within them 
is a complicated functon of H and J and cannot be calculated 
except for spherical* and ellipsoidal cavities. 

Magnetic susceptibility and permeability.—The quantity 
is known as the magnetic volume susceptibility of the sub- 

J 
stance and is denoted by the symbol y; thus y = qr 


permeability of the medium, u. Thus 4 = fl + Any. 


Curves of magnetization and of magnetic induction —The 
instance, 


curve obtained by plotting J against H in any particular 
cf. Fig. 11-03 (a), is known as & magnetization curve. Such 


= is the 


Curve of magnetic 
Induction 


(B) 
(J) een 
[622] le a 
\/ Curve of | 
M magnetization 
/ NG Permeability 
S gore 


(a) t 6 
Fro. 11:03.—Curves of magnetization (J, H) and of magnetic indust (5 H). 
(a) At relatively low values of H; (b) at higher values 


curves differ widely among themselves and yet ..ch one has 
characteristics common to all. Near to the orig rch re 
is almost linear and J increases comparatively slowly with the 


* Qf. p. 36. ¢ 
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magnetizing field. The slope of the curve here gives a value for 
the initial susceptibility of the material. As H increases the rate 


of increase of J with H, i.e. ae becomes progressively greater, 


attains a maximum value and then diminishes steadily until 
a 0. When this condition is reached the material is said to 
be saturated ; the intensity of magnetization is then denoted by J,. 
If corresponding values of B are plotted against H, cf. 
Fig. 11-03 (b), a curve of magnetic induction is obtained. In 
general, its shape is not markedly different from that of the corre- 
sponding J-H curve, the slope near O giving the initial per- 
meability of the material. In one particular, however, the curves 
do differ ; since B = mH + 4zJ, (a) = Mo, ie. when the 
3 oH J — const. 
saturated condition is reached, B still goes on increasing, so that B 
never reaches & saturation value. This distinction is emphasized 
in Fig. 11-03 (5), where values of 4xJ as well as of B are plotted 
against H. The quantity 4zJ, which is also B — HoH, is called 
the intrinsic induction of the ferromagnetic material. When 
J—>J,, the intrinsic induction also reaches a constant value. 


The self-demagnetizing field.—In the sequel it will be found 
that the material to be tested is generally in the form of a wire or 
strip and in ideal conditions the specimen should be infinitely long, 
since it is only under such conditions that the magnetizing field H 
may be put equal to 4zrni, the field due to the current in the solenoid 


Self demagnetizing field 
Peele Se REIL sae (pe re, REND NIETO es 
cron Ne bee S S A > | Applied 
Field 
raat hy ee EIE CARI T > 
pole em En PEE E LL > 


Fia. 11-04,— The seli-demagnetizing field of a bar magnet. 


containing the specimen. For all specimens of finite length the true 
field is the vector sum of the applied field (4zni) and the ‘self- 
demagnetizing field’ caused by the presence of free poles within 
mo specimen. More accurately, this self-demagnetizing field should 

considered as the resultant of the fields due to the electron 
currents orientated by the action of the applied field. For our 
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present purpose the self-demagnetizing effect will be examined in the 
light of the older view-point only. Thus, suppose that N and S, 
Fig. 11-04, are the free poles in a material caused by its presence in 
an applied field H,. The lines of force due to these poles are 
indicated and in the specimen the field due to the free poles opposes 
the field H,, i.e. the specimen will not be magnetized so strongly by 
the applied field as it would be if the demagnetizing effect were zero. 
It may be shown theoretically that if the specimen is in the form 
of an ellipsoid of revolution, the self-demagnetizing field is constant 
throughout the specimen and for such specimens the true field, H, is 
given by H = Hg — DJ, where Hg is the applied field and D a con- 
stant, known as the demagnetizing factor. The value of D 
depends only on the dimensions of the specimen and not upon the 
permeability of its material; D can be calculated from the ratio 
of the lengths of the axes of the ellipsoid of revolution. 
Maxwell showed that for an ellipsoid having semi-axes, a, 6 and 6, 


where a is the major axis and 6 = avi — e?, 


1 1 14e 
= —— AR M d 5 

MEM 

Thus when a = 5006, D — 3 X 10-4, so that when, 7 = 250 

H 2: 0:92H;, 

since (1 + Dy)H = H,, i.e. the field is reduced by about 8 per cent. 
Now although the ellipsoid is theoretically the most simple form 
of specimen to use, yet in practice it is difficult to make and therefore 
is only used in fundamental researches. In most work with ferro- 
magnetic materials it is usual to find that the specimen 1s in the 
form of a narrow rod or strip. Under such circumstances the self- 
demagnetizing field is not a constant; it varies within the specimen 
and, even so, its value does not depend only on the external shape 
of the specimen—it depends upon the susceptibility of the material. 
To estimate the value of D in such cases is very troublesome so that 


LA, M t, 
p M 75, 
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Frc. 11-05.—Ferromagnetic specimen with a known demagnetizing factor. 
[The upper half e$ section showing the shape according to Maurer and 
Meissner; the lower half is that of an ellipsoid. All distances iu mm. 
and on'y one half of the specimen is shown.] 
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in practice the length of the rod is made equal to several hundred 
times its diameter and D is then treated as a constant. 

In 1922 MavnrER and MEISSNER suggested that if the specimens 
were made up of a central cylindrical portion with each end portion 
consisting of two frustums of suitable size and shape, then for all 
practical purposes the specimen could be regarded as an ellipsoid. 
Fig. 11-05 shows the dimensions recommended for one half of the 
specimen ; the shape may be realized if one imagines that the dia- 
gram rotates about the axis OA. In the lower half of the diagram 
& section of a true ellipsoid is shown. It should be noted that all 
distances are expressed in mm., those at right angles to the axis of 
the specimen being magnified ten times. 

Determination of a true curve of Magnetization from one 
obtained experimentally —The ferromagnetic specimen being in 
the form of a wire or rod, let Oabc, Fig. 11-06 (a), be the curve 
obtained by plotting values for J against corresponding values of 
the applied field due to the current in the solenoid. On account of 
the demagnetization due to the presence of free poles in the specimen, 


g 


J 


H x 


(a) (5) 


Fig. 11:06.— Method of applying the correction for the self-demagnetizing 
effect in rods. 


the specimen is not at any stage subjected to a field as large as that 
calculated from the strength of the current in the deni As we 
have Seen it must be decreased by an appropriate amount DJ. To 
make this correction the straight line OE is drawn —its equation is 
H - DJ, i.e. its slope with Tespect to the x-axis is D-1. If P is 
& point on the curve Oabc at which the correction is required, we 
draw the straight lino PP,P, parallel to Oz to cut OE-and Oy in P, 
and P, respectively. Thus the effective field is H — P,P,, so that 
by marking off along PP,, a length PP, = P;P,, we obtain the point 
P, on the true curve of magnetization. Proceeding in this way the 
curve OA, which is the true curve of magnetization, is obtained. 


D 
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sponding to a point P, on OA being obtained by drawing P,P,P, 
as before, and making P,P = PyP,. For a shorter specimen of the 
same material, the demagnetization factor Dg will be larger; be 
OB, be the line H = D,J. The point; Q on the observed curve in 
this instance is obtained by making P,Q = P,Q, where Q, is the 
point of intersection of PP, with OE; 

A magnetometer method for obtaining a J-H curve.— The 
magnetometer method for investigating the properties of ferro- 
magnetic materials is due to EWING ; one of his arrangements is a8 
follows. C, Fig. 11-07 (a), is a long 
which the specimen, A, is arranged to 


M 
<> 
w E 
Rs 


KUO p : 
Fic. 11.07.—Determination of a J-E curve for a ferro io sdb 


Tho short thick lines near Nand sg rne Pi and 2 mm. from the 


in the process. To make further progress it is assumed that the 
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reflecting magnetometer situated to the east (or west) of the speci 
men. C,is a circular coil arranged in series with C, and the usual 
cells, etc., for supplying and adjusting the current in the coils, A 
is a d.c. ammeter. 

The axis of the coil C, passes through the contre of the magneto 
meter needle and, ideally, through the upper pole of the rod or wire | 
A. The key, K, permits the current in C, to be reversed and also 


Suppose that r, and r,, Fig. 11-07 (b), are the distances indicated. 
Then the horizontal field H, at M due to the specimen is equal to 


m m (s 


; Hani? Mafa? A 
Where Ma is.the permeability of air, If 0 is the magnetometer 1 


deflexion, we have, since H, =H, tan 0, 


m. nS 
a (E) ] meten 


Thus, from the experiment, we obtain a value for the pole strength 
(and hence the magnetic moment) of the specimen at any stage. 


specimen is uniformly magnetized, à : 5. 
netization, is given by when J, the intensity of mag 
J=” 

w 
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So far only the essential theory of the method has been given. 
Since the solenoid C, is vertical the specimen A. will be present in 
the vertical magnetic field of the earth. To eliminate this field in 
the neighbourhood of the specimen the coil C, is wound with an 
additional layer of wire which is connected to a battery B, and an 
ammeter A,, etc, The current in this outer layer is adjusted to 
a calculated value so that Hy is annulled. In making this calcula- 
tion a value for Hy is assumed. 

To avoid making this assumption the current from B, is switched 
on and alternating current passed through C, This alternating 
current is gradually reduced to zero and if the field due to the 
current from B, is such that Hy is annulled within C, then the 
magnetometer needle will be undeflected when the alternating 
current is made zero. The method is one of trial and error. 

Finally, of course, a correction for the self-demagnetizing effect 


in the specimen must be made. 
The maximum and mean values of the intensity of mag- 


netization in the material of a bar magnet.—Let A be the con- 

stant cross-sectional area and L the geometric length of the magnet. 

Tf M is its magnetic moment, the mean intensity of magnetization 

in its material is given by 
M 


Juein = AL 


Now ®, the flux of magnetic in- 
duction, will have its maximum value 


across the central section of the mag- She l 
net, cf. Fig. 11-08, for between this <———_L—_1 
section and either end of the magnet Fig, 11-08—The meximun m 
there will be a fringing effect, i.e. the monk india WA DAE AERA 
flux across any section of the magnet 

normal to its axis will decrease from the central section outwards. If 
a search coil lies over the magnet at its central section and is quickly 
moved from there to a great distance from the magnet, then a 
ballistic galvanometer to which the search coil is connected may be 
used to measure Ø and this is usually equated to 4am, where m 
is the pole strength of the magnet. 


nanm =P= Banh 
m Me, 


E Jma =A T OT 
where 21 is the distance between the poles. 
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The ballistic method for testing ferromagnetic materials.— 
In this method a specimen of the ferromagnetic material on test is 
placed in a known magnetic field and a value for the change in the 
magnetic induction B is derived from a knowledge of the quantity 
of electricity induced in a secondary coil surrounding the specimen 
when the magnetizing field is suddenly changed from one known 
value to another. 

Early work by the ballistic method was largely carried out on 
specimens in the form of: a small anchor ring but the practical 
disadvantage that each specimen had.to be wound separately with 
both primary and secondary windings prevented the method from 


Nowadays the method is applied to straight specimens, the 
secondary coil being wound near its centre. The bell oncignetininn 
effect is least at the mid-point of the specimen but, nevertheless, in 
Precision work correction must be applied. On account of its 
theoretical importance the ring-method will be described. 

_,, In Fig. 11:09 (a) A is the specimen of ferromagnetic material and 
it is in the form of an anchor Ting. It is wound uniformly with a 
Primary P; [for clarity in the diagram this winding is only repro. 
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sented symbolically—ef. p. 403, however]. 8, is the secondary coil 
connected to a ballistic galvanometer G, an adjustable resistor Ry, 
and the secondary Sp, of a standard mutual inductance whose primary’ 
“s P, P, and P, are connected to mercury cups at X4, a reversing 
key K, a battery B, an ammeter A, and a variable resistor R. 
When the current through P, is changed, the change must be rapid 
so that R must be specially designed. Wire resistors Ra, Ros- 
[Fig. 11-09 (b)] are connected to brass blocks, Ty, Ty, . . - and these 
are connected in turn to mercury cups M; M,,... By placing 
thick copper wires across the cups various resistances may in 
effect be removed and the current through P, increased. 

Before commencing the experiment the specimen must. be 
demagnetized by means of an alternating current—in order to avoid 
complications on the diagram the means of injecting such a current 

: into the circuit are not shown. ` 

When tho specimen has been demagnetized completely, the 

current through P, is increased by measured steps and at each 
change the throw of the galvanometer is noted. When the current 
in P, has reached a value i let the induction within the specimen 
have a value B. If A is the cross-sectional area of the specimen, 
the flux ugh each turn of 8, will be AB, so that the effective flux 
through S, is N,AB, where N, is the total number of turns in 8;, 
ie. Y, = N, AB. 5 2 i E 

When the current through P,'is raised to & value 4i + Ai), let the 
number of linkages through S, increase by AY,- Then 

AV, — N,AAB. 


If 6 is the ballistic throw of the galvanometer, the quantity of 
electricity passing through G is kB (1 + 44), where k is a constant 
and 4 the logarithmic decrement per half-cycle, so that 
; AT, À 
wo p - A MET, ; 

where r is the total resistance (e.m.u.) of the galvanometer circuit. 

To find AB, the ballistic galvanometer must be standardized. 
Let the current i, in P, be reversed rapidly. Then the flux change 


in S, is 2mi,, where m is the mutual inductance of M—it is 
in emu. If this gives a ballistic throw 6,, we have 


2m^ L ko (1 + 4A) 


r 
» 9 (2mi, 
oe Bk 


Thus AB-can be-found, and it should be noted that neither 
the value of the logarithmio decrement nor the resistance of the 
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galvanometer circuit has to be known. The value of B is given by 
1 /2mi, 
iss es dE), 
3 Tour ; ; 
since B is proportional to the sum of all the throws obtained as the 
current in P, is increased in steps from zero to i. 
The applied feld, H, is 4zn,j, so that a curve of magnetic 
induction is obtained by this method. 


Ferromagnetic materials and hysteresis .— Substances capable 
of becoming magnetized to a high degree are said to be ferro- 
magnetic, as distinct from all other substances which exhibit 
exceptionally feeble magnetic properties. Only.a few elements such 
as iron, nickel and cobalt and their alloys are, in general, ferro- 
magnetic. Magnetite (Fe,0,) and iron pyrites (FeS,) are naturally 
occurring crystals with distinct ferromagnetic properties. Finally 
we have the so-called Heusler alloys ; these were discovered about 
1898 by Hzustur. These ternary alloys are ferromagnetic and yet 
each is composed of elements which are not'in this class of substance. 
Heusler discovered that alloys of copper and manganese become 
ferromagnetic when one of the metals aluminium, antimony, 
arsenic, bismuth or tin is added in certain proportions. The 
addition of boron produces a similar effect. The copper-aluminium- 
manganese alloys have been investigated most fully and in every 
Tespect they behave as ferromagnetics. When these alloys are 
quenched, ie. quickly cooled in water or a thin oil, from high 
temperatures, they do not become ferromagnetic. Recently 
manganese arsenide, MnAs, and silver difluoride, AgF;, have been 
shown to be ferromagnetic materials. Their magnetic transforma- 
tion points, cf. p. 436, are 4520. and — 110? C. respectively. 

. The real distinguishing characteristic of a ferromagnetic material 
is not that it can be strongly magnetized but that the intensity of 
magnetization is not directly proportional to the magnetizing field; 
it varies in a most remarkable manner and tends to a limiting value. 
For all other substances, as we shall see later [cf. p. 436], the relation 
is strictly linear and there appears to be no limiting value for the 
intensity of magnetization. In addition, where ferromagnetic 
materia are concerned, the value of the magnetization is not a 
definite function of the applied field ; it is found to depend upon the 
Previous magnetic, thermal and mechanical treatment of the speci- 
men, Tn other words as far as the previous magnetic treatment is 
concerned, ferromagnetic materials appear ‘to have a memory’, 
le. they exhibit a phenomenon known as hysteresis [Greek, 
Soréonaic, a coming late]. 
rie Fig. 2 the curve OaA is a typical J-H curve or magnetiza: 
Surya etic substance. When the point A corre- 
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sponding to an applied field Hm has been reached let the applied 
field be decreased in stages to zero so that points on the portion AR 
of the complete curve may be obtained. During this stage in the 
cycle of operations it is proposed to carry out, the value of J lags - 
behind that of H and although at R the applied field is zero, the 
material is still strongly magnetized. 

If now the field is reversed and increased in numerical value the 
value of J decreases and becomes zero when the magnetizing field 
has a value represented by the point O on the diagram. If the 
negative field is increased until the field reaches a value — Hm, the 
portion CP of the complete curve 
will be obtained. The portions 
PS, SD, and DA of the complete 
loop may then be obtained and 
unless the specimeri is demagnet- 
ized again completely the portion 
OaA of the cycle cannot again be 
obtained. The curve AROPSDA 
comprises a hysteresis loop. 

Such a loop is always traced 
out when a ferromagnetic materia] 
is subjected to a magnetic field 
which is varied cyclically between 
limits + Hm and — Hm. These Fre. 11:10.—A hysteresis loop. 
loops are of great technical im- [Obtained ge Fx Catan 
portance since they indicate the sca UV S : 
behaviour of ferromagnetic materials in relatively weak magnetic 
fields. 

When the maximum applied field is large enough to cause 
magnetic saturation in the material and the field is then reduced 
to zero, the residual magnetization, represented by OR on the 
diagram, is known as the remanent magnetization or retentivity, 
J, while if C is the point (— Hg, 0), then Hy is known as the 
coercivity (coercive field) of the ferromagnetic material to which the 
loop refers. We may say that the retentivity is a measure of the 
ability of the substance to retain its state of magnetization when not 
subjected to adverse treatment, while the coercivity measures the 
abihvy to retain that state in spite of adverse treatment. A 

Sometimes a hysteresis loop is obtained. with values of B plotte 
against H; the two curves are very similar. The intercept on the 
P-axis is called the remanent induction, Br. It must be noted 
however that the numerical value òf the applied field to rake 
B= 0 is not the coercivity, for B= mH + 4rd, and if B= 0, 
UHno = [— 4n Tgno, 80 that if Hp-ọ is negative, then the 
corresponding value for Jp. is positive. 
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Ferromagnetics are also characterized by a so-called magnetic. 
transformation point,* i.e. a temperature above which they be- 
come paramagnetic. It 
has: been shown that at 
this temperature there is 
a ‘marked variation in 
the specific heat of the 
material. 

Hysteresis loops in 
practice.—The hysteresis 
loop shown in Fig. 11-11 (a) 
is drawn from data ob- 
tained by Ewiwa about 
1893. The specimen was 
an annealed soft iron wire 
and the curve was obtained 
by the magnetometer 
method. Such a curve is 
similar to those often ob- 
A tained today. When it is 
compared with that shown 
in Fig. 11-10 it is noted 
that the initia] or virgin 
curve intersects the outer 


[3 


continuously ~ or main part of the loop. 
: a In recent years SNoEK has 

ol shown that this departure 

ic [77 from the ideal loop of 
Fig. 11-10 is due to the fact 

Tt that the magnetizing cur- 

| gehranemeter rent is varied too rapidly. 

Fro. 11:11.—Hysteresis loops. If H, is the applied mag- 


; netic field, D the demag- 
netizing factor, and J the intensity of magnetization within the 
specimen, then H, the effective field to which the specimen is 
subjected, is given by 

H=H,— DJ ip: : 
Hones Ha [cf. p. 365] 
AH = AH, — DÀJ. 


Thus when a very rapid A z ; 
i ; pid change in H, is made, for a very short 
that DA TAY differ considerably from its final value due to the fact 
when Hy is ohana immediately attain ita final valuo. In addition, 
ze » the associated change in J is accompanied by 

* Cf. p. 436. 
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eddy currents and these temporarily shield the interior of the speci- 
men from the applied field. Since for a ring specimen D is zero, 
such a specimen does not exhibit this effect. 

In order to obtain the ideal hysteresis loop when the specimen 
is in the form of a rod, SxoEK adopted the following procedure. 
The sample is demagnetized and then the, magnetizing current is 
brought very slowly to the required value. This having been done, 
the sample is withdrawn from the magnetizing solenoid and the 
change in effective flux associated with a suitably placed solenoid is 
determined in the usual way. To minimize the effect of the air-gap 
between the secondary coil and the specimen, the secondary is 
placed within the primary and just fits over the rod as shown in 
Fig. 11-11 (b). For each point on the curve, the whole above 
process must be repeated. When the measured curve, i.e. the curve 
obtained by plotting J against H is sheared back to correct for the 
demagnetizing effect, the curve obtained is practically independent 
of the length of the specimen and, in addition, it is found that the 
virgin curve lies entirely within the main hysteresis loop—ef. 
Fig. 11-11 (c). The fact that the curve obtained by Ewing differs 
so fundamentally from that shown in Fig. 11-11 (c) proves that in 
Ewing’s experiments the magnetizing current was not changed 
sufficiently slowly: 

The energy loss per cycle.—1t has already been shown, cf. 
p. 237, that the energy stored in the surrounding medium when a 
current has been established in an inductive coil is 4ij* ergs, or 
$LI,? joules. This represents the energy of the magnetic field. 
The result is true as long as the self inductance is constant, i.e. the 
flux due to the self induction of the coil is proportional to the current 
throughout the range considered. Nd : 

When ferromagnetic materials are present and it is desired to 
calculate the energy of the magnetic field it is necessary to know the 
relation between B and H. Two ways of dealing with the problem 


are as follows :— ; 
t the-core of a uniformly wound toroidal solenoid, 


(a) Suppose thai l 
whose radius of cross-section is not too largo compared with its mean 
If E is the e.m.f. applied to 


radius, is a ferromagnetic substance. 
the whole circuit of which the solenoid is part, ¢ the back emf, due 
to the changing flux in tho core of the solenoid, R the resistance of 
the circuit and $ the instantaneous current, 
E—e=Ri. 
^, Ei dt — ei 0t = Ri? 0t. 
Now Ei dt represents the energy supplied by the battery in time dt, 


while i?R ôt is the energy dissipated as heat on account of the Joule 
effect, The term ei ôt must therefore be the energy stores in the 


376 ELECTRICITY AND MAGNETISM 


magnetic field in time dt. [The energy loss due to eddy currents is 
neglected. ] 

If the solenoid has N turns and A is the constant cross-section of 
the core, the number of linkages is given by V^ = NAB, so that 


Hence the energy of the magnetic field increases in time ôt, i.e. 
the time in which the current increases from i to i+ di, by an 


amount 
OW = | e | i ôt = NAiB ot 
—NAPOB.. ; NE 
Tf 4 is the mean length of the solenoid the applied field is given by 
EE. lw 


A 
Eliminating i from these equations, we have 


OW = AAR OB . Er v. co 


Since 4A is the volume of the specimen and this is assumed 
constant, the work done on unit volume of the specimen during the 


above change in its state of magnetization is aH óB. 
: m 


‘ : 1 
Now let us consider noe dB with reference to the loop shown 


in Fig. 11-12. In passing from a state 
represented by the point M to that rep- 
resented by N, the work done per unit 
volume in changing the value of the 
magnetic induction within the material 


is pie, where H = mM and mn = 


9B, m and n being the projections of M 
and N on the vertical axis through O. 
Hence from A to P the work done per 
unit volume is 


1 
Fic. 11:12.—' The irrecoverable qz X ares OAPy, 
energy loss associated with & E 
hysteresis loop. where p is the projection of P on the 


above vertical axis. 
a P to Q the work dones negative for H is here positive while 
18 negative, i.c. the area PoQ must be considered as a negative 


one : during this stage the material gives up energy, Hence from 


D 
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A to Q via P the work done per unit volume is represented by 


z x area OAPQ; this energy is irrecoverable. 


Continuing this process all round the cycle and observing, for 
example, that for elements in the area OQR both H and ôB are 
negative so that the work done is positive, we find that the total 
irrecoverable energy per unit volume is 


LÀ 
z x [Area of the B-H loop] = Wh (say), 
1 
ie. Í W, = gouas. 


This irrecoverable energy appears as heat in the specimen and 
is termed the hysteresis loss of the material. Hysteresis losses are 
small for those materials which have very narrow hysteresis loops, 
e.g. soft iron. 

Since B = 14H + drd, 

6B = 6H + 4x ôI. 


1 1 | 

-1 Lal: 4x & HAS |. 

Wa apie zonam + $ ] 
2 Ja 


Hence Wr = $ H dJ. 


This is sometimes known as Warburg's law (1881). The worked 
example on p. 379 gives an idea of the rise in temperature per 
cycle, or rather per second, since, in : 
the example, the cycles are continuous. 

(b) Let M be the constant magnetic 
moment of one of the molecular magnets 
which comprise the material and let $ 
be the complement of the angle its axis 
makes with the applied field, H. We PS 
select this angle since when the field iS — p, 11:13.—Couple on a 
H + ôH, the angle will be $ + 0$ and small magnet. 
69 will be positive if H is positive, of. 3 
Fig. 11-13. The components of M parallel and perpendicular to H 
are M sin ¢ and M cos h respectively. 

For all the magnetic particles in unit volume 

XMsin$ -J, and ZMcosó — 0, 

for otherwise there would be a component of the magnetic moment 
at right angles to the direction of magnetization ; such would: be 
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contrary to the meaning of the term. Hence 
i àJ = ô(£ M sin ¢) 
= X(M cos ¢ d¢). 

_ Now the couple acting on à magnetic molecule is MH cos $ and 
. for a small rotation df the work done by the agent effecting the 
rotation is MH cos ¢ dd. For ‘all the magnetic particles in unit 
volume the work done is 


_ For a complete cycle of magnetization the work done per unit 
volume is $a. Since B = mH + 4J, ôB = OH + 4r J. 
1 


ome 
=z 9E, 


since $ H dH is zero. Thus the work expended per cycle per unit 


volume is $ times the area of the B-H loop. 


Steinmetz formula.—An empirical formula to enable values to 
be calculated for W, the energy loss in erg.em.-?cycle.-!, was given 
by Sremmerz in 1916. It states that 

: Wi = 5(B,)!*, 
where (B,,) is the maximum numerical value of the induction and 7 is 


Hysteresis Losses [EnG.0M.-*ovorg.-!] IN, DIFFERENT MATERIALS AT 
SPECIFIED VALUES OF THE Maximum Inpuction [W, = Brar] 


Wa 
‘ loss in 
Material 7 x Jot Med eon eye 

i ee valoe 
: of Buax.] 
"avere ee ESNA N NSS 


ee. e 

ee e m 

BEER eire » 

ripe o> S reda 

[24 Co, 14 Ni, 8 Al, 3 Cu, e cse de 
51 Fe] ! 

Nickel. ; l1 we! 1500 5000 1240 


S Wr c2 ue MM E up abenios 
r l 
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a constant, the so-called Steinmetz coefficient, for any particular 
material in a given physical state. The table opposite. indicates 
how Wp varies with the particular ferromagnetic material selected. 

Example.—A. particular ferromagnetic material (stressed permalloy) 
has. a hysteresis loop which may be 
taken as a rectangle between the limits B^ 
-- 2 oersted for the magnetizing field 1 [Gauss] 
and + 1000 gauss for the magnetic 
induction, together with two limbs of i 
zero width and almost parallel to the 
H-axis. Calculate the rates of rise in 
temperature due to hysteresis losses 
when a specimen of this material is 
placed in a 50 cycle.sec.—* alternating / 
magnetic field A sin wt in which ff isin A Toorscad] 
turn 1, 3 and. 20 oersteds respectively. H 
[Assume the specific heat of the mater- 
ial to be 0-42 joule.gm.-! deg.—* C. and 
its density 8-0 gm.cm.-*.] " 

The hysteresis loop is shown in 
Fig. 11:14. a ae 1 i i 

(a) When = 1 oersted, ex | 11-:14.—The hysteresis loo 
treme values of the field to which the Von geiles pérmelloy: F 
specimen is subjected wil be + 1 $ ; : 

2 i.e. i will never be demagnetized and the ‘ operating 
point on the B-H diagram will move along & line parallel to the H-axis. 
Since the irrecoverable heat loss due to hysteresis per unit volume per 

1 3 : A 
cycle is in dB, when Ai = 1 oersted, this loss is zero. 

(b) When ft — 3 oersteds, the field varies between +3 and —3 


oersteds, i.e. the hysteresis loop is from. D to E on the diagram; ite 
area is that of the rectangle. Since unit volume has a mass of 8-0 gm., 


we have, if x is the rate at which the temperature rises, 
x (4 x 2000) | x 50, 


ne. 
8 x 042 x 10' x qr — Lan 


: F- 9.5 x 10 deg, C. see," = 
ld lies between 4:20. and —20 oersteds, the area 
of Be llr - in (b), ie. the rate of rise in temperature is 
unaltered. fants ee d i 
The effect of temperature on th magni n of ferro- 
magnetics.—The egeta properties of all ferromagnetic materials 
show very marked changes with temperature. When a piece of iron 
is heated above 760° C. it ceases to be ferromagnetio, but when the 
temperature falls: below this temperature, the ferromagnetic pro- 
perties are regained. The temperature at which the change takes 
place is termed the magnetic transformation point. | For low 
carbon steels this temperature is about 730° C., while for high carbon `- - 
steels it is about 690" C.. esi! ae 


ie. 
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The sudden alteration in the magnetic properties of iron when 
passing its magnetic transformation point is also marked by other 
physical changes in the material. Tarr showed that the thermo- 
electric power is one property to show such a'change ; the resistivity 
of iron also shows a very marked change at this temperature, which 
is also the temperature at which recalescence occurs ; this term is 
applied to the following remarkable phenomenon. When a piece of 
iron is heated to a bright red heat and then allowed to cool it assumes, 
at one stage, a dull red colour. As tho temperature falls a little 
further and passes through the critical temperature the iron sud. 
denly glows. This spontaneous heating effect is due most probably 
to some vigorous rearrangement of the atoms in the iron. X-ray 
analysis has shown that at temperatures below the critical tempera- 
ture the iron exists in a form known as a-iron ; in it the atoms are 
arranged on a body-centred cubic lattice, i.e. the atoms are arranged 
at the corners of a cube and at its centre. At temperatures above, 
the iron exists as y-iron and the atoms are arranged on a face-centred 

cubic lattice, ie. atoms appear at.the 
corners of the cubes and also at the 
centres of the faces of the cubes. The 
rearrangement of the atoms which takes 
place quite suddenly at the recalescent 
temperature is accompanied. by a change 
in the length of the specimen which 
may be demonstrated as follows :—AB, 
Fig. 11-15, is an iron wire surrounded 
by a glass tube to protect it from air 
currents. It is supported from an in- 
sulated clamp and its lower end is- 
attached to a pointer moving about a 
pivot C. A mass of lead, D, serves to 
keep the wire stretched. When a cur- 
rent is sent through the wire it is heated — 
and its expansion is indicated by the 
downward motion of the pointer. When 
the recalescence temperature: is reached 
there is a sudden contraction in length 
'' and the pointer moves upwards. As 
the temperaturo is increased beyond 
this point the length again increases. 
Pr. 11-15.— Experiment ^ Opposite effects are noticed when the 
on recalescence. wire is allowed to cool. In addition to 


as 3 these opposite effects, when the recales- 
dns put is (s copied revealed by the jerk in the motion of 
pointer— the wire glows brightly for a few Seconds. «This is due 


m 


E 
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to the large amount of energy liberated when the iron changes from 
y-iron to «-iron. 

In Fig. 11-16 (a) the magnetic induction curves for * best. quality 
transformer’ iron at different temperatures are shown, and in 
Fig. 11-16 (b) the variation of the permeability of iron with 


(a) 


-3 
gauss 


Bx10 
Q 


2 (c) 
Fio. 1116.—The effect; of temperature on the magnetic properties of iron. 


temperature is shown.* In each instence the material had been 
annealed at 1150? C. In the latter diagram each curve 18 drawn 
for a constant value (as shown) of the applied field. Ju 

The curves indicate that for small values of the magnetizing field, 
the permeability increases somewhat slowly with rise of temperature 
until the magnetic transformation point is approached when the v 
of increase of permeability with temperature becomes very hig) 


* Morris, Phil. Mag., 44, 213, 1897. t. 


382 ELECTRICITY AND MAGNETISM 


and then diminishes at an even greater rate until at about 780° C. 
the value of the permeability cannot easily be distinguished from 
unity. 

_ In stronger fields the permeability shows very little change with 
temperature until at about 650° C. it begins to decrease to become 
unity at about 780? C. 

The manner in which the size and shape of the hysteresis loop for 
iron varies as the temperature approaches its magnetic transforma- 
tion point has been investigated by Kurwe (1932) ; some of the 
results he obtained are shown in Fig. 11-16 (c). It will be noticed 
that both the remanent induction and the area of a loop, which is a 
measure of the hysteresis loss, cf. p. 877, decrease as the magnetic 
transformation point is reached ; on the other hand the coercivity 
is only slightly reduced. 

The magnetic properties of nickel and cobalt.—Fig. 11:17 
shows curves of magnetic induction for nickel and cobalt, the corre- 

sponding curve for cast iron being 

added to the diagram for pur- 
poses of comparison, For nickel 

Imax. = 500 gauss, while for co- 

balt Jmar, = 1200 gauss. 

For nickel the energy loss 
per unit volume per cycle is 
given by W, = 15 x 10? 
(B...) S erg.cm.~®cycle.—1, while 
for cobalt itis given by W, = 83 
25-45-7455 X10-*(B,,,, )'-Perg.cm.-*cycle.7!. 
ume N d The determination of B-H 

» 11+17.—Ourves oi etio foops* withthe aid of a cathode 

induction for nickel and cobalt. ray tube.—The shape of a 

hysteresis loop, in terms of B and 

H, for a ferromagnetic material may be obtained by means of 

a cathode tay tube, The usual point-by-point method of plotting 

a B-H curve is very tedious. With a cathode ray tube, not only 

can the complete hysteresis curve be drawn under working con- 

ditions but the effects of various factors such as permanent magnet- 
ization and wave-form can be examined with a minimum of trouble. 

The material under test has primary and secondary windings which 

are shown in Fig. 11-18 (a) as P and 8 respectively. 

R; is a non-inductive resistor in series with the primary and the 
current is controlled by means of a choke. The secondary is in 


* The type of loop obtained under a. 
ned ©. conditions is generally known as 
a total loss curve because it includes eddy-current losses aa well as hysteresis 


B [kilogauss] 
~ NGA OSD 


4 x E| 
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series with a non-inductive resistor R4 and a capacitor C. R, is 
made high to avoid appreciable reaction between primary and 
secondary circuits, and also that the R,-C circuit may serve as an 
integrating circuit. The voltages developed across R, and C are 
applied respectively to the X and Y plates of the cathode ray tube. 
Now the voltage across R, is in phase with the primary current ; 
it is therefore a measure of the magnetizing field, H, at any instant. 


@) : 
Fia. 11-18.—(a) Determination of B—H loops with the aid of a cathode-ray . 
oscillograph; (b) an integrating çitonit. 


To discover what the fall in potential across the capacitor c 
represents, let us consider the circuit shown in Fig. 11-18 (b) ;. it is 
known as an integrating circuit and its action may be explaine 
as follows ; in proceeding to do this some of the results obtained in 
Chapters XV and XVI will be anticipated. Consider therefore the 
instantaneous values of the supply voltage vi that across the re». 
sistor R, viz. vg, and finally that across the capacitor C, viz. Us. 
If the resistance R is very large compared with the reactance of the 
condenser, then the instantaneous. current will be given by 


t=—, 


x TE 
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since vp ~v;. [For example, if R — 05 MQ, C= 24F and 
f = 50 /cycle.sec.-!, ie. w = Inf = 100x radian.sec.-!, then the 
.reactance of the capacitor is 

yonu^rqot 
aC 100g x2 
and this is negligible compared with R.] 
Then 5 


= 1600 2, 


Tn deriving this expression it should be noted that it is independent 
of the wave-form of the supply voltage ; it may therefore be used in 
connexion with the circuit shown in Fig. 11-18 (a), where, on account 
of the variation of the permeability of iron with the magnetizing 
field, the e.m.f. induced in S will not be sinusoidal although the 
wave-form of the supply voltage may satisfy this condition. 

Returning to the cathode ray tube circuit, the induced e.m.f. in 
the secondary coil S is directly proportional to B, where B is an 
instantaneous value of the magnetic induction in the iron, i.e. 


pium kB; 
where k is a constant. Thus for the corresponding instantaneous 
voltage across C, we have 


k k 
n= f Bat = c. | 

Thus the potential difference across the capacitor is directly i 

4 proportional to the magnetic induction B, i.e. the instantaneous | 

. value of the terminal voltage across the capacitor gives a measure 
of the instantaneous value of the magnetic induction within the 
iron core. The oscilloscope figure therefore has the form of a closed | 
B-H loop. In order to obtain a loop in the two usual quadrants it 
may be necessary to reverse the connexions to one set of plates. 
Occasionally, when large currents must flow in the primary a capaci- | 
tor is introduced into the primary and the circuit tuned to resonance | 
with the supply. : : : 

Since the voltages across R, and C are rather small, amplifiers are 
used to raise their values before they are applied to the deflector 
plates of the oscillograph. 
|, The circuit shown in Fig. 11-18 is considered and discussed in order 

‘that the principles involved may be understood. In practice it is 
more € to pH My R, and the X-plates and insert in the 
primary. vwo ils, C, and C,, Fig. 11-19, arranged symmetrically 
with respect to the tube. The magnetic field due to ekon in | 
these coils is parallel to the electric field due to the Y-plates, so that | 


bh 
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the component deflexions of the electron beam are mutually 


perpendicular. 
It is sometimes necessary to examine by means of a cathode ray 


oscillograph the effect of superimposing an alternating magnetic 


R2=05MO. 


Fluorescent 


screen: . 
Se 


Ci ` 
Fie. 11:19.—Determination of & B-H loop by means of a 
cathode-ray tube. d ; 


field on a ferromagnetic material which is already subjected to a 
steady magnetic field. This latter field. cannot be obtained by intro- 
ducing into the primary circuit an accumulator, or even by connect- 
ing it to a third winding on the specimen. The reason for this is 


PS 


To the deflecting 
coils 


Fra. 11-20.—Method. of superposing d.c. 
of a coil on test. 


on 8.6. in the primary 


that the additional circuit thus formed would act as & closed 
istics of the circuit. 


secondary and considerably al 


In order to supply d.c. to the primary à. y 
D, Fig. 11-20, in series with an ammeter, Aya variable rheostat, Ry 
and a high reactance choke, K, is placed across P. This allows 


G.D.P.—v—O 
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direct current to flow but the reactance is so large that no alte 
current flows in D ; the d.c. is however effectively superimp 
the a.c. in P. The condenser C, isolates D from the alte 
current supply and, at the same time, it may be used, for re 
already given, to tune the primary circuit to resonance with 
supply. 
Magnetostriction.—When a ferromagnetic substance is mag 
ized a slight mechanical deformation is, in general, observ 
Most investigations of this phenomenon have been confined to d 
minations of the fractional change in the length of the s 
when subject to an external magnetic field. Ferromagne 
materials are said to exhibit the phenomenon of magnetostric 
In 1842 Jourz observed this effect in iron; The changes in leng 
which occur are very small so that a combination of optical à 
mechanical levers is often used to obtain the necessary mag 
cation in any investigation of the Joule magnetostrictive e 


50 .— 00 . 150 v, 
Field strength [oersted| 
^ 


» S 
Fre. 11-21.—Magnetostriction curves for two steel wires. 


Lrovp and HaAxprxy (1929) used an improved form of Whidding 
ultra-micrometer to measure the changes in length. In Whiddin 
ton’s heterodyne micrometer, the method of measuring a sm 
length consists in causing this change to alter the capacitance of 
a condenser by moving one of its plates with respect to the other. 
The condenser is connected to an inductance so as to form a circuit 
in which sustained high frequency oscillations are produced by means 3 
of a triode ; in the capacitance then produce corresponding - 
changes in the frequency of the oscillations. The frequency changes — 
en detected ir ah Lug spe Mm pnt sensitivity by means of & 
M Yu 1L obtained for two carbon steels are 
due SIN in Fig. 11.22 show the magnitude and nature of the 

several | etic materials. With increasing field. | 
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strengths a rod. of nickel decreases in length but rapidly assumes 
a steady state in which AJ—> 0. For iron Al is at first positive 


or a compressive stress changes in its state of magneti 
be observed. Such an effect has been observed ; it is termed the 
Villari effect. When nickel is in a magnetic field and subjected 


to a longitudinal tensile stress it is found that the intensity of 
and vice versa. Iron, 


magnetization within the specimen decreases, 

as stated above, shows & reversal of the magnetostrictive effect when 
the applied field is about 150 oersted. ; & reversal of the Villari effect 
is also found in iron. Under the action of a tensile stress the degree 
of magnetization in iron increases 88 long as the applied field does not 


exceed the reversal field strength ; in stronger fields the degree of 


magnetization decreases a8 the stress increases. : 
The causes to which these effects must ultimately be attributed 
are somewhat obscure and it is only since 1930 that a formal theory 
has been able to elucidate the more important facts as revealed by 


experiment. : 
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Magnetostriction effects in single crystais of iron.—The 
Joule magnetostrictive effect in single crystals of iron is found to 
depend upon the direction along which the magnetic field is applied 
and the effect measured. WEBSTER and others have investigated 
the problem and some of the results obtained are shown in Fig. 11-23, 
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[Single crystal] 
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Fic. 11-23.—Magnetostriction in single crystals of iron. 


the magnification used being of the order of 5 x 105. The curves 
for single crystals are important because they exhibit certain marked 
peculiarities which are masked in the curves for a polycrystalline 
material. [N.B. Numbers in square brackets define directions 
within the crystal, cf. p. 452.] 

Magnetic energy.—The work required to establish the magnetic 
field due to a, current i in a coil of self inductance J has been shown 
[cf. p. 237] to be Mi*. When the current is steady this energy i8 
considered to be stored in the medium ; when the current decreases 
the energy lost by the medium is dissipated as electromagnetic 
radiation, due to changes in the magnetic induction at any point, 
and possibly as heat, due to eddy currents in neighbouring con- 
ductors. Let us therefore use’ this expression, viz. 4li?, for the 
energy stored in the medium to calculate the energy per unit 
volume in a region where there. are no free magnetic poles. 


For an anchor ring in which A is the constant cross-sectional , 


area, s the mean length of path within the ring and N the total 
number of turns in the coil with which the ring is wound, we have, 


if i is the current and y the permeability of the material of the ring, 


4 N. : 
"us tA = flux of magnetic induction in the ring. 


pipes! 
^. Inu tA = number of linkages associated with the coil. 
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Hence, provided y is constant, the self inductance, which is the 
number of linkages per unit current, is given by 


2 
t= Seek 
8 
while the field due to the current is given by 
H= dx i 
8 
| The energy stored in the magnetic field is given by 
N?, / sH \? 
= li? =}. UAE m 
W-l d ane (=n) 
2 
E HH eA): 
8x 


But sA is the volume of the ferromagnetic material and it is in 


- this volume that the magnetic field is localized. Thus the magnetic - 


- energy per unit volume is 


8z 8m 8z 


In the absence of magnetizable material the energy per unit 
2 
volume becomes jo T. where jy is the permeability of space. 


Hence the contribution made by the magnetizable material per 


4 EA 2 
- unit volume is Vo Now in general u = jig + 4ng, where 


| % is the volume susceptibility, so that we may write the expression 
for the above contribution as 47H. 

It must be noted that this expression for the contribution made 
by the magnetizable material to the energy density of the field is 
only applicable when. no free poles are present. To proceed, let us 
_ therefore consider the potential energy of a permanent magnet when 

this is brought into a magnetic field, which is assumed to have a 
constant value over any small cross-section drawn at right angles 
to a line of force. Also, for simplicity, it will be assumed that the 
- magnet is in the form of a short rod whose axis is always directed 
along a line of force. It will also be assumed that the poles are 
situated at the ends of the magnet. Fig. 11-24 (a) shows the 
Position of the magnet with respect to the field. If Q is the mag- 
netic potential at S, at N it is 2 -+ 2A where Al is the length of 
the magnet arid ôs is an element of length measured along a line 
of force. ‘The work done against the field in bringing up the 


: 
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done per unit volume may be written 


pre fea] 


= — [yH* — 14H*] [; yH = J, i.e. y ôH = ðJ, if y is constant] 
= 


cou Mo) gU. OR 
T dero JOB d ny, 


and this is the potential energy per unit volume of the substance, 

where p is the permeability of empty space. f 
When the shape of the small element of magnetizable substance is 

arbitrary and it is brought into a magnetic field given by 


H= iH, + 9H, + $H, 
the potential energy per unit volume may be calculated by replacing 
the actual magnetic moment 8M of the element by 


10M, + 7 6M, + £ 6M,. 
Thus 6M, = m, óz, ete. and the potential energy per unit volume i$ 


e (Et) + H,? + H,?] = — (£ gie. 


If the specimen is surrounded by air, magnetic permeability jio the 
energy density becomes 


eese Cat 


Magnetostatic pressure difference in a fluid in a non- 
uniform magnetic field. —Let us consider a volume dV of à fluid 
with magnetic permeability and surrounded by a medium with 
permeability u,. If H is the strength of the field, and this may 
have any direction whatsoever, in which the specimen lies, cf. Fig. 
11-25 (a), the potential energy associated with this element of 


volume is given by 
ôW = — (Ez) v. 
- 87 


Now let the element, cf. Fig. 11:25 (b), have a constant cross- 
sectional area œ and a length ós. Then 


OW = —'( -ra gae as, 
: ( e Jte. 
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Hence the force ÔF, in the direction of s increasing, is given by 
= uero Cz is ye 


ds 87 
and since this force acts across an area a, it will give rise to a pres- 
sure p, wher 
P- pa (Litt. 
8z Y 


This pressure is due to the magnetic field and is superimposed on 
any hydrostatic pressure which may exist in the fluid; it is termed 


NM H 
\ M i 
au \ i 
e MR (a) i 
\ un DA 
d n NUNN [Aa] 
Area o 4 
we S7 NC) 
i, y 
^ E, 
'B 
ós 
(c) 
i vili 
Fio. 11-26,—Magnetostatic pressure ini in a fluid in a non-uniform i 
the magnetostatic pressure and, being * pressure, will act in all 


directions. - 
If A and B are two points jn 9 fluid and Ha and Hy the corre- 
sponding field strengths, we have, of, Fig. 11-25 (c), 


(Ey — Bj» 
and this is independent of the :rections of the fields at A and B 


and of the field strength at any intermediate point on the paths 
Tn the sequel, cf. Chapter XIII, use will 


ps — Pr = 
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EXAMPLES XI 


11-01. Define intensity of magnetization, susceptibility. How do 
these quantities vary with the strength of the magnetizing field when 
the material concerned is soft iron ? 

A long soft iron rod, 0-8 em, in diameter, is placed in the magnetic 
meridian and tapped sharply with a hammer. A deflexion of 8° is 
produced in a magnetometer placed with its centre 6 cm. due E. of 
one pole of the rod, Assuming H, to be 0-18 oersted. calculate a 
value for the susceptibility of the material of the rod. [10:1 emu] 


5 metres long and of total cross-sectional area 80 cm.* This girder 


and H, = 0-18 oersted., what will be the apparent value of H, ata 
point on the bench and vertically below the centre of the girder 1 
; [Reduced By 0:0027 oersted.] 


11:04. Explain what is meant by the self-demagnetizing factor of 
anironrod. Show on the diagram you have drawn how the J-H curve 
obtained experimentally for a specimen in the form of (a) & thin wire, 
(b) a thick wire, will differ from the true J-H curve. 


11-05. In measuring the permeability of iron by the magnetometer 
method, an iron wire 60-4 cm. long and 1-4 mm. in inristat was used 
in a vertical solenoid having 20 turns per cm. length. A mirror 
magnetometer was placed 25 cm. due west of the lower pole of the 
wire. After demagnetizing the iron a current of 0-12 A. through the 
‘solenoid caused the magnetometer to give a deflexion of 15 cm. on a 


each pole is 2 mm. from the appropriate end af t 5 
[3-02 oersted., 580 erg.oersted.-!cm,-*, 192, 2-41 x 10%] 


11-06. To investigate the magnetic properties of a certain steel, & 
straight steel wire 100-4 em. long and 2-0 mm. diameter is placed along 
axis of a AA aclonoid Which has 40 turns per em. A mirror 
magnetometer is om. due east of the lower pole of the magnet. 
Tha spesimen 15 demagnetized and when a current E lamp. is passed 
ent solenoid th deflexion of the spot of light on a scale 100 cm. 
Ep pi ere iet und to be 18 cm. Deduce values for J, 
pn em have their usual meanings. [Assume that 


o e v has comi 
points 2 mm, from the ends of the MERE ted and the poles are at 


[322 e.m.u., 6-40 e.m.u., 81:4,] 
Ow» 
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11-07, Explain, in detail, what is represented by the area of a 
complete B-H loop. 

Calculate a value for the loss of energy due to hysteresis when 5 kgm. 
of iron are subjected for 1 hour to cyclic magnetic changes of frequency 
25 cycle.seo.-}, if the area of the hysteresis loop represents & loss 
of 2-5 x 10? erg.cm.-Jeycle.-!. The density of iron may be taken as 
7-8 gm.om.-?, [144 x 10% joule.] 


11:08. Give a survey of methods used in the investigation of the 
magnetic properties of ferromagnetic samples and treat in detail one 
method which offers some advantage over the other methods, explaining 


why it is chosen. ` E i 
Discuss the magnetio properties of importance in & material suitable 
for the construction of permanent magnets. (8) 


11.09. The ascending and descending values for B and H for & half 
cycle are as follows : = 


Ascending Descending 
H (oersted.). e | 24 | 32 | 40 | 56 | 24 | 16 | 0 | —8| —12 -16 
BEI 4 8 | 10-4| 121 | 140 || 18-6] 18-1] 1:9] 10 | 8 | 0 
(gauss.) 


Plot the curve and calculate the energy due to hysteresis dissipated 
Steinmetz 


3 s btain a value for the coefficient. 
per om. per cycle. Also o [7-28 x 10* erg., 0-0168.] 


ininal o pb quy, SIN pa 
met semi rane etd 


1141. What is a magnetic hysteresis loop ? How can it be obtei 
experimentally for & ferromagnetio materiel in the form m & nig, iH 
Discuss briefly the information of practical importance wi can 
deduced from. the loop. ý i 


' teel is subjected to a cycle of 
11:12, A sample of a transformer 6 suse! A. hysteresis loop 


magnetic changes in which Bue. = 14,000 is 
is plotted using scales for which 1 om. = 2 ampere-turm.cm. 1 en 
l cm, = 2000 gauss. The area of the loop is 9-28 cm.” Find the loss 
in watts due to hysteresis when 1000 cm.* of this material is subjected 

to a magnetizing field at 25 cyclesec.-". [9-28 watt, 
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11:13. [Note on the theoretical lifting power of a magnet. Let J be the 
intensity of magnetization in the material of the magnet and let us 
assume that the magnetization is uniform in the magnet and there 
is no leakage between the magnet and its attached keeper. Then the 
surface density of the magnetism on the opposing surfaces of the magnet 
and its keeper will be J and — J respectively. The stress is therefore 


2nj* 


^ i x 2nAT* 
—— so that the force of attraction will be given by F = , where 


A is the area of contact between the magnet and its keeper, and Ha is 
the permeability of air. Since B = 4H + 4zJ and H is small, J may 


be taken as =. Thus 


A long solenoid with 10 turns per cm. length contains an iron rod ' 
2 cm. in diameter ; the length of this rod is much less than that of the 
solenoid. The rod lies symmetrically within the solenoid and is cut 
into halves. Calculate a value for the force necessary to separate them 
when a current of 4 A. is flowing in the solenoid. It is given that on 
reversing the primary current 70 uC. flow in the secondary circuit of 
8 turns wound round the iron rod, the total resistance of this circuit 
being 200 Q. [9-7 x 107 dyne.) 


11.14. A certain ferromagnetic material (stressed permalloy) has a 
hysteresis loop lying between — 2:0 < H < 2-0 oersted for the 
magnetizing field and — 1200 < B < 1200 gauss for the magnetic in- 
duction. Outside this region the arms of the loop are slightly inclined 
to the H-axis. Calculate values for the rates of rise in temperature due 
to hysteresis of a specimen when placed in a 100 cycle.sec.-! alternating 


magnetio fld Heh ot for the cases in which Å is 1, 2 and 10 oersteds 
respectively. [Assume the thermal capacity of permalloy to be 
3:34 joule.deg.-! C. per unit volume.] T 

[0, 1-4 x 107* deg.C.sec.-?, 1-4 x 10-* deg.C.sec.-!.] 


CHAPTER XII 


THE MAGNETIC CIRCUIT AND THE DESIGN 
OF MAGNETS 


The suagnetic circuit and magnetomotive force.—In the 
preceding chapter methods for investigating the properties of ferro- 
magnetic materials have been outlined and the more important 
properties discussed. It is now necessary 
to show how this information may be 
utilized in the production of large mag- 
netic fields which are a feature of much 0] 6 
electromagnetic apparatus and machinery. 

The fact that lines of magnetic induction rae 
are confined to definite circuital paths lying H 
mainly within a ferromagnetic material 

suggests the idea of a magnetic circuit; 0 

it is based on an analogy with an electric — Fro 12:01.—Magneto- 
Bicuit. motive force. 


Let us therefore consider a closed path as indicated in Fig. 12:01. 


The path lies in a medium of permeability u. O is a fixed point on 
this path from which the distance of a point P on the path may be 


measured ; let us write OP =. Let H be the magnetio field at P. 
If Q is a neighbouring point on the closed path and such that 


PQ = às, then H-35, or H ds cos 0, whore 0 is the angle indicated, 
is — àQ, the drop in magnetic potential from P to Q. Thus 
Hd -- $ dQ 
= fall in magnetic potential round the circuit. 
By analogy with an electrical circuit, the quantity $ H- ds is called 
the magnetomotive force (m.m.f.) for the closed cirouit considered. 


The unit is the gilbert. j . 
If the path is linked N times with a current $ (e.rn.u.), then by 


Ampére’s circuifal relation, of. p. 142, we have 
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where I is the current in amperes. The product NI is known as 
the number of -ampere-turns. 

Now suppose that a tube of magnetic 
induction has a cross-sectional area A at 
some section—of, Fig. 12:02. The width 
of the tube must be small so that the 
length of any path taken all round the 
tube may be considered constant. Then 

M 9, the flux of magnetic induction across A, 


is given by 
LO. 
ie 12-02.—A narrow tube 9 = B-nA = BA. 
magnetic induction ; 
ite Pelüoanoe. v n H= La 


Now is constant for a tube of induction, so that 
m.m.f. — $ E-ds = $ LR 
uA 


-9 $ =o 
p 
AD m.m.f. 


P— 
— ds 
$a 
-By analogy with Ohm's law for an electrical circuit, the quantity 
$ E. is known as the reluctance of the magnetic circuit, The unit 


. is the gilbert .maxwell.-1.) 

To illustrate the above method of arriving at the definition of 
“Magnetic reluctance, let us consider an anchor ring made from a 
substance of permeability and upon this ring let there be a coil 
of N turns carrying a current I amperes. Then in the ring the 
magnetic induction will have a constant value B. Now the magneto- 
motive force is the work done per unit pole in taking a small pole 


. round the circuit, viz. An 


Hence 
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o 
But E 
: A 
^. Ø = magnetic flux = magnetomotive force _ 4nN1 - 
reluctance l T d ) 
pA 


The reluctance of the magnetic circuit in this instance is therefore 
l 
TN 
' The reluctance is sometimes known as the magnetic resistance ; 
this is from analogy with the term electrical resistance which is 


Hz where y is the resistivity of the material. E therefore 


B 
corresponds to y and is sometimes termed the magnetic resistivity 
or reluctivity of the medium in which the path lies. 

The analogy between electrical resistance and reluctance is: not 
complete, however, for when the medium is ferromagnetic the 
permeability depends upon the strength of the applied magnetic 
field and hence the reluctivity is variable, whereas the resistivity 
is a constant if the temperature is constant. 

In practice a circuit may consist of several distinct parts in any 
one of which p and A are constants. Then 


ds h 5 l (=) 
& 25 ee eee —]. 
$2 Ar Haba me 2, A, 
Very frequently A, = Àj — . - = A,, at least approximately. 


More about magnetomotive force. When introducing the idea of 
a magnetic circuit it was stated that the tube of induction must be 
narrow. In practice the magnetic resistance of a circuit with & large 
cross-section has to be calculated so that it becomes necessary for us 
to examine the conditions under which the calculations may be made, 

Consider a tube of induction linked with a coil of NI ampere-turns 
as in Fig. 12.03. The tube is finite in section but this is sufficiently 
small for the magnetic induction B to be normal to the cross-section 
at the position concerned. Let A be the cross-section, of this tube and 
let us, imagine that the tube we are considering is divided up into 
elementary tubes; in the diagram only one of these is shown. Let 3 
be the length of this elementary tube and 6A its cross-sectional area; 
6A will not, in general, be constant. 

"The flux, 6®, across 6A is given by 6@ = B(0A). 


/ ds AnNI 
~ m.m.f. = $ Rd = fna = 909 5 To” 


. d = flux across any section of the tube of induction con- 
idered. 


git 
= X(0) 
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= (m.m.f.) $; ds 
HSA), 


cS 


where (0A), is the cross-sectional area of the nth elementary tube. 


Coil of N turns with 


Thus 


y 1 n 1 
where Ro ny | yu 


n=l 


R_ is the reluctance of the tube. 
Now if the tube of induction is such that each elementary tube has 
the same cross-sectional area and length, and if there are N o Such tubes, 


1 N 1 

St pnts Lr E 

R$ pae 
L(8A) nA. 


Since N,6A = A, and it is to such i f 
MALE de qe be only nei ans that the conceptions o 
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Reluctances in parallel. Suppose that a tube of induction 


of cross-sectional area A, cf. Fig. 
12.04, is divided into two paris of pd b 
areas A, and A, Consider that P 
portion of the tube extending from a 
P to Q, the corresponding values of Q Az 
the magnetic potential being 9, and p : Ne 
Or Fre. 12-04.— Reluctances in 
Then parallel. 
n Aer MON 
P 1 


which is the drop in magnetic potential. The suffix 1 denotes that 


tho ixtegral refers to the tube of cross-section Az- But 


0, - 8, - [A 


BÀ 
Q,—0, 2-2 
T Some NI 
è f på 
where R ; is the reluctance of this portion of the tube. Similarly, 
c. hoi 
ETT Re 3 


p 1 
and since Ø = Ø, H Ds We have a Ra T Rx 
An iron ring with a small air-gap. It will be assumed that 
the diameter of the cross-section of the ring is small compared with 


the diameter of the ring itself. If J is the length of the complete 


ring and A its cross-sectional area, the flux, Do, across any section 
is given b 
s 4nxNI 


l 
[za] 
where NI is the number of ampere-turns on the ring. 


When a small air-gap of length l, is made in the ring the flux is 
reduced to a value ® given by 


p= 


, 


where ja is the permeability of air and, for simplicity, it has been 
assumed that the cross-sectional area of the tubes of induction ! 
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air-gap is the same as in the iron; in numerical calculations the 
permeability of air may be taken as unity. 

The great effect of an air- 
gap is realized if the gap is 
made equal to 7 x 10-3 and 

l the permeability of iron 
is taken as 1000. Then 
Ø = 0-50, for the reluc- 
tance has been practically 
l2 doubled. 


The core of an el:ctro- 
magnet.— The diagram 
given in Fig. 12-05 repre- 
sents an electromagnet with 
NI ampere turns. Let A be 
Fic. 12-05,—The core of an electromagnet. the mean cross-sectional area 

of the core. Then if 1, is 
the length of the magnetic circuit in the iron and l, the length of 
the air-gap, we haye 


For stailoy, if B = 15 kilogauss, x = 1200, so that for all practical 


electromagnets a will be negligibly small compared with 2. and 
i 4 

hence the major portion of the magnetomotive force occurs across 

the air-gap. 


Example.—Find the number of ampere-turns required to produce a 
flux of 60,000 maxwells in a closed ring of ferromagnetic material if the 


cut into two equal Portions, each separated from the other by two gaps 
of width 0-05 om. Assume that u = 1500 for the value of B required. 


MB E BN ee AT 
ig und reluctance ^ sit od 


z 


1500 x 3, 


maxwell, 


“~. NI = 667 ampere-turns, 
(b) For the air-gaps, A = 3 em.*, 1 = 0-1 om., pa = 1. 
ANI 
6 x 104 = 10 : 
1600x3/ tl x 3) 
^ NI = 2:26 x 10? ampere-turns, 
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portion of the flux is confined to the circuit but inevitably there 
must be some loss of flux due to leakage. Thus, wherever there 
is an air-gap there will be a fringing effect, i. the lines of induction 
in air will cross an area greater than that of the ferromagnetic 


sectional area of the gap, & length equal to the length of the gap 
should be added. 

‘An alternative method is to make use of the concept of a leakage 
factor, which is defined as the ratio of the total flux to the useful 
flux, i.e. to the flux in the air-gap. This factor is generally taken 
to be 1:3. 

An iron ring with a localized 
exciting coil.— Let us suppose 
thas a ring of ferromagnetic 
material is wound with a coil, C, 
having N turns and covering only 
a portion of the ring as shown in 
Fig. 12-06, The lines of induction 
in the air are mainly confined to 
the volume encircled by the ring 
and some of these are shown con- 
ventionally in the diagram. By 
connecting a search coil S to a 
ballistic galvanometer G the dis- 
tribution of flux round the ring pra, 12.06.—An iron ring with a 
may be shown to be almost con- localized exciting coil. 
stant; to do this the current I in 
C is reversed and the galvanometer throw recorded for different 
positions of S. The flux is greatest when S is at C and least at a 
section diametrically opposite. 

Now, in general, the leakage flux cannot be calculated but an 
approximate calculation serves to discover a value for the magnetic 
induction B, along the diameter PQ, if we assume that this path is 
entirely in air (permeability Ha): A 

Let B m a i fo the induction in tho iron (sumed constant) ae 
let 7 bo the mean radius of the ring. ‘Then, upplying the 
relation to the path OPQ, we have 


Bapgy + B pal 


* Baler) US 
ie, TAS + am E 


 1ü 
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But by applying the same relation to a path of radius r in the iron 


B 4nNI 
HT d 


We al CD 
grs 


For transformer steel, with # as low as 5000, B, is only 3 x 10-4B 
and with still higher values of H, Ba is still further reduced. The 
fact. that the flux in a ring of ferromagnetic material when the 
m.m.f. is localized is the same as if it were uniformly distributed is 
of great practical importance, for it enables us to obtain solutions 
to many problems for which a complete mathematical treatment 
is well-nigh impossible. 

Example.—An electromagnet has the form and dimensions shown 
in Fig. 12-07, The steol is everywhere (4 x 4)cm.? and N = 400 turns, 


p 
dy Fie. 12-07. 
I = 2 amp. and 4 = 2000. Allowing for ‘fringing’ find the flux in 
the gap. 
The mean length of the path in the stool is 51-8 em, ; in air it is 


9:2 em. 
i: 4x314 x4 2 
noD -— Eg oos = 7:12 x 104 maxwoll. 
Y [sie x 16 * Tad 
In the air-gap, allowing for fringing, by tho first empirical rule, 


B= (Eja = £04 x 10° gauss, | 
The second rule gives 
o 
B- 13 xib” 3-42 x 10? gauss, 


Example.—A U-shapod t ER igi 
coil. Sup ^ ped magnet has N turns of wiro in the magnetizing 


cross-section against its poles is approximately 
z NDA | 
25" uall + rje OMS. 


b e 
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Let & be the width of each air-gap. Then with the usual notation 


ð= Ah, 
10 £ (4) 
ELM A . g BaHa 
andB = 4 if there is no leakage. The force required is 2. ^A dyne., 


where Ba and Ha are the values of the induction and field strength in 
air; we have at once, since the normal component of the induction at 


an interface is continuous, B = Ba, and Ha = L5 uy Now 
4nNI ent ie 
7t 
ð= Mortars Dea 
l 25 r 
1 [4 Laer | 
0 pA * n + 


rd pA ) X 
10 M 4 r/ if &—> 0. 
> Bee [ 4nNI pA? 1 
^ e Ar A A d Ha 
;. Force rm A a lio ar) AJ Ja A 
Lar NIA 
E al 
and using the results given on pp- 691-2 it is easy to 
expression has the dimensions of a force. 
Example.—A ring of ferromagnetic material [u = 200] has a mean 


K " uå E 
radius of 10 cm. and a cross-sectional area 7 cm.?. The ring is wound 


4 
uniformly with 500 turns of wire carrying & steady current of 1 A. 
Find values for the magnet 


ic flux whon (a) the ring is complete, (b) a 
saw-cut 0-1 cm. wide extends half-way across the specimen and (c) the 
saw-cut is completed, 


(a) $:—o = AR X4 = 1570 maxwell. 
1 [^ x4 
2007 
4n x 500 x 1 
(c) Be-01 em. = p [688 A OA zaj = 1190 maxwell. 
2007 7 


(b) When the saw-cut is only half completed, we have an air-gap in 
parallel with an equal thickness of metal and the cross-sectional area 


show that this 


of each is $ 
: 201x4 
The reluctance of the air-gap when eompleted.is yyy 7 0-127. 
The reluctance of tho air-gap whon the saw-cut is one-half com- 
petes is 0-254 and the reluctance of the piece of motal remaining is 
“2, 
X6 = 127 x 10-%. The effective reluctance of the half-completed 
gap is R where 


1 i 
7 964 "rex 1077 Bes, 


R= 00013. 
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62-7 
But the reluctance of the rest of the iron ring is oo i.e. the total 


reluctance is practically unaffected by the half-completed gap. 
"^ Ø = 1570 maxwell. 


Example.—A long solenoid has n turns per cm. length and its cross- 
sectional area is za*, Ifa secondary coil wound closely on the solenoid 
has N turns and the permeability of the core is u, where u~! = a + BH, 
[x and f are constants], obtain expressions for the mutual inductance 
of the coils. 

Since H = 4zxni, and B = uH, the flux Ó is given by 


na (ánni) 
= ma!B = na = —-—.———. 
® = na’B = na*uH E 3 dani) 
4n*na*Ni 
SO m NO = VE By 
If V changes with time the e.m.f. induced in the secondary is 
A lad 
ine Ti. Laka 
But e=— mi, ie. m = i, 


T dv 4n*na*Na 
Ge (x + Anfni) 


: E aera i 
If we write m, = T which is the flux per unit current, we have 


4n*na*N 
Mo = y X anni 
Thus m < m, and becomes very small-when i is large. 


Fróhlich's equation for 
a curve of magnetic in- 
duction.— From some of 
the above examples it would 
D appear that it is very desir- 
Curve of able to find, if possible, & 
magnetic simple relation connecting 
. Induction corresponding values of B 
and H at points on a curve 
of magnetic induction. As 
a first approximation it may 
be assumed that the upper 


: portion of the curve of mag- 

Fic. 12-08.—Froblich’s equation for a netic induction shown in 

curve of magnetic induction. Fig. 12-08 is part of a rect- 
angular hyperbola. 


The lower portion OA of the experimental curve is not part of th 
pal O e. 
hyperbola. Let O, be the point of intersection of the asymptotes 
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to the hyperbola. If Ho, B, are the co-ordinates of a point on the 
hyperbola and referred to O as origin, the equation to the hyperbola 
takes the form B,H, = k, where kis a constant. Let the hyperbola 
cut the H axis in O, and let this be the point (b, — a) referred to Qo. 
The equation to the hyperbola referred to O, is 
(B, — a)(H, + b) = k, 
where H,, B, are coordinates of a point referred to O;. Now at O;, 
H, —0, B, — 0, so that k= — ab. Hence 
ab aH; 
Bur en ee, 

If OO, is small, we may write H, = H, B, = B and so have as 

the required equation 
B= aH 


By writing this equation in the form 


H 
H+6= (5) 
we see that the constants a and b may be obtained by plotting H 


against (5) 
curve, 


To show how this approximate equation fits an actual 
let us consider the following values of H and B which refer to a Heusler 
alloy [61 per cent Cu, 27 per cent Mn, 13 per cent Al]. 


| 
| E (cota) ‘Ais 10 20 50 100 
| | es 2 TR 
B (gauss) >>. . + * 800 2300 | 3200 | 3800 | 4100 
gai 
HÅ B 
700 4 
koy à 
& | 8 
ioc 
£u x, 


[Oersted] 
4 7 


75 20 
Ay 9% 


UB qs 
Fra. 12-09.— Test of Fróhlich's equation. 
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The B-H curve is shown in Fig. 12-09. Superposed on this diagram 


is the straight line obtained by plotting H against 7. From it we: 


B 
find a — 441 x 10° gauss and b = 80 oersted. Hence for this 
material we have, approximately, 
4-41 x 10°H 


omis qe) 


Permanent magnets.—Permanent magnets are designed to 
provide a definite magnetic flux in an air-gap and such magnets 


must be constructed from materials which retain a high degree of, 


magnetization when the exciting field is made zero and for which the 


coercivity is high. For transformer steels an essential characteristic 


is that the hysteresis loop should be narrow but this is not of great 
importance in connexion with permanent magnets. 

The presence of an air-gap in a permanent magnet means that à 
self-demagnetizing field will exist. If the induction, B, within the 


. from. , 
aturation 


- 


[ He, 0} 


Fie, 12:10.—A demagnetization Fig. 12-11.—A permanent 
curve. magnet. 


permanent magnet is positive then the field strength is negative 


and this means that tho ‘ state-point ’ for a permanent magnet must , 


be on that portion of the hysteresis curve between the points R and 
€, Fig. 11-10, i.e. in the upper left-hand quadrant. This portion 
of the complete loop, when the applied field has been such that the 
material is almost saturated, is known as the demagnetization 
curve—cef. Fig. 12-10. 

In practice one of the simplest requirements is that a given flux, 
®, shall be produced in an air-gap of length £ and area A, using 
only à minimum volume-of.the ferromagnetic material. 

. Let NS, Fig. 12-11, be the gap in a ring magnet. If Rg is the 
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reluctance, of the gap and 2, and Q, the magnetic potentials at 


N and 8, we have 
A, bez’ Qs = ØR Net 

If K is the leakage factor, the flux in the material is KØ; so that 

if A is the cross-sectional ares of the ring, 
pa E 
A " 

If |H | is the numerical value of the field in the ring (assumed 

constant) and | the moan length of path in it, 
|H |1 = Q, ~% = ORs : 
The volume of the ring is ame tt 
zn KO? Ry 
SIHI 

The volume of the ring is a minimum when B | H | is a maximum 
and since the specimen is in 8 negative field H, the condition is, 
strictly speaking, that BH shall bee minimum. < 

The approximate shape of a demagnetization curve,—Let 
the points R and C on & hysteresis loop be the points (0, Br) and 
(= He, 0) R and DO the point of intersection of the H and Base 
—of, Fig. 1212, If we 
the demagnetization curve 49 a 
portion of a rectangular hyperbole 
let its asymptotes intersect at Oo 
If (Ho Bo) are the of 
a point referred to Ov then the 
equation to the hyper takes 


If O, referred to O, is the 
point (— e, a), the equation to [27 
the hyperbola, referred to O 8% 19, 1912,—The equation t^ * 
origin, may be written domagnetization curve. 

(B —oayH-4 9-7 ” 
and to determine k we assume 


Thus 
—a(—- H+ =* 
(B — oH t 9 = (Be — 9 


that B = 0 when Ha H" 


and we have 
H,—^ 
^ sss] LET 


aic sain, 18 RAE E OU ie em 
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Now when H = 0, B = B,, so that B, = “He, 8 relation which 


will prove useful later. 
For the present, the equation connecting B and H may be written 


H+emo(=T%), 


which is of the form y -+ c = az, so that c and a may be readily 
determined graphically. 
Esample.—For Alcomax II, a modern ferromagnetic material with 


an exceptionally high degree of magnetic stability, the demagnetization 
curve is given by the following values of B and H. 


0 |— 100 | — 200 | — 300 | — 400 | — 500 | — 55C 


B x 10-* (gauss) | 124 | 122 | 11855 | 114 atii 80 40 


Thus B, = 12,400 gauss; by plotting the B-H curve we find 
H. = 570 oersted, i.e. OC = — 570 oersted. HE 


Corresponding values of y = H and z = 5 are plotted in 
Fig. 12:13. From it we find c = 619 oersted, a = 1:35 x 10* gauss."* 


sa Eigen] 


3 4 X 


Fro. 12:13.—The demagnetization equation for Alcomax II. 


hana os linearity of the graph justifies the assumptions we 


The minimum value of BH for points on a demagnetization 


curve.—Since : i 
+H, 
CES) 
we have == E (ey) = Er HE, 


“te 
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N SF = 
id dH (E 9 
and this is zero if H=—c+ vec — H): 
Since — c < H < 0, the stationary value of H is determined by 
H = — ¢ + Velo — He). 

This corresponds to a minimum of BH since the product is zero 
at H — 0 and H = — He, and is negative at all other values of H 
within this range—of course & second differentiation confirms this 
but it is unnecessary. Í 

The corresponding value of B is given by 


_ f-e+Vde-ĦH.) + He 
B= al Vele — He) | 


=<) 2 J = Ad ve(c— HJ] — — ZH. 


At this stationary value of BH, z- -4 
Thus the working point, P, is given by the intersection of the 
straight line OO, with the magnetiz- 
ation curve. 
It should also be noted that 
B a 
H 6 
so that the working point P is most q 
rapidly obtained by drawing the 
diagonal OO,, Fig. 12-14, of the rect- 
angle bounded by the axes, and the 
lines H — — H, B = Br. Hence it 
is not essential to find values for a 
and c when only the position of P 


[-Ho, o) 

Fie. 12-14.—The Jgpatioñ of ie 
‘working point’, P, on a de- 

Electromagnet design.—A magnetization curve. 


of producing a field of 5000 oersteds between the pole pieces E 


shown in Fig. 1215 (a). The yoke CD is made of dead mild ste 

[earbon, 019 per cent] which is magnetically very soft. The pole 

pieces AA, and BB; are made of a soft magnetic material such as 

very high grade Swedish iron, which is selected on account of dus 

high permeability. The pole tips are made of the same materi 

. as the pole pieces and can be sere ved. into position. The energiz- 
ing coils S, and S; each consist of 2400 turns of No. 16 swg 
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silk-covered copper wire wound on brass formers held at a fixed 
distance apart by spacers R,, R, and Ra. The brass cases rest on 
the base of the yoke while the pole pieces pass easily through them. 
This enables the pole tips to be fixed at the desired distance apart ; 


Very high grade 
o ies 


stee/ (a) (b) 
Fre. 12-15.—An electromagnet. 


the uprights C and D are slotted at the top, cf. Fig. 12-15 (6), 
and bolts are used to clamp the pole pieces rigidly in position. 
The pole tips are usually truncated cones with a semi-angle of 


about 3 With such an angle the field in the gap and on the axis 


of the pole pieces has its maximum value. 

To establish this let us assume that the material of the cones is 
uniformly magnetized to the saturation value J, and consider an 
element of the cone cut parallel to its axis as shown in Fig. 12-16 (a). 
If 6A is the cross-sectional area of this element, the amounts of 
magnetism appearing at its ends are +J,éA. Suppose the 
positive magnetism occurs on the sloping face of the element. If 
this is of area ôS, the density of the free magnetism on the surface 


= BGA uj, @ 


(a) 
Fio. 12:16.—Magnetic field due to a conical pole piece whose 
turated. 


material is sat 
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of the cone is 2 = Jy sin 0, where ô is the semi-angle of the cone. 


Consider now the section of the pole piece defined by the planes 
zandz + ôr, Fig. 12-16 (b) ; the radii of the ends of this section are 
r and r+ ér. The magnetic po tial at O, due to the free 
magnetism which appears on the curved surface of this section, is 

à s _ 2arTq ôr 
6Q = [(J, sin 0). 27r :ór cosee 0] + OP = (i a 


; E i ot 2x _ Onrdx Or 
1 oH = — 5.60) =— Gal anf rg A Ce 


5. B) = 2a, al ara - exl 
Now ôH is a maximum when x (9H) B5. 

ie. a p g? — 328 = 0, 

or 0 = taniy Z = 5A MM. 


which gives 7 = Wa 
V2 


Now gH — imer oot 89r — 2j, sin’ 0 cos (7) 


2r or cot 9 or 

ri + otto 

SH = 2xJ,sin* 6 cos Ô x 
a 


so that for the two pole pieces the field at O is 
423, sn? 0 c08 010 ($); 
where a and b are the dimensions indicated. | as 
In practice the pole pieces are not completely saturated and it is 
F * m 
necessary to make 0 somewhat greater; 0 is usually made * 
At anas 99 o 
The most uniform field is given by the condition = = > 
Ox l5 o 


* CES MEC NM 
or ENE This corresponds to 9 = 39° 14’. 
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EXAMPLES XIÍ 
12-01. Explain what is meant by a magnetic circuit. In what 
ċts does a magnetic circuit (a) resemble, and (b) differ from, an 
electric circuit ? 

An iron rod 50 cm. long and 2-0 em.! in cross-section is bent to form 
an anchor ring having an air-gap of 0:10cm. The ring is then wound 
uniformly with 500 turns of wire, through which a current of 1-5 A. 
is passed. If the permeability of iron under these conditions is 850, 
estimate the strength of the magnetic field in tho air-gap. 

[5:9 x 10? oersted.] 


12-02. Calculate the number of ampere-turns required to produce 
a flux of 50,000 maxwells in a closed ring of ferromagnetic material 
if the mean diameter of the ring is 20 cm. and the cross-sectional area 
4-0cm.*, Find also the number of ampere-turns to give the same flux 
when the above ring is cut into two equal portions, each separated 
from the other by an air-gap of width 0-050 cm. [Neglect magnetic 
leakage and assume that the permeability of the material is 1250 for 
the value of the induction required.] [1-5 x 10* ampere-turns.] 


12-03. An electromagnet consists of a semicircular ring of iron of 
permeability 1000, wound with 500 turns of wire. Tho radius of the 
ring is 15 em. Two horizontal bars of the same area of cross-section 
as the ring, viz. 8-0 cm.*, but of magnetic permeability 800 are attached | 
to the pole pieces of the electromagnet and are adjusted to be (a) 0-20cm., 
(b) 0-50 cm. apart. If a current of 10 amp. excites the electromagnet 
determine values for the strength of the magnetic field in the gap in 
each instance. [Neglect leakage.] 
[21 x 10? oersted, 10-5 x 10? oersted.] 
,12-04. A ring of ferromagnetic material [4 = 200] has a mean | 
radius of 20 em. and a cross-sectional area 2-52 em.*, Theringis wound | 
uniformly with 1000 turns of wire carrying & steady current of 2-0 amp. 
Find values for the magnetic flux when (a) the ring is complete, (b) & 
Saw-cut 2 mm. wide extends half-way across the specimen and (c) the 
saw-cut is completed. 
[(a) 31,400 maxwell., (b) very little change, (c) 23,900 maxwell.] 


12-05, An electromagnet with a wrought iron core is required to 
exert a pull of 10 kgm.-wt. upon its armature when this is 0-5 om. 
from each pole. The length of the magnet core is 50 cm., length of 
armature 12 em. and the cross-section of both core and armature is 


60m.*. If the coefficient of magnetic | is 1-3 [i.e. total flux + use- 
ful flux], obtain a value for the requi number of ampere turns. 
[Assume u = 1500.] [4:88 x 10*.] 


12-06. A rectangular iron bar is bent into the shape of a ring, with 
an air-gap of 0-2 em. between the parallel ends of the bar. ‘The mean 
length of the bar is 40 cm. and its cross-section is 2-0 cm. by 1:5 cm. 
A winding, consisting of 1200 turns of insulated wire, is wound on to 
the iron and carries a steady current of 0-25 A. If the permeability 
of iron is 3000, find the self inductance of the coil, on the assumption 
that magnetic leakage may be neglected. If a wire carrying a current 
of 4 A. were placed in the air-gap parallel to the 2 cm. sides of the 
ends of the iron, calculate the force which would act upon it. 


f [25:4mH., 1-41 x 10? dyne.] 
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12:07, An iron ring, 100 cm. mean circumference, is made from 
round iron of cross-section 10 cm,?; a saw-cut 0-20 om. wide is made 
in it. It is wound with 200 turns. Find the current required to pro- 
duce a flux of 105 lines across the air-gap, given that the leakage factor 


is 1-3 and the iron is such that when B = 13 x 10* gauss, p = 300. 
[27-6 amp.] 


12:08. Determine the number of ampere turns necessary to produce 
a field with induction 7-2 kilogauss in the air-gap of the iron circuit 
shown in Fig. Ex. 12:08. [Assume p = 2000 and that the leakage 


Fig. Ex. 12-08. 


factor is 1:3; the material is everywhere 4-0 cm. x 4-0 om, and 
Bron) = B(air) x (leakage factor).] [1680] 


12:09. (a Calculate the number of ampere-turns necessary to produce 
& flux of t x 105 maxwells in & closed ring of silicon steel (43 per 
cent Si) made up.of two sections, (i) one of length 80 em. m 
sectional area 8-0 em. and (ii) one of length 50 cm. and cross-secti 


area 12 em.*. A isi 
(b) Also calculate the number of when ge Ser m 


diametrically across at two sections in (i) and air-geps 
long are introduced into the circuit. Corresponding values of Band H 
for this silicon steel are as follows: 


H (oersted.) 


B (gauss) . 


[Neglect fringing effecte.] 


[(a) 3100 amp.-turns, (b) 15,000 amp.-turns.} 


certain ferro; 


; ization curve of & 
: ing dete refer to the decani E 
12.10. The follow ^ The curve cute the axes in the “2 
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(B, 0), (0, — H,) and the curve itself may be represented by an 
equation of the type 

a(H + Ho) 


ona TIE T 


By means of a graphical method dios values for a and b; 
hence find c. 


er aata o «oiu og | - 200 — 400 | — 600 | — 800 


B x 10-*(gauss.) . . 1-16 | 7-05 5-94 4:12 0 


“Also determine thé point where the product | BH | is a maximum, 
[a = 1:095 x 104, b — 340, c = 1140, (— 520, 5:0 x 10).] 


12:1. The following values of H d B refer to the curve of mag- 
netic induction for & certain cast stee! 


H(oersted.) . . .| 100 200 | 


B x 10-* (gauss) . .| 10-0 | 1441 


: H 
If the B-H curve is given by Fróhlich's equation, viz. B = PH 


where a and b are constante, obtain numerical values for a and b. 
[a = 17,600, b = 50.] 


12:12. A ri ferromagnetic material, of uniform cross-section, 
has an ge xen the mean length of the ring is } It is known 


that B = p E, whore the symbols are as defined in the previous 


example. Neglecting all fringing and leakage effects, prove that the 
value of B dia a m.m.f. m, is given by the smaller root of the 


TA aepo 


If the ring is of cast steel (ef. Ex. ee H1] with i = 60 om. and 
À = 0:1 om., find the flux-density in p when a steady current 
of 8A, erie ix sha sindoor (4000 tama [1:45 x 10 gauss.) 


CHAPTER XIII 
DIAMAGNETISM AND PARAMAGNETISM 


Up to 1845 only iron, nickel and cobalt were known to be 
magnetizable substances, but in that year FARADAY proved that 
other substances were capable of being magnetized but only to a 
very slight degree compared with iron. ‘He suspended rods of differ- 
ent substances in very strong but non-uniform magnetic fields and 
discovered that, in general, the rods orientated themselves in the 
more nearly uniform parts of the field with their longer axes parallel 
to the field and in so doing they resemble iron but to a much less 
extent; in all other instances the axes were normal to the general 
direction of the strongest part of the field. Substances in the first 
class were termed by Faraday paramagnetics, those in the second 


magnetic susceptibility which is also small but negative. 

Tt must be noted, however, that when rods of any material &re 
placed in a uniform magnetic field then the 
their long axes parallel to the field. To explain this, it must be 
recalled that if Ha is the applied magnetic field, the effective field 
within the specimen, in consequence 
given by 


known, in the case of paramagnetics, 
it is only for rods of ferromagnetic 
agnetic materials J is 


the applied field, co that H > Ho. 
Since J = XH, where X is the volume susceptibility of the 


H + Ha — DYH 
Ha 
or H=]; TD 
417 
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Hence the potential energy per unit volume of the specimen, 
. when this has been brought into the field Hg, is 


( 01 x) [of. p. 392]. 


For paramagnetic materials u > mọ, so that the energy density 
will be a minimum when LEO is a maximum, i.e. when (1 + DX) 
isa minimum. Since both D and X are positive for paramagnetic 
materials, this last condition is fulfilled when D is as small 
as possible. This occurs when the long axis of the rod is parallel 
to the field, because the degree of magnetization decreases as the 
axis becomes normal to the field. 

For diamagnetic substances u < po, so that the energy density 
is positive. It will be least when (1 + DX) is as large as possible. 
Now % is negative for diamagnetics, so that (1 + DX) is largest 
when D is as small as possible. As before, this occurs when the 
axis of the rod is parallel to the field. 

Previous to Faraday’s work on the subject, magnetization had 
often been detected apparently in many materials, but such 
magnetization was probably due to the presence of ferromagnetic 
impurities. 

Towards the end of the eighteenth century it had been noted that 
antimony and bismuth were repelled from the poles of a powerful 
magnet and at that time it was assumed that other substances 
possessed no magnetic properties at all. 

In order te examine the magnetic properties of liquids Faraday 
enclosed them in glass tubes. He discovered that aqueous solutions 
of iron salts are paramagnetic ; water and alcohol are diamagnetic. 

Faraday also succeeded in several ways in determining the 
magnetic character of gases. For instance, if a stream of gas, 
rendered evident by traces of ammonia and hydrogen chloride, was 
allowed to ascend between the poles of an electromagnet, it 
divided into two streams pushed out from the central region, if 
diamagnetic. Bubbles filled with various gases were attracted into 
or repelled from the central space between the poles. Oxygen is 
strongly paramagnetio, while nitrogen and hydrogen are diamagnetic, 

Faraday was able to state the following general law :—* Para- 
magnetic substances are those which tend to move from 


positions where the magnetic action is weaker to whe-e it is ` 


stronger, ie. from weaker to stronger parts of the field; 
diamagnetic substances tend to move from stronger to weaker 
parts of the field? 

This law is further illustrated by an experiment devised by 
PLÜCKER; it distinguishes paramagnetic liquids from those which 


be 
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are diamagnetic. A watch glass containing some liquid is placed 
on the poles of a strong magnet, the distance between the poles 
being about 2 cm.; if paramagnetic the liquid is attracted to, and 
if diamagnetic is repelled from regions where VH? is a maximum, 
cf. p. 430. Thus the freo surface of the liquid is disturbed, as 
indicated in Fig. 13-01 (a) and (6). When the distance between 


DQG @ 


>| 2cm. kc 
(a) (b) 


Fic. 13-01.—Pliicker’s experiments with liquids in a magnetic field. 


the poles is decreased to about 2 mm. the field outside the region 
between the poles is relatively weak, and little effect, if any, is seen. 


Experiment.—The fact that liquid oxygen is very strongly paramag- 
netic is shown in a most 8; and convincing manner in the 
following way. A gentle stream of liquid oxygen is poured between the 
horizontal pole pieces of an exei tromagnet, 

8000 oersteds being required. 


with its longer axis in the direction of the magneti : 
If at any stage in the experiment the field is made negligibly small, 
the liquid falls rapidly and evaporates almost instantaneously when 


it comes into contact with a solid object. 


Effect of the surrounding medium on the nature of a 
magnetizable material.—Faraday showed that a paramagnetic 
solution enclosed in a glass tube behaves as à etic if 
suspended in a weaker solution of the same kind and as & 
diamagnetic if suspended in a more concentrated solution. This 
is readily shown by filling a glass tube about 3 cm. long and 0-2 em. 
internal diameter with a fairly strong aqueous solution of ferric 
chloride. When, by means of a long silk thread, this tube is 
suspended between the poles of an electromagnet so that it lies in 
a horizontal plane, then, in air, it sets with the axis of the tube 


parallel to the magnetic field. This direction is not changed when 


the tube is surrounded by a small beaker containing & weak aqueous 
ferric chloride solution ; but if the beaker contains a highly con- 


centrated solution of the same salt then the tube sets with its axis 


normal to the field. 
Ferromagnetics, paramagnetics and diamagnetics. — 
à etics or as diamagnetics 


Farapay classified all materials as paramagn 
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but modern practice classifies iron, nickel and cobalt and their 
alloys as ferromagnetics. To this latter list there may be added 
manganese and the so-called Heusler alloys which, while they 
contain no ferromagnetic element, yet have all the properties of 
a ferromagnetic body. Several other ferromagnetic materials, cf. 
p. 372, are also known, Ferromagnetios are to-day regarded as 
‘freak’ substances—for their magnetization (J) does not increase 
linearly with the field and they show hysteresis and retentivity ; 
moreover, at temperatures exceeding the so-called magnetic trans- 
formation point, cf. p. 436, every ferromagnetic becomes para- 
magnetic. The term paramagnetics is now confined to materials 
which can only be magnetized to a much smaller extent than ferro- 
magnetics and yet, like them, when in the form of rods, they tend 
to set in the stronger parts of the field with their longer axes parallel 
to that part of the field. In paramagnetics the intensity of mag- 
netization (J) is proportional to the strength of the field (H), i.e. 
J is a linear function of H. In 1895 Curte showed that for a given 
field the mass susceptibility [cf. p. 421] for paramagnetics is very 
nearly inversely proportional to the absolute temperature; this 
statement is now known as Curie’s law. 

For diamagnetics, Curie showed that the intensity of magnetiza- 
tion is yery nearly independent of temperature. Bismuth, alone 
among the diamagnetic materials, appears to be an exception. 

This marked distinction in the behaviour of paramagnetios and 
diamagnetics with respect to temperature suggests that para- 
magnetism is concerned mainly with molecular structure which 
varies with temperature whereas diamagnetism is concerned with 
atomic structure, i.e. with the configuration of the orbital electrons 
in an atom, and this is independent of temperature. 


Magnetic susceptibility.—The equation expressing the relation 
between the three magnetic quantities, B, H and J, is 


B = wv H+ 42, [cf. p. 363] 
and this on dividing throughout by H gives 


B J 
H ^t^ 
Or 4 — p + 42x, 


where x is the permeability and X the magnetic susceptibility of 
the material under consideration. Since J is the intensity of 
magnetization or the magnetic moment per unit volume, strictly 
speaking X is the magnetic volume susceptibility. This is the 
quantity usually determined experimentally. In theoretical in- 
vestigations fhe quantity Xm appears ; this is the magnetic moment 


a>» 
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per unit mass of substance divided by tlie strength of the field. 
If p is the density of the material, the mass of unit volume is p 
(nunierically), so that if Jm is the magnetic moment per unit mass 
of substance, ; 


Jn ==> 


and this gives Xn = LA 
P 


Xm is known as the magnetic mass susceptibility of the material. 
If y,, is multiplied by M*, the relative molecular massf of the sub- 
stance we obtain %mM* — xy; this is termed the molar. sus- 
ceptibility of the material. 

Experimental determination of the (volume) susceptibili- 
ties of paramagnetic and diamagnetic substances.—The 
experimental investigation of the magnetic susceptibilities of para- 
magnetic and diamagnetic substances is one. of difficulty in com- 
parison with similar measurements on ferromagnetic substances. 
The principal reason for this is that paramagnetic and diamagnetic 
substances are characterized by their feeble response even to high 
values of the magnetizing field; on the other hand, however, the 
demagnetizing factor, so marked with ferromagnetic materials, is 
of negligible account. For, in general, 

B = pH + 4ad 
where H, is the applied field and D is a factor depending upon the 
shape of the body. When J is small in comparison with H, we can 
neglect the demagnetizing factor D and use H = Ha. ; 

If a small volume dv of a substance is placed in à non-uniform 
magnetic field, such as that existing between the poles of an electro- 
magnet, then the specimen, if paramagnetic, will tend to move into 
the strongest part of the field and, if diamagnetic, into the weakest 
part. In deriving an expression for the force on the material let 
us assume that the magnetic field is everywhere parallel to a given 
direction in a fixed plane but possesses & gradient in a direction at 
right angles to the given direction. At a distance 2 from the given 
plane let H be the field strength parallel to the given direction ; at 
a distance z + dz let the field be H + ôH. Then the force in the 
z-direction is given by 


a = pui — X985, 


where X, is the volume susceptibility of air. | 


+ M* is used to: avoid confusion with M, the moment of & magnet. 
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To prove this we proceed as follows. Suppose that a small 
specimen of volume ĝv is at a height z above a datum level, as 
shown in Fig. 13:02 (a), and it is moved to a height z + dz, the 
magnetic field changing from H to H + dH. Let ôF be the force 
on the specimen and in the direction of z increasing due to its 
presence in the non-uniform field. Then since an equal volume of 
air replaces the specimen when its position is changed, the energy 
of the specimen in field H and of the air in field H + 6H, which it 
will replace, is. 

= HE, (te — poH. + 0H). 
8x 8x 3 
where u is the permeability of the specimen, ya that of air and 
Ho that of free space—cf. p. 392. 


ve 
a eS p—- nen, 1 0 
epe z*óz 
Z 
H 2=0 ra) j 
(a) (5) 


Fro. 13:02.—Forces on a body in a magnetio field. 


In the final position, the energy of the specimen in field H + 6H 
and of the air, in field H, which replaces it is 
— (6 = MAE t OH. (n — MoH? 
8z 8z 
Now ôF(ôz) = work done by the magnetic field in moving the 
: specimen 


= decrease in potential energy of the system 
al v Ect 

mH Me) m 

=} — 2H)», 


since u = m +4nk, ote. — <; OF v4 — 12289). 
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Consider now a specimen in the form of a rod or bar of constant 
cross-sectional area « and length I hanging vertically downwards in 
a magnetic field, the axis of the rod being parallel to the z-axis and 
the field varying in the manner indicated in Fig. 13-02 (b). Then 
for the portion of the specimen lying between the planes z and 
z + dz, so that its volume is «dz, we have 


AF = «óz.3(X — 192), 


where OF is the force in the direction of z increasing. Thus F, the 
force on the complete rod (and, of course, in the direction of z 
increasing), is given by 


F- ja fa — 10) 2 (Eiz 


He 
zu P (X — Xa)d(H3) 


= 4a(% — %q)(Ho? — H?). 
If H,? is negligible compared with H?, as is usual in practice, 
= — }o(% — X,)H*. 

If X > Xa, the force is directed downwards when the lower end of 
the specimen lies in the strongest part of the field, and we have 
| F| = 4a(% — X4)H*. 

The above formula has been widely applied in the determination 
of the susceptibilities of paramagnetic and diamagnetic solids, 
liquids and gases; the accuracy of the investigation is mainly 
determined by the precision with which the force F can be measured. 

Gouy’s method for determining the susceptibility of para- 
magnetics and diamagnetics—In this method a “precision 
balance is used in conjunction with the magnetic field excited by a 
powerful electromagnet. The specimen, in the form of a cylinder 
of constant cross-sectional area, is suspended so that it hangs from 
beneath the pan of a sensitive balance. The axis of the cylinder, 
cf. Fig. 13:03 (a), is vertical and the lower end of the specimen lies 
in a strong homogeneous magnetic field while the upper end is in 
a field of negligible strength. - : 

When the force on the specimen and due to the magnetic field is 
directed downwards it may be counterpoised directly by adding 
standard masses to the other pan; these masses will have to be 
removed if the material under investigation is diamagnetic. A 

Let m. be the additional mass (considered. algebraically) required 
to equilibrate the balance when the magnet is.excited. Then if g is 
the intensity of gravity — 

" "T = halt — X,)H*. 
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Since the magnetic field in which the lower end of the specimen 
is situated is fairly uniform, its magnitude is most easily measured 
by means of a search coil in’ conjunction with a fluxmeter. 

Liquids are placed in tubes as shown in Fig. 13-03 (6), and if the 
length of tube occupied is one half its total length and the space 
above the liquid is free from air, the term Xa vanishes from the 
equation. 

To prove this it is at once clear that the total pull on the glass 
container is zero provided it is placed symmetrically with respect to 


| 


(a) 


Fra. 13-03.—Gouy's method for measuring the magnetic 
susceptibility of a solid. 


the magnetic field. To proceed let us suppose that a mixture of 

gas and vapour is present in the space above the solution ; let y; be 

its susceptibility. Then the force acting upwards on the solution is 
talx — x)H*, 1 

while that on the gaseous mixture is 


2 Falko — x)H*, | 
and this acts in a downwards direction. The resultant force upwards 
is therefore only 3axH* provided y, is zero and this implies that the 
amount of gas and vapour above the liquid must be small, i.e. no 
gas must be present and the equilibrium pressure of the vapour 
must be low. For aqueous solutions, at room temperature, this 
latter condition is always fulfilled. 
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Tn connexion with this method it must be noted that the specimen 
should never have a rectangular cross-section for if the specimen is 
slightly disturbed it tends to touch the pole pieces of the magnet 
and, of necessity, these must be close together in order to obtain a 
strong magnetic field. Also if the specimen is metallic, the swing 
of the balance must be considerably restricted on account of the 
damping effect caused by the motion of a conductor in a magnetic 
field. 


Quincke’s method.—This method is applicable to the deter- 
mination of the susceptibilities of aqueous solutions, many liquids 
and liquefied gases. It is particularly useful in investigating the 


passes between the poles of an électromagnet as shown in Fig. 13:04. 
It is partly filled with the solution as indicated. To diminish any 
effects in the small tube due to a possible variation of the angle of 
contact between the solution and the glass about 1 em.? of ‘ wetting 
agent’ per litre should be added; this does not alter the sus- 
ceptibility appreciably. The initial position (no field) of the menis- 
cus in the narrow limb must be adjusted so that, when the field is 
on, the meniscus lies in the region where the field is strongest. 
The field should be uniform throughout a small volume containing 
the meniscus so that its value may be determined with the aid of 


a search coil. s, 
To discover how, when the magnetic field is applied, the difference 
in level of the two menisci is related to the field strengths at the 
menisci, it is convenient to make use of the conception of magneto- 
static pressure as defined on p. 392 and of the theorem which 
follows. Thus from Fig. 13-04 (6), in which the variation in the 
shape and size of the cross-sectional area of the connecting tube 
is immaterial, we have, if Po is atmospheric pressure and surface 
tension effects are negligible, and if Z is the vertical distance between 
the levels of the menisci when the field is applied, — 
P, + pressure due to a column of liquid, length Z, in sir 
-+ the increase in magnetostatio pressure from A to B 
= the pressure at B, viz. Py. 
Tf p is the density of the solution, € 
of gravity, we have 


£ is A — Ha 2— H 2) — 0, 
g(p —9)4 +Í = Jes A 


that of air and g the intensity 
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2 
i iat d (85) => 0, anda is small In comparison with p, then 
A, 
z= ks gs 

gp & B 
where H is written for H, and yu, may nearly always be taken as 
unity. From this equation we have 


gpz = Y — Xa)B?. 
Mea Y (í Area t 


Initial 7 
RI (ns Feld) di G5 ys --Ha=H 
H-H 0-7 -- er A à 


Final level 
(field on) 


Fic. 13:04.—Quincke's method for measuring the magnetic 
susceptibility of a liquid. 

Unfortunately Z cannot be measured directly but its value may 
be calculated in terms of observable quantities as follows. 

If æ is the cross-sectional area, of the narrow limb and £ that of 
the wide one, z the observed rise of the meniscus in the narrow tube 
and z, the fall (not observed) in the wide tube 

; bzo = oz, 
since the total volume of liquid is constant. 


A= eta =(1 +4), 
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Hence ik — z9H* = sa Ts $ 


Quincke's method has the advantage that no correction is neces- 
sary for the presence of dust particles even if their susceptibility 


| is high, and no blank experiments are necessary to correct for the . 


magnetic effect of the glass container. 

If a solution of known susceptibility is available, Quincke’s 
method, in reverse, provides a convenient means of measuring an 
unknown field in a narrow gap. 
| The magnetic susceptibility of an aqueous solution of nickel 
| chloride.—In 1939 NETTLETON and SUGDEN made accurate deter- 

minations of the magnetic susceptibilities of various aqueous solu- 
- tions of nickel chloride of known concentration in order that any one 
may be used as a standard, ‘The reason for using such solutions is 
that the nickel content may be estimated very accurately by pre- 
cipitation with dimethyl glyoxime and the molar susceptibility of 
tickel chloride is independent of the concentration of the solution 
"wed to measure it. The Gouy method was used but the magnetic 
| field was measured by a null method; Fig. 13:05 (a) shows the 
essential features of the electrical circuit. By means of an ebonite 
plate. E, resting on the pole-pieces of the electromagnet N-S, the 
search coil C is supported in a fixed position: in the field, and con- 
nected in series with a Grassot fluxmeter F and the secondary coil of 
| the standard mutual inductance M. The primary circuit is as 
shown ; it contains a standard 1 Q resistor so that the current in the 
| Primary circuit can be measured with the aid of a potentiometer. 
The mercury cup D is included in the circuit so that when the 
- | search coil Ò is suddenly raised it lifts the stiff wire W and breaks 
the circuit which includes the primary of the standard mutual 
inductance M; this produces a change in the linkages associated 
with the secondary of M and if the current in the primary of M is 
Suitably adjusted the integrated effect of the two changes in magnetic 

flux is zero, i.e. the fluxmeter reading is not altered. The fluxmeter 
| is therefore used as a null instrument ; it is fitted with a mirror and 
used with a lamp and scale so that ample sensitivity is obtained. 

If S is the effective area of the search coil in em.?, I amp. the 
balancing current, and M the mutual inductance in microhenries, 
the magnetic induction B associated with the field to be measured 
is given by 


I 
=] 9 x« — = BS, 
(M x 10-5) x 10 X 10 


le. em 100MI 
pipi 
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To determine the effective area of the search coil with as high an 1 
accuracy as possible, the circuit shown in Fig. 13:05 (b) is used. In | 
principle the method involves the measurement of the mutual 
inductance between the search coil C and a pair of Helmholtz | 
coils A, B. This is done by reversing, with the aid of the key K, 1 
the current which flows through the above coils and the primary | 


Hy=4603 oersted, 
(c) 


Tro. 18:06.— Nottleton and Sugden’s method for determining the magnetit a 
susceptibility of an aqueous solution. 


7 


of the Campbell mutual inductometer which is in series with them: 
The mutual inductance between the primary and secondary of this | 
instrument is adjusted unti) reversal of the current gives no deflexion 
of the sensitive galvanometer G. A coil of measured area is then 
substituted for the search coil and the measurement repe? | 
Provided the field is uniform over the volume occupied by the sean) | 
coil and by the ' area-coil', the areas will be proportional to 
meas mutual inductances. 
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To measure the susceptibility, the liquid is contained in a glass 
tube about 20 om. long. Its lower end, of. Fig. 13-05 (c), is ground 
flat and closed by a glass disc held in position by a trace of Apiezon 
wax. The upper end is closed by a rubber stopper provided with 
a glass hook to enable the tube to be suspended from one arm of 
a long-beam balance, etandard masses being used to measure the 
pull due to the magnetio field ; the error is less than 10-5 gm.-wt. 
The pull on the empty tube is measured to correct the readings for 
the nickel chloride solution. With the usual notation 


F = mg = baly — yo)(Hi* — Ha?) 


where H, is the field at the lower end of the liquid column. [In this 
work H and B were apparently taken to have the same numerical 


— values.] 


'To determine the force on a small body situated in a non- 
uniform magnetic field.—In an earlier part of this chapter, of. 
p. 422, an expression for the force in the z-direction on a small body 
in a magnetic field which was everywhere parallel to the y-direction 
was obtained. Before giving an account of Curie's classical experi- 
ments on magnetio susceptibility, it is necessary to generalize the 
above formula. Ns 

Let åF, be the force in the y-direction onan element of volume dv 
of a specimen and suppose that it lies in os. susceptibility 7. 
and permeability £a. Then the potential of the element is 


= A= Be) qua 4 yt + Bait 


ee. 
where y is the permeability of the material of the body, p 


a vacuum, and H = fH, 4-JH, + fH, is the magnetic field 
the element moves under the action of the force 6Fy through # dis- 
tance dy to a point where the field is (Ha + ôH) + (Hy + Oi) + 


Í(H, + 6H,), then the energy of the specimen is 
— =H) (i, + ES) + (By + D + (E, HI 


Remembering that the initial and final values of the potential 
energy associated with the air which replaces the specimen are 


— (s — Pa, + BBL) + (Hy + OH) + (Hi + dH)" v, 
ud 


T4 


mà — Me = Pg e H, + Het 
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Usually H, and a are of the order 10 Gersteds and 0-5 x 10 


oersted.cm.-!, so that any method making use of the above equa- 
tion might appear to be less precise than the Gouy method since 


Fic. 13-06.—Force on a small body in a magnetio field whose configuration 


is as shown. 


ôF, is small. Fortunately, however, this is not true sinide 0E, mey 
be measured with a sensitive torsion balance, i.e. one eda 
the torsional constant is less than 1 erg. radian.—. 
Curie’s work on paramagnetics and diamagnetics at 
25° C. to 1370° C.—Cunm’s work on the ‘Magnetic properties 1 
materials at; different temperatures ' Was carried e in 169 sie 
worthy to take rank among the great classical exp dp 
researches. The whole investigation* may be said gd ihe 
Breimental foundation for much modern theoretical npud 
Phenomenon of magnetization. magneti 
Curie wished to detailed whether dia-, para- and ferro st eme 
were fundamentally distinct and this he did pue sd BE the : 
the effect of varying temperatures OD the susceptibilities 
various types of magnetic material. Previous item peck 
insufficient to enable any generalizations to be pde bee iad 
relatively small temperature ranges had been = ed d Ri the 
convenient when high accuracy is not the paramount ane on 
investigation, the Faraday method was used Mo rethod 
ceptibility of a material under given conditions. ane : in a 
^ small specimen is suspended from a torsion arm at a poin! 


* Ann. de Chim. et Physique, 5, 289, 1805. 
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non-uniform magnetic field. The external couple required to hold 
the specimen at the point selected is then measured. 

A diagrammatic plan of the magnets is shown in Fig. 13-07 (a). 
The specimen hangs at O. Since the pole pieces are flat and their 


E. 
Ex 
AES VA (b) 
rU, A SS * faz 
ES ===> 
~ —H— A y 
Nu (c) 


MW 


Fig. 13-07.—Curie’s apparatus for investigating paramagnetics and 
i etica. 


axes inclined to one another, the lines of induction (force) are 
curved. A small body, of volume Av, placed at O will tend to 
move in the y-direction under a force 

oH, 


AF, = (X — Xe) Av". 


To find H, a small coil wound on a wooden former and connected 
to a ballistic galvanometer was used. "This coil was placed at any 
point on Oy with its plane, i.e. its windings, parallel to that axis, 

of. Fig. 13-07 (b), and rotated through an angle x ; the throw gave H,. 


The direct measurement of m by moving a search coil along 
Oy would involve measuring a small change in a large quantity ; 
Curie tried this method but soon abandoned it. Instead, use Me 

2 


made of the fact that SEE = a since each is equal to — wi 
where Q is the magnetic potential. The coil was placed at a point 
on Oy, with its windings normal to Oy, ef. Fig. 13-07 (c), then 
moved a short distance Az, i.e. parallel to Oz, thus giving =. 


DIAMAGNETISM AND PARAMAGNETISM 433 

After this procedure had been carried out at many points along 
Oy, curves were drawn, as in Fig. 13-07 (a), to show how H,, W 
and um varied along Oy. The specimen was placed in the region 


y 
H i x ; 
where E aa was a maximum, so that small errors in the adjustment 


of its position were of less account. Tt should be noted, however, 
that owing to the finite dimensions of the search coils it was difficult 


to be exactly certain as to corresponding: points for H, and ay” 

The displacement due to the forces acting on the specimen never 
exceeded 0-15 cm. 80 that it was not necessary to restore the speci- 
men to its zero position ; ib was sufficient to observe the deflexion. 
This was done with the aid of a microscope and a pointer attached 
to the other end of the torsion arm. The couple per unit deflexion 
was determined from observations on the time of vibration of the 
system when its moment of inertia about the axis of rotation was 
known. 

The specimen was contained in a small glass bulb surrounded by 
an electric furnace and this was water-jacketed externally. To 
correct for the force on the bulb and supporting rod, the force was 
measured when the bulb was empty and also when it contained the 
substance under investi jon. 


The Sucksmith ring balance for the measurement of 
susceptibility.—The method most generally useful for the measure- 
ment of magnetic susceptibility depends upon that of FARADAY ; 
in this the force on & small specimen placed in a non-uniform 
magnetic field is measured. If an isotropic substance of volume Av 
and volume susceptibility % is placed in à non-uniform magnetic 


field H which is everywhere parallel to the xOy. plane, i.e. 
3i — 40) 4-202) + kO, 
but has a finite gradient ie in a direction parallel to Oz, the force 
z 


‘on the specimen is given by 


oH, 
AT s A qo Ha Bs 


where y, is the volume susceptibility for air. 
In the early € 
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. tends to move towards a pole-piece. To eliminate this a single 
cocoon fibre is fixed between two adjustable rods R. "These enable 
. the fibre to be displaced until it touches the suspension ; it is fixed 
_ in position by a speck of shellac and does not alter the sensitivity 
|  appreciably. - 

Curie's law.—Ourie discovered experimentally that for many 


l _ paramagnetic substances 

AN ZS : A 
d Xm = T 
. Where A and C are constants, and C = AM*, if M* is the relative 
molecular mass of the substance. The latter equation implies that 
. the molar susceptibility of a Specimen varies inversely as the abso- 
. lute temperature; this is the Curie-Langevin law. For oxygen 
g tho law holds exactly, but the molar paramagnetic susceptibilities 
_ 9f other substances tend to follow the law 


or Lao 


f 


Xy 


i : T-T, 
This is the Curie-Weiss law and the parameter T, is known as the 
. Curie point or, more precisely, the paramagnetic Curie point. 
To compute T., X is plotted against, T' and the graph is assumed 
. to be linear. 
— The Curie-Weiss law is sometimes written 


Cc 

hf Ta g— 0, 

where 0 is the temperature in degrees centigrade. 
_ [N.B. The ferromagnetic Curie point, T,, better known as the 
. magnetic transformation point, is that temperature at which 
. the substance loses its Spontaneous magnetization, whereas T, is 

& parameter occurring in the Curie-Weiss equation which represents 
the behaviour of a substance at temperatures well above T,. For 
i of about 15 degrees between the 


- ^ simple oscillation experiment for the determination of 
D Se oe. Rg Boos is due to Bares, Gress and 
b “ALU è of swing, t, of a fi i 

_“pecimen in a field of strength H is given by E 
deor. d air 

_ where M is the 

i : t «ia Mio moment of the specimen and its t 
. of inertia about th axis of suspension. Fd gode 


ae 
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its magnetic condition so that M decreases there will be a corre- 
sponding increase in the period of oscillation, Thus the principle 
of this experiment is to determine the temperature at which the 
time of swing of a short nickel rod placed horizontally in a field 
of constant strength suddenly increases, io. M — 0. 

The specimen, AB, Fig. 13:09, may be in the form of a oylinder 
5 cm. long and 0:5 cm. in diameter, Tt is suspended. horizontally 
in an electric furnace F by means of a thin phosphor-bronze wire W. 
A light concave mirror M is rigidly attached to a copper rod which 
connects the suspension, W to the specimen. Tn this way the oscilla- 
tions may be observed by a lamp and scale method. An electro- 
magnet NS is placed centrally be- 
neath the furnace. 


adjusted so that the time of swing 
at room temperature is about one 
second. The furnace is then allowed 
to heat up to 225° C., the period 
determined 


with the type of nickel steel used. deter ien int for & niekol steel. 
The heating current is then reduced 
The t the temperature remains constant at 230° O. the 
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and from this graph we deduce that y-1 is a linear function of 
temperature. 

[For pure nickel the paramagnetic Curie point is 376°C., 
provided the temperature of the specimen is within the range 
480° C.-880° C.] 

A similar experiment may be made with Monel metal. The 
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Fra. 13-10.—(a) Graph showing relation between à and temperatures above 
and below a magnetic transformation point. (b) Graph showing relation- 
ship between t? and temperature above the same point. 


D 


magnetic transformation point is below 100? C. so that the speci- 
men may be placed in a wide glass tube surrounded by water whose 
temperature may be varied. "The necessary magnetic field may be 
obtained from an ‘ Alcomax ' magnet fixed in the bottom of the 
tube. A small correction for the variation of the magnetic moment 
of this magnet with temperature must be made. 


Ferromagnetic gadolinium.—Metallic gadolinium was first 
isolated in 1935; it was prepared from its chloride, some 0:12 gm. 
with a silicon impurity of less than 1 per cent being obtained. Its 
ferromagnetic Curie point is 16°C. Between 90° and 360° C. it 
follows a Curie-Weiss law with T, — 302-6° K., ie. 29:5? C. 

. Tn the Curie-Weiss equation for paramagnetics 

C 
: TT, 
| Te may be positive or negative, and those paramagnetics which are 
_ ferromagnetic at ordinary temperatures are characterized by the 
| fact that for them T, is large and positive. 
| Gadolinium provides the only known example of an element 

uii magnetio transformation point in the region of room 


Xk = 
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The correction for ferromagnetic impurities in a speci- 
men whose magnetic susceptibility is being determined. — 
Since very large magnetic fields (7-25 kilo-oersted) are employed in 
a determination of the magnetic susceptibility of a paramagnetic or 
diamagnetic substance, Honna and Owen assume that any ferro- 
magnetic impurity present is magnetized to saturation. In such an 
instance it seems legitimate to assume that the ‘measured’ or 
‘ observed’ intensity of magnetization, Jons., is given by 

ops. =J + (Tyo)sat.» 
where J is the intensity of magnetization for the pure substance 


Specimen 
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Fig. 13:11.—Correctión for ferromagnetic impurity. 
and (Jye)sat, is that of the ferromagnetic impurity. Now (Jesu. 
is constant, while J is a linear function of the magnetizing field H; 
ie. P = y, the volume susceptibility of the pure substance. 


Yr X ote. =% ni. 
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Hence, if H-1 is plotted against Xon, as in Fig. 13-11 (a), the 
intercept of the straight line on the Xo, axis gives Z, the quantity 
required. 

Voert bas shown that this last expression does not apply to observa- 
tions made in the Gouy method. The equation is only valid for 
those methods in which the test object lies wholly in a magnetio 
field of such strength that the saturation of the iron impurity is 
complete. In the Gouy method this state of affairs is not attained, 
for one end of the specimen lies in a magnetic field which is very 
small. The correction must then be made as follows :—If « is the 
cross-sectional area of the (uniform) rod, then, as on p. 422, 


OF = oto. — Ms on ôH 
8x 
= A(X ons, — Xa)H 0H. 


= oH OH + a CEDH OH — az at OH, 


5 J Ne 
since Xy, = X + T where J,, is the intensity of magnetization m 


the iron impurity when the field is H. 


Te £l H 
J mg = = ae = af =>" (a? — Ha) + af Jre dH. 
H 2 B, 
To evaluate this last integral, let us consider the magnetization 
eurve for the impurity, cf. Fig. 13-11 (b). In this diagram the 
curve OC shows how Jy, varies with H ; the shaded area represents 


1 'H 
the integral | Jg dH. Thus 


E 


Hy 
H 
Jg, dH = area LACQM 
Hy 
V E (Tye)sat, (H — Ho) — area MQN. 
But ene P 


aH*— Hy) ~ ^m 


: (Tre).  2area MQN 
+ Kops. — 4a =X% — X Mie n 
obs. a ad H+H, H? — H,? 
Since the last term in the expression is zero in all practical cases, 
we may write, if Hy —- 0, 


X ope = X + ede 


If X os, is plotted against H-!, Z is readily obtained. Fig. 13-11 (c) 
px the results obtained in this way by Vogt for gold and for 
silver. 


DIAMAGNETISM AND PARAMAGNETISM 441 


Langevin’s theory of diamagnetism.— The interpretation of 
the fact that all materials can acquire a certain degree of magnetiza- 
tion as an atomic phenomenon began when, in 1854, WEBER intro- 
duced his idea of molecular currents. In this theory he assumed 
that Ampérian currents circulated within the molecules. It was not 
until 1905 that LANGEVIN, adopting the electron theory, as proposed 


within the atoms. 
Suppose that a point charge q e.8.U., ie e.m.u., where c is the 


velocity of light, rotates with constant frequency f in a circular orbit 


is r E t x urs 
y "s ` is MESS » Pao Nep TES Drs 
TS Nun 3 
(œ) (b) (c) 


Fio. 1312.—Rotating charges and their equivalent magnetic shells. 


of radius r as shown in Fig. 13-12 (a). Then the charge per second 
passing a point in the orbit is af = i, where i is the equivalent 
current in e.m.u. It will now be assumed that the rotation takes 
place in a vacuum for which the permeability is 4o i its numerical 


value is unity. D IER : 4 
Tf J is the intensity of magnetization n the equivalent uniform 


magnetic shell of thickness t, the strength of the shell is Jt = o. If 
A — zr? is the area of the shell, since J is the pole strength per unit 
$ ; qo 
area, the magnetic moment of the shell is AJt = Aui = a bor) às! 
where c is the angular velocity of the charge. Thus 
los 
—-—lo:7— 20), 
M gio 5) T 


where M is the magnetic moment. Strictly speaking this is a vector, - 
viz. 


M= fg ey 


po 
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where ^ is a unit vector whose direction bears the same relation to 
the current as does translation to rotation in a right-handed screw 


motion. Fig. 13-12 (6) shows the relation between M and the direc- 
tion of the current. 
For an electron the direction of its motion is related to the 
magnetic moment of its equivalent shell as shown in Fig. 13-12 (è). 
Now the motion of any particle of mass m within an orbit is 
determined by the equation 


mr — rô?) = outward force, 
and for motion in a circle, 7 = 0, so that the outward force on the 


particle is — mrô! = — mrw*. Hence for an electron moving in 
a circular orbit round a positively charged nucleus, 
mr? = mrw? 
= force of attraction on the electron due to the nucleus 
= F (say). 


With these assumptions Langevin set out to`- examine the 
behaviour of an electron moving in a circular orbit about a nucleus 
when a magnetic field with induction B, perpendicular to the plane 
of the orbit, is slowly established. Before proceeding further it is 
necessary to determine the force on a moving charge when the direc- 
tion of its motion is normal to a magnetic field. For a current of 
strength i in a conductor of length J normal to a magnetic field, the 
force is Bil, If there are charges per unit path, each moving 
with velocity u, and carrying a charge q e.s.u., the equivalent 
current in e.m.u. is given by 


. ngu 
aap 


since the charge passing per unit time is ngu. Hence the force on 
all the charges in unit length of the path is 


»pe] 
, (6) 
Tn this path there are charges, so that the force on a single 


charge q is 
BS. 
(°) ix 
.Now suppose that when q is the rotating point charge and M is 
directed as in Fig. 13-13 (a), a magnetie field H is applied where 


H is parallel to M; let B be the induction associated with this field. 
. Then the force on the moving charge, due to its presence in the 


magnetic field, is Baw or Bero, where r is the radius and 


Pe n 
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c the angular velocity ; this foros is in the orbital plane and is 
directed away from the nuoleus. 

We have already seen that when the moving charge is an electron, 
e, it must rotate in an opposite sense; ie. as in Fig. 1913 (6), in 


order that M may be direoted as before, Suppose that the motion 
of the electron still takes place in a magnetio field H parallel to M. 
The force on 6 due to B will still be direoted away from the nuoleus 
since both the sign of the oharge and the direotion of its rotation 
have been reversed, To maintain equilibrium under these circum- 
stances let the angular velocity of the electron become @ + Ao. 
Thus the force on the electron, directed outwards along P, is 
— P + Blan m C7 mro + Aa)" 
But — F = — mro*, so that if Aw is small, we have 


eters is 
Be mr(2w Ao), 


MEE -30l 
(5H. 
p 


(22 Aie oii 
: Fio, 13:18,—Langevin's theory of diamagnetism, 
This causes a variation in the magnetic moment associated with 
the electron equal to 


1 1B|e EA rho 
ax edle [s ae , since M j"9 


Thus AM = — fi 


ie. the change in TM is opposite to B. 


EC 
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If there is more than one electron in the atom, but all are in 
circular orbits normal to the applied magnetic field, 


: eB 
AM = -- amo 
If the field H and M are antiparallel, as in Fig. 13-13 (c), and 


0 and w + Aw are the angular velocities without and with the 
field respectively, then 


ner Blélor = — mr(o + Ao)*, 


Ert. 


since the direction of the force on the electron due to its motion in 
2 magnetic fleld is now reversed. In this instance 


eB 
AM = uec" 


80 that the change in M is again opposite to H. 

In an atom with atomic number Z there are Z electrons, i.e. 
electrons in Z orbits will each contribute to the resultant magnetic 
moment of the atom. Now a gram-atom contains N atoms, where 
N is Avogadro’s constant, and if the electronic orbits are identical 
the change in Magnetic moment for a gram-atom will be 


| ZN(AM) = AM,,. 
Tf the orbits are not all identical circular orbits, 


where 7? is a suitable mean’ value. 
‘For an orbit inclined at an angle 0 to the applied field, the 
change in magnetic moment is 


AM = — us — r3 cos 6. 


S » 4m(c)? 
- Resolving the vector AM in the direction of B brings in an 


"additional factor cos; hence 


=— aA eos? 9. 


To-day there is little value in determining cos? 0 since the classical 
theory éasumos that all values of Ó are possible, i.e. 0 is continuously 
able. From the point of view of the quantum theory this is 

no longer permissible, but the treatment given here is adequate 
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to account for the susceptibility of a diamagnetic substance, In- 
passing we note that 
= 


ets 
A Tom = dm and x = plat, 


where 7,, is the mass susceptibility, A* the relative atomic mass and 
p the density of the element considered. - 


Langevin’s theory of a paramagnetic gas.—In 1905 LANGEVIN - 
applied the statistical kinetic theory to obtain an expression for. 
the mass susceptibility of an ideal gas which is also paramagnetic. 
To develop this theory, which has been revised and finally replaced- 
by quantum theory, it is necessary, with Langevin, to consider that 


each molecule is endowed with a permanent magnetic moment M, 
and suppose that the state of magnetization in a substance is deter- 
mined by two factors only, (a) the applied magnetic field which 
tends to produce alignment of the magnetic axis of each molecule 
in e given direction, and (b) the thermal agitation which endeavours 
to disorganize the orderly state so produced. On the whole a 
kind of statistical equilibrium is set up, in which the majority of ^ 


the molecules contribute to the magnetization parallel to the applied ^ - 


field. In the absence of an external field | 
the sum of the projections of the vectors 
representing the magnetic moments on 
any straight line is zero, since the magnetic 
axes of the molecules of a gas are distri- 
buted in all directions at random. If 
thermal agitation could be eliminated then 
any applied field would orientate the mole- 1 rotational 
cules so that their magnetic axes were at 4, — | 2rergy 
once parallel to the field, ore ee be ple d voip m 
magnetic saturation woul attains ig. 13-14,—The iona 
even ina weak field. / TE both field and i rip Mb eme er MR 
thermal agitation operate simultaneously, A : ri 
the intensity of magnetization in the gas will increase with the field. 
and decrease with temperature. ne fi d 

Tt is first necessary to obtain an expression for the work required 


“to rotate an elementary magnet of moment M in a magnetic field H.; 
this will be called its rotational potential energy in order to avoid 
confusion with the potential energy of a magnet as derived on p. 388: 
Let the initial position of the magnet, defined by its magnetic 


TE Hn Li E 
moment -veotór, be at right angles to H ; its rotational potential 


Line of zero 


x 


A 


Thus . 
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- energy is then taken to be zero. When the magnet is in a position 


such that its axis makes an angle ¢ with the zero position, cf. 
Fig. 13:14, the energy which must be supplied to return the magnet 
to its zero position is given by MH sin 9. 

^ [Rotational potential energy in position ‘ d '] + MH sin $ = 0, 
ie. the rotationa! potential energy of the magnet in position ' $* 
ia — MH sin ¢. 

Now the energy in a given system is distributed, according to 
Maxwell, by the equation 


where én is the number of ‘particles’ with energy between E 


end E + ôE, A a constant, T the absolute temperature and k 


Boltzmann's constant, vis T where R is tho universal gas constant 
and N is Avogadro's constant. 


If n is the number of elementary magnets in unit volume, and 
we take E = — MH sin 9, then 


on = Aero Ch nin 2c MH d(sin 2 
= A(— MH) exp (a2)dz, 


TE and sin ġ = z. 
. Now all the possible values of ¢ lie between — jz and + 17^ 


although the axes of the elementary magnets are distributed 


throughout the unit volume considered. In order to determine A 


| we may imagine that all the magnets have been collected together — ' 
at a point with thelr axes in a plane. This justifies the above — 


expression for dn. Integrating we get 
EL INI 
- =~ ame SP) — eC 3! 


EET ul... | 
TE (a) = oxp (= a] 
‘To calculate J, the intensity of magnetization, we must note that 


. an elomentary magnet in the position ' ¢ ' will contribute an amount 


E pen tL 
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Msin¢ to J. Thus 


J = | Mein $n 


s Mans) aur) 1 
r wad e Lago — esp (— ul 
exp (a sin $)(— MH)d(sin $) 
«Mn +1 dz P 
~ exp (a) — exp (— ar i 


-paa m 


n 


PA [E 2 o| 


=.. [o -pexp(— a) _ exp (a) — exp (— 4) 
a g? 
1 
= Mn| coth a — — |: 
a 
Now Mn = Jy, the saturation yalue of the intensity of magnetiza- 
tion, so that 
J 1 
9 = coth a — - = L(a), say, 
5 a 


where L(a) is known as the Langevin function. 
This function L(«) may be plotted against « asshown in Fig. 13-15. 


E Initial slope 


Fre. 13-15.— The Langevin function, L(«) = [coth a] — i 

For a fixed value of T it is equivalent to plotting L(x) against 
H, since « is proportional to H. Thus for a paramagnetic gas the 
curve’ gives the fractional saturation as & function of the applied 
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low temperatures. Although gadolium sulphate Gd,(S0,),. 8H,0 
behaves in this way, the results do not fit the Langevin theory ; 
the quantum theory comes to the rescue. 

The molecular field theory of Weiss.—By postulating & 
‘molecular field’, Wxrss has extended the ideas of Langevin to 
include paramagnetics generally and, in particular, ferromagnetics. 
In this he was guided by the method used by van der Waals to 
develop a kinetic theory of fluids by extending the ideas which 
Bernoulli had applied to an ideal gas. Just as in the case of à gas, 
to account for the transition to the liquid state, there must be added 
to the external pressure 8n internal pressure due to the mutual 
attractions between molecules, 80 with a ferromagnetic substance, 
as it is cooled in a magnetic field from a temperature above that 
which has rendered it paramagnetic, the transition to a ferro- 
magnetic state is explained by assuming that, due to the overlapping 
of the fields of individual molecules, there comes into existence an, 
internal or molecular field which, added to the external field, accounts 


existing in a given region, is equivalent to 8 uniform field propor- 
tional to J and parallel to it. Thus if the molecular field Hy = 7J: 
where 7) is a constant, the effective field is H +J. 

Here we cannot discuss Weiss’ theory in detail; we shall have to 
be content to quote the result, viz. 

Xx = oT 

where T is the absolute temperature and Cy and T, are constants 
chaiacteristic of the materials; T, is the paramagnetic Curie-point. 

Tn other words, the substance obeys à Curie-Weiss law at tempera- 


tures above T,. [Thus, if temperatures are measured from the 


Curie-point, the Curie 
magnetics. A linear variation of ia with T is observed for many 


paramagnetics over considerable ranges of temperature in accord- 
ted value of T, is sometimes 


ance with the above law. The extrapola 
negative (corresponding to & negative value for 7, and so incom- 

tic origin of the yolecular field). When 
X, has been measured over & range of temperature with T > To 
both Cy and T, may be determined.] 

The domain theory, of magnetization in ferromagnetic 
gnaterials.—1n developing his theory of ferromagnetism Weiss 
was led to the conclusion that at any. temperature below the 
magnetic transformation point any ferromagneti ial i 
saturated magnetically to à value appropriate to that temperature ; 


G.D.P.—V—Q 
d 
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this is true even when the applied external field is zero. To account 
for the fact that a ferromagnetic material in the demagnetized state 
does not appear to be magnetized at all, Weiss found it necessary to 
postulate that, although the substance is everywhere magnetically 
self-saturated, it is divided into small regions in which the directions 
of the magnetization vectors are so orientated that the resultant 
intensity of magnetization is zero. Each such region is known as 
a domain, and in each domain the material is magnetized to satura- 
tion but the directions of magnetization for different domains are not 
necessarily parallel. When some of the magnetization vectors are 
caused to align themselves more or less parallel to an applied field, 
the specimen exhibits bulk magnetization. 

In 1949 KrrTEL* wrote that the essential aspects of ferro- 
magnetism are illustrated by the implications of the following 
experimental fact: It is possible to change the over-all magnet- 
ization of a suitably prepared ferromagnetic specimen from 
an initial value of zero (in the absence of an applied magnetic 
field) to a saturation value of the order of 1000 gauss, by the 
application of a field whose strength may be of the order of 
0-01 oersted, 

Such a magnetization curve, derived from a B-H loop obtained 
by Wiruraws and SHOCKLEY in 1949, is shown in Fig. 13-16. It 
indicates that it is possible in some instances to attain saturation 

magnetization by the appli- 

JxI073 cation of a very weak mag- 

netic field and also for the 

intensity of magnetization 

to be zero in zero (or nearly 
zero) applied field. 

The first of the above 
statements is remarkable 
for it is known from the 
study of paramagnetism 
that the application of a 
field of 0:01 oersted has an 
almost negligible effect on 
the magnetization of a sys- 
tem of free and independent 
elementary magnets. i 

Fra. 13-16.— SOUS small effect in the case o 
tingle m pte Mise a y paramagneties is known to 

(Derived from an oscillograph trace.) ^ be caused by thermal agita- 

REM tion which acts to oppose 
the ordering influence of the applied magnetic field. Now we have 


* Rev. Mod. Physics, 21, 641, 1949. 
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already learned that Weiss pointed out that this difficulty could be 
overcome if there is postulated in ferromagnetic materials the exist- 
ence of a powerful internal ‘ molecular field ^. Tt is estimated that 
this field is more than twenty times as strong as any actual field 
produced in à laboratory. Weiss accounted for the second fact by 
introducing the idea of magnetic domains. 

A digression on crystal structure.—Since ferromagnetics, like 
all solids, are crystalline in character it is necessary to refer briefly 
to some essential properties of simple crystals. Frequently the 
crystals, or grains, in a polycrystalline specimen may be observed 
directly with the unaided eye, and since 1920 many techniques have 
been developed for the production of large single crystals. One such 
is known as the s strain-and-anneal ? method, and when it is used 
to form a large iron erystal, an iron rod is elongated by stretching 
by about three per cent and then annealed at 880° C. for a period of 
several days. After cooling to room temperature single orystal 
specimens may then be cut from the large grains which develop in 
the rod under these conditions. Ina second method, which is used 


to obtain large si ]e crystals of nickel and of silicon-iron, the molten 


Tn connexion 
single crystals it is convenient at this stage to recall that in crystal- 
lography a unit cell is defined as the smallest three-dimensional unit 

ted in three dimensions, gives the structure of the 
crystal concerned. Sucha cell has shape and orientation but it does 
not necessarily have position except for convenience in discussing 
a certain problem ; for any one crystal many unit cells, all with the 
same volume, may be chosen. Fig. 1 


jn : 
Fra. 19:17.— The [uote] direction in & orystal. 


which for simplicity; is taken to be 89 rectangular parallelepiped 
with sides a, b and € parallel respectively to the axes Ox, Oy and Oz. 
The position of any point P on the crystal lattice may always be 
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expressed in terms of a, b and c, e.g. as kua, kvb and kwc, where u, 
v, w and k are integers. P is known as the point u, v, w, and the 
straight line OP is commonly called the [wow] direction, square 
brackets being used to avoid confusion with the Miller indices of 
planes, which are always written in parentheses. 

Considerable advances in our fundamental conceptions about 
ferromagnetism were made as soon as large single crystals of iron, 
nickel and cobalt became available. Now although these crystals 
all belong to the cubic class and, generally speaking, such crystals 
are isotropic, i.e, any particular property does not vary with the 
direction to which it is referred or in which it is measured, yet, 
magnetically, their properties depend upon the direction along 
which each is measured ; we have a peculiarity known as magnetic 
anisotropy and to this reference will be made later, tf. p. 459. 

Fig. 13-18 (a), based on the experimental work of Honpa and 
Kaya, shows the magnetization {or rather the intrinsic induction) 
curves for iron, which at temperatures below its magnetic trans- 
formation point exists, as shown in Fig. 13-18 (b), as a body-centred 
crystal, when the applied field is in turn parallel to the [100], [110], 
and [111] directions ; these are parallel to the edge of a cube, a face 
diagonal, or a body diagonal, respectively. The 4zJ-H curve rises 


most steeply in the first instance and since QH dJ is the energy of 
magnetization per unit volume, this is least when H is parallel to a 


[100] direction. Such a direction is termed a direction of easy. 


magnetizability or of preferred magnetization. 
Fig. 13-18 (c) shows similar curves for nickel, which, as shown in 
g. 13-18 (d), has a face-centred. cubic structure. For this metal 
a body diagonal or [ 111] direction is that of preferred magnetization. 
Finally, for cobalt, which at temperatures below 450° C. has & 
closely packed hexagonal structure, thére is found only one direction 
of preferred magnetization, viz, the hexagonal axis; directions 
normal to this are those of difficult magnetizability. Above 450° C. 
the structure is that of a face-centred cube when the above direction 
becomes that of mest difficult magnetization. Thus the variation 
_ of magnetizability with crystallographic direction, in hexagonal 
cobalt is much greater thin in iron or nickel. 
. From such observations it is concluded that in a single iron 
crystal, not subject to an external field or to internal stresses, the 


pet aede. a a ts 
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magnetization has a saturation value appropriate to the temperature 
of the specimen. 


(B-uo H)x f0 3gauss 


(b (à) 


IRON yx NICKEL 
[Six preferred directions] [Eight preferred directions} 


j Fic. 13:18.—1Intrinsio induction curves and crystal structures for singie 
| i crystals of iron and nickel. 


Since for nickel the [111] direction is that of preferred magnetiza- 
tion, one-eighth of its domains will, in general, be orientated in each 
of these eight directions. 

Some aspects of the original and more modern domain 
theories.— The old familiar picture shown in Fig. 13-19 (a) represents 
a ferromagnetic crystal as being made up of small cubes in each of 
which the domain vector is parallel to one of the directions of pre- 
ferred magnetization ; for a single crystal of iron such a direction 
is always parallel to one of the edges of the unit cell when this is 
assumed to bea cube. This is now abandoned in favour of a picture: 
of the type shown in Fig. 19-19 (b). The first picture is radically 
wrong for in it one of the fundamental theorems of magnetic theory 
is violated, viz. the normal component of the magnetic induction is $ 


D 
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not continuous; since domains are magnetized to saturation this 
essential condition is that the normal component of the intensity of 
magnetization must be continuous. In the new picture, the speci- 
men, in its virgin state, is still magnetically neutral and yet the 


vt 


Axes 


(a) Old 


Fra. 13-19.— Theories of magnetio domains, 


(b) Modern 


intensity of magnetization is continuous across every domain - 
boundary. For example, at a ' vertical interface it is the hori- 
zonial component which is continuous, while at an ‘ inclined inter- 
face’ the normal component is zero. 

Mechanisms for changes in domain arrangements.—The 
magnetic moment of any one domain, at constant temperature, is 


specified in magnitude and direction by that of 5 its saturation 


1 
iiti es 


at eo] 


@ Volumes of domains changed; 
directions of Jg constant 


} 
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(b) Volumesof domains constant; 
directions of Jg changed. 
Fic, 18:20.—Two processes whereby a change in the magnetic stato of 
ferromagnetio material may be produced. (a) "yolumes of domaint 


nged; directions of J; constant [the arrows give the direction of Js 
their lengths are proportional to the magnetic T nent of the domain]. 


(b) Volumes of domains constant; directions of J, changed. 
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magnetization at that temperature, and its volume. . Changes in the 
magnetic moment of a domain are usually considered to be brought 
about by one or other of the two following mechanisms :— 

(a) A change in volume of the domain. This is the so-called 
* moving boundary’ method of change, a concept due to Broom 
and BECKER, who showed that the moving boundary process is the. 
controlling factor responsible for changes in ferromagnetic znaterials 
until the magnetizing field exceeds several oersteds. 

(b) A change in the directicn of magnetization of the domain ; 
this mechanism is referred to as that of ‘domsin rotation ’. 

It is common practice to classify, according to the principles of 
thermodynamics, these changes, which are represented in Fig. 13-20 
(a) and (b) as reversible and irreversible, respectively. It is found 
that the energy dissipated as heat in these changes is respectively 
a small or a large fraction of the potential energy stored in the 
domain. 

A qualitative description of the magnetization process in 
terms of domains.—A typical magnetization curve for a ferro- 
magnetic material is shown in Fig. 13-21. Let us consider that in 
a demagnetized specimen the directions of magnetization of the 
individual domains, i.e. the directions of the so-called domain 
vectors, are equally distributed among various possible directions 
of easy magnetization. The initial state of affairs is represented by 


Magnetization 
by 
rotation f E 


Irreversible 
boundary 
displacements. 


Reversible 
boundary 
displacements 


Instep’ 
Fic, 13-21,—A qualitative description of the. magnetization process in a 
ferromagnetic material. 
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the point O on the diagram and four adjacent domains have their 
domain vectors so orientated that the resultant magnetization is 
zero. When a small external field is applied there is an increase in 
the resultant magnetic moment of the material. The change in - 
magnetization which has occurred when the point A on the curve 
is reached must be attributed to boundary displacements which 
inorease the sizes of those domains whose domain veotors are 
favourably orientated with respect to the applied field. The 
associated boundary displacements are mainly reversible. When 
the applied field is further increased irreversible boundary dis- 
placements predominate and the magnetization increases more 
rapidly ; thisis shown at C. Although such movements are irrever- 
sible, at the same time the magnetization may also increase in virtue 
of the fact that some of the domains still grow as they did in the 
very early stages of the magnetization process. When the applied 
field is such that the knee of the curve is reached—this is & 
somewhat indefinite point D on. the curve—the domain vectors 
will be so orientated that they are all parallel to that preferred 
direction associated with those domains whose volumes increased 
in the early stages. When the applied field is still further increased. 
the magnetization increases much more slowly ; here no displace- 
ment of the boundaries can occur but the increase in magnetization 
is due, as shown at E, to the rotation of the domain vectors into 
a direction more nearly parallel to that of the applied field. Finally, 
in large fields, technical saturation is reached and the intensity of 
magnetization becomes equal to that found at all stages in any 
individual domain. 

Some experimental evidence for the existence of domains.— 
The preceding paragraphs have shown how Weiss, by postulating 
the existence of a molecular field and of domains, was able to explain 
the principal aspects of ferromagnetism. Weiss did not justify 
either of these assumptions in terms of atomic forces. The existence 
of domains may be inferred from the character of the magnetization 
curve itself, but by far the most direct and cogent évidence of 
domain structure is furnished by microphotographs of domain 
boundaries. This method, which is essentially one of field-plotting 
on a miniature scale, was devised by Brrrzn (1931) and in the hands 
of Witttams in America and Bares in England has provided ample 
proof that domains exist in the shapes and sizes expected from 
theoretical considerations. 

The powder method consists in placing on a carefully prepared 
surface* of the ferromagnetic crystal under examination a drop © 

* The surface is prepared by polishi i down to the 
finest grade: tho next und finn stage of the process is done electrolytically 
The specimen is washed and then placed on the base of an electrolytic cell; 
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ethyl acetate containing in the colloidal state a finely divided ferro- 
magnetic material such as haematite, Fe,0,. The ethyl acetate 
evaporates so that the surface becomes coated with a very finely 
divided layer of haematite. When the coated surface is examined 
by means of a microscope it is found that particles of iron oxide have 
become strongly concentrated about certain well-defined . lines, 
which represent the boundaries between domains magnetized in 
different directions. The reason why the particles concentrate near 
these boundaries is that in their vicinity there exist very strong 
local magnetic fields which attract the magnetic particles. 


The Barkhausen effect.—AB, Fig. 13:22 (a), is a rod of ferro- 
magnetio material lying within a suitable solenoid, $, so that it may 
be magnetized to different degrees in the usual way. Upon this rod 
and close to one of its ends there is wound a search coil, $}, consisting 
of about 10,000 turns ; this coil is joined in opposition to a coil S, 

forming the secondary of a mutual inductance M. ‘The primary of M 

is in the magnetizing circuit. With the rod AB removed from the 
circuit the position of S, is adjusted so that the total linkages with 
the circuit in which it lies is zero for the largest ourrent used in the 
solenoid. The secondary circuit is connected to a multi-stage 
amplifier and a telephone T. 

The rod AB is replaced inside the solenoid. Then if the changes 
in the magnetization of the material of the rod were continuous and 
there were no disturbing effects, there would be no sounds heard in 
the phones when the magnetizing current changed slowly. In an 
actual experiment a series of * clicks" or ‘ noises’, corresponding to 
abrupt changes in different parts.of the rod is heard. Sometimes 


magnetization within the domains is suddenly altered. This 
phenomenon was first investigated by BARKHAUSEN (1919) and it is 
known as the longitudinal Barkhausen effect. It has been 
described as the magnetic analogue of the ‘ory of tin’ and is 
intimately connected with magnetization processes. 3 

It is clear from the above experiments that if we plotted on a very 
large scale the J-H curve for a ferromagnetic material, we should 
find it to be made up of a series of steps. Van DER Post (1920) 


it forms the anode while the cathode is a sheet of iron. The electrolyte is a 
perchloric acid (HCLO,)—acetic anhydride (CH,COOCOCH,)—water mixture. 
The underside of the specimen is coated with polystyrene glue to resist attack 
and with a current density of 0-1 A. cm.-* & satisfactory upper surface is, 
obtained in about six minutes; after washing and drying the specimen is 
annealed in vacuo. . 
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. examined the magnitude of these steps in several portions. of the 
complete hysteresis cycle and found that they were only pronounced 
. when the ferromagnetic material was in a stato corresponding to 


the steep portions of the curve, i.e. where J changes rapidly with H, 
and were extremely small in the region of saturation. It is in this 
region that great amplification in the detector must be used, 


amplifier 


capac/tance coupled 


Six-stage resistance- 


H 
Se (5 


(a) 
Fro. 13:22. The Barkhausen effect. [(b) shows a portion of the curve 
of magnetization at P greatly enlarged.] 


Fig. 13-22 (b) shows a portion of the magnetization curve at P 
greatly enlarged ; the discrete steps are clearly shown. 
. Recent experiments by WruaMs and Smooknzv (1049) have 
- established almost beyond doubt that there is no direct connexion 
« between the Barkhausen discontinuities and the size of the domains. 
The Barkhausen discontinuities correspond to irregular fluctuations 
in the motion of a domain boundary under the influence of an 
. Spplied field rather than to an abrupt change in the orientation 
the magnetic vector associated with the domain, Experiments 
ngle crystals have shown that the domain boundaries move 
Applied magnetic field is changed and it is now thought that 
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the Barkhausen discontinuities are due to irregular fluctuations in 
the motion of the domain boundaries. These irreguJarities:may be 
due to small defects, such as impurities, holes, etc., in the interior 
of the specimen or to non-uniformity of the stresses within it. 


The energy and origin of ferromagnetic domains.— 
Theoretical investigations by INÉEL, amply supported by the work 
of Bozorrr, Wirr1AMs, Bares and others, begin with the assumption 
that any system of self-saturated domains will have energy associ- 
ated with it. This energy comprises several independent compo- 
nents, and Néel has shown that when the sum of these components 
is à minimum we have the necessary condition for equilibrium. 

On account of magnetic anisotropy, cf. p. 452, we have the 
first such component, viz. the energy of magnetic anisotrapy. 
Fig. 13:23 (a) shows a unit cell (a cube), which is part of a doruein 


ah 
l 
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Fio. 13-23.—Energy of magnetic anistropy in the (100) plane of an iron crystal. 


in an iron crystal, Normally the saturation intensity J, will be 
parallel to an edge of the cube and to rotate J, away from this 
direction energy must be expended ; this energy is stored in the 
material and is known as the energy of magnetic anisotropy. The 
manner in which this varies with the direction of J, in a (100) plane is 
shown in Fig. 13:23 (b); there is a distinct minimum whenever the 
magnetization vector is parallel to a 'erystallographie cube edge. 

The second component is the so-called energy of demagnetiza- 
tion. To account for this it must be idonei get dm 
free poles are absent, every magnetized ferromagnetic mirer 
subject to a demagnetizing field of magnitude DJ, where D is the 
demagnetizing factor, ef. p. 365, and J is the intensity of magnetiza- 
tion. To increase J work must be done by an external agent since 
the increase takes place in the presence of free poles. 
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- The third component is the energy associated with the boundary — 


between adjacent domains, and for these the directions of the 
magnetization vectors must be antiparallel. In 1932 Broce 
showed that on an atomic scale the boundary between adjacent 


domains is not sharply defined but has a thickness which is spread 
over an area containing many atoms. Such a boundary is known ~ 


as a Bloch wall and, as shown in Fig. 13-24, the resultant magnetic 
moment of the atoms within it gradually changes as we move across 


it from one domain to the next. Calculations by Brocm and by .. 


Néet have shown that in iron, free from magnetostriction, the 
energy per unit area in a Bloch wall is of the order of 1 erg.em.-* ; 
the walls themselves are about 500 x 10-9 em. thick. 


@ 


(6) 
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Fra. 18-24.—Nature of a domain boundary or Bloch wall; the variation of 
the resultant magnetic moment of atoms in the wall. 


The fourth component of the energy arises from the presence of 
closure domains and so cannot be discussed until the formation of 
these triangular end domains has been described. With this object 
in view let us consider the structures shown in Fig. 13:25, where 
each represents a longitudinal cross section of a single ferromagnetic 
crystal. In (a) we have a saturated configuration consisting of & 
single domain in which J, is parallel to a vertical edge; conse- 
quently the energy of magnetic anisotropy will be a minimum. 
However, free poles will appear at the ends of the domain and these 
will tend to demagnetize the specimen. The field outside it will 
have energy E f H? dv, where the integration covers the whole 
field ; it is called energy of demagnetization. Su however, 
it is c - Suppose, however, 
__ that this single domain subdivides itself into two equal domains a8 

_ shown in Fig. 13-25 (b). The energy of magnetic anisotropy and the 
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magnitude but opposite in sign. The magnetostatic energy has 
therefore been reduced to about one-half its previous value, but at 
the same time the energy of the Bloch wall between the two domains 


(C nox 


NN SS SNSN 


—— 
amom À— À À — e 


<—— 


— —— —— M 
— — 


Fig. 13:25.— The origin of domains and their subdivision to reduce 
stored energy. 


has added energy to the system ; the total energy is less than before 
and the domain arrangement more stable, provided the actual grains 
within it are not too small. This sub-division process may be 
carried further a8 in (¢) 5 with n domains the magnetostatic energy 
will be reduced approximately to one-nth that of the original con- 
figuration; this is because of the reduced spatial extension of the 
field. 


magnetic field en! is zero, Such 
Tig, 1395 (d) bae ii state of affairs brings with it another seat of 
potential energy, for as Broker and DÓRING showed in 1935, evenif 
there is no change in volume on magnetization, & single crystal 
elongates in the associated [100] direction and contracts laterally. 
Thus, when the domains are assembled as in (d) mechanical con- 
straints arise in those domains for which J, is horizontal. Conse- 


quently such domains must be strained if they are to fit the spaces 
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- allotted to them, and the energy thus stored is known as magneto= 

strictive-strain energy. If the total volume of the strain-produe- * 

. ing horizontal domains can be reduced, there follows at once a 

_ diminution in the above strain energy. Such reductions occur when 

_ the domain arrangement changes from that of (d) to that of (e), 
and still more as the number of laminations increases. The wedge- - 

shaped domains at the ends of the arrangement considered are 
called closure domains or domains of flux closure ; the essential 
condition for the normal component of the magnetization at a 
boundary is satisfied. ? 
As the vertical domain walls become nearer together, the entity 
acquires a laminated structure and the total volume of the closure 

- domains decreases. This process of subdivision will continue more 

_ er less automatically until the energy required to create additional 
boundaries exceeds that released by reducing the total volume of the 

- . elosure domains. 

E It should be noted that the closure domains are no longer mag- 
netized in easy directions of magnetizability ; accordingly they .— 
possess a magneto-crystalline energy density in excess of that in the — — 
bulk of the specimen and this requires the presence of a very large — 
magnetic field since the magnetization is maintained in an unfavour- — 
able direction. Such a field is established if the closure of flux is nob ES 
ideal, i.e. if the sloping boundaries are not inclined at angles which 1 

are exactly 45° to the vertical walls. ENT 
Some observed domain patterns.—It was in 1938 that 
Erxonsz introduced the electrolytic method for polishing the surface 2 
of a crystal. Mechanical polishing is not good enough, since the 7 
Surface on which a Bitter pattern is to be obtained must be so smoo: : 
that the pattern may readily be discerned; moreover, while the — 
mechanical method is satisfactory from an opueal point of view it 
is useless here on account of the plastic fiow which it produces 
m surface layers. In 1949 Wrutams, Bo.oRTH and SHOCKLEY ~~ 
obtained patterns which showed the structure of those domains - 
XR . Which form the bulk of a ferromagnetic material, i.e. closure domains 
. did not appear, — f 


. none of their experiments they cut out from a thin single crystal 
of three per cent silicon iron, a specimen resembling a picture frame | 
. with dimensions about 2 cm. x 1 cm. x 0-07 cm.; its sides were 
Parallel to the [100] and [010] directions. The temperature of the 
et o dura its magnetic transformation point and — 
forti donasins ü allowed to cool slowly it was found to consist of — 
iqq p às shown in Fig. 13-26 (a). In such an instance the ; 
energy magnetic: ustropy and the total area of the boundaries 
; and at th > same time the demagnetization energy 
magnetostrictive energy very small; thus the 
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essential conditions for stability are inherent. When a magnetizing 
- coil was wound as uniformly as possible on the frame, fields with 
directions opposite to that of the magnetization in the several parts 
of the framework could be applied. The change in direction of 
magnetization from that of (a) £o that of (d) is brought about by the 
movement of a single 180°-wall* across each side of the frame; 


@) (5) @) 


Fic. 13:26.—Domain arrangement in & single crystal of silicon iron, when 
the crystal is in the form of a ‘picture frame’. 


intermediate positions of the Bloch wall are shown in Fig. 13-26 (b) 
and (c), and these indicate an inward or outward movement of the 
walls so that one set grows at the expense of the other. The powder 
photographs obtained in this work revealed that the main structure 
was as sketched above, although ‘ fir tree ' and other small patterns 
appeared. The former are due to the fact that the surface of the 
crystal was not parallel to the selected crystal plane, while the small 
patterns are due to surface inclusions or imperfections. 

Much of the information derived from powder patterns is obtained 
by making use of the following technique. Ifa scratch is made on 
the surface of a ferromagnetic material then, in some instances, the 
lines of induction are disturbed as shown in Fig. 13-27; we have a 


Lines of 


oe) 


Fio. 13:27,—Effect of a surface scratch on the distribution of the lines of 
magnetic induction. 


stal 
Sace 


flux leakage so that any haematite powder scattered on the surface 
will be attracted to the serateh. Tn the course of work on Bitter 
patterns it was found that if the scratch on the exposed surface of 


=> . H 
a domain is parallel to J,, then the flux leakage is small, but it 
assumes considerable proportions when the scratch is normal to the 
above direction. i ; | 
* Two adjacent domains, whose vectors are parallel to the Bloch’ wall 
separating them but oppositely directed, are known as 180 degree domains; 
if the vectors are normal to each other we have 90 degree domains. 
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Proceeding in this way it was found that for a single crystal of 
the above mentioned silicon iron, the directions of magnetization 
are as shown in Fig, 13-28 (a). The primary structure consists of 
domains of width W magnetized alternately in the [001] and [001] 
directions ; in addition, the domains of closure, predicted by Néel, 
are revealed. Superimposed are the ' fir tree ' patterns in which the 
spacing of the trunks and the width of the branches depend upon 
the width of the specimen, the magnitude of any applied magnetic 
field and the departure of the surface from the (100) plane. 


Edge of Closure 
I 


domains i cm. 


— 
(a) axes (5) cH 
Fia. 13-28.—Some observed domain patterns. 


When the surface of the crystal under investigation is parallel to 
a (100) plane and it is magnetized parallel to a [011] direction, & 
possible arrangement of the domains is as shown in Fig. 13-28 (b). 
When a magnetio field, directed from left to right across the speci- 
men, is applied, the somewhat irregular boundary moves upwards 
because the lower domains have vectors favourably orientated with 
respect to the field. This movement takes place in the opposite 
direction when the applied field is reversed. 


_ Some effects of small surface ‘ inclusions ' in ferromagnetic 
crystals.—For the sake of simplicity it will be assumed that the 
inclusion is a very small piece of non-ferromagnetic material in the 
form of a cube. To reach a stable state small closure domains, 
similar to those found at the external boundaries of specimens, must 
be introduced. Wher. a Bloch wall nearly bisects the inclusion, 80 
that the flux of induction intercepted by the latter is about zero, an 

ent of closure domains, similar to that shown in Fig. 13-29 

(a), prevents the appearance of free poles. 

On the other hand, if an inclusion is not near to a wall, the inter- 
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cepted flux is not zero and the appearance of free poles is a necessary 
consequence ; of. the upper part of Fig. 13-29 (b). Néel has pointed - 
out, however, that the energy of the demagnetizing field is much 
reduced if closure domains, such as those shown in the lower half 
of the diagram, are introduced so that the effective free poles are 
spread over a wider area. Powder patterns show the presence of 
these tapered domains. 


(5) 


Fia. 18:29.—Domain arrangements near to a cubical non-ferromagnetio 
inclusion in a crystal of silicon iron. 


Theoretical calculations on the presence of inclusions are intricate, 
but in some simple cases calculations have shown that as the size of 
the inclusions in a ferromagnetic material is reduced, so should the 
coercivity of the material increase. When the inclusions have linear 
dimensions comparable with those of the wall separation, the 
arrangements shown in the last diagram cannot exist; at the 
present time the theory of surface inclusions. is very incomplete. 


EXAMPLES XIII 


13-01. Distinguish between ferromagnetic, paramagnetic and dia- 
magnetic substances. v 4 

Describe and give the theory of a method for measuring the magnetio 
susceptibility of (a) sulphur, (b) an aqueous solution of manganese 
sulphate. A 

12.02. The magnetic susceptibility of copy T is — 0-76 x 10-* 
e.m.u. em.-?. ; 

Discuss fully the information contained in this statement and indicate 
how its accuracy may be in the laboratory. 

13:03. Describe how you would determine accurately a value for 
the magnetic induction Associated with a magnetic field of approxi- 
mately 6000 oersted. Š s s 

Calculate a value for the apparent c in the weight of a cylinder 
of sulphur of cross-section 2:00 cm.? when it is suspended vertically with 


BN 
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its lower end in a magnetic field of strength 10,000 oersteds, and its 
upper end in a field of strength 100 oersteds. [The volume sus- 
— ceptibilities of sulphur and of air may be taken as — 1-00 x 10-8 and 
+ 0-030 x 10-* e.m.u. respectively.] [103 dyne. (decrease).] 
_ 13:04. A rod of sulphur, 1:50 cm. in cross-sectional area, is placed ? 
in air in a non-uniform magnetic field, the direction of the field at each — — 
end of the specimen being ai right angles to its axis. The magnetic i 
field strength at one end P is 12,000 oersteds, and at the other end ' 
Q 2000 oersteds. The force on the rod due to the field acts from 
P to Q parallel to its axis and is of magnitudo 0-112 gm.-wt. If the 
magnetic susceptibility of air is 0-032 x 10-* e.m.u. em.-? find the 3 
susceptibility of sulphur. [— 1:013 x 10-* e.m.u. cm. 3] 7 
13-05. The energy per unit area of a domain wall is given by ] 


© í W= E + bu)erg. em.-?, "LE 


where w cm. is the wall thickness and a is a positive constant; bis 
another constant and the thickness adjusts itself so that W is a mini- ; 
mum. If the minimum energy density occurs when w — 950 A and 
has a value 1:05 erg. cm.-?, calculate values for a and b. 

[a = 4:8 x 10-* erg. cm.; b = 5:4 x 10-4 erg. cm.-*.] 


| CHAPTER XIV 


TRANSIENT PHENOMENA IN ELECTRICITY 


| Phenomena which are not simple periodic functions of time and 
| which exist usually for & short time only are known as * transients ’ 
or ‘transient phenomena’. Here we shall discuss the transient 
currents produced by the sudden opening or closing of various 
simple electric circuits. 

When a steady unidirectional voltage is applied. to a circuit vhe 
current, I, which will eventually flow in the circuit. is determined 


by the relation 
I 


E. Voltage applied 
= Total resistance of the circuit 

At the instant of closing a circuit the current is essentially zero ; 
we have to examine how the current changes with time until its 
final steady value is reached. 

The growth of current in a coil of inductance L and resist- 
ance R.—Such a coil may be represented by a pure resistance R 
in series with à pure inductance L. Let such a combination be 
connected to a source of steady e.m.f. V, as indicated in Fig. 14-01 (a). 


instantaneous current. Hence the voltage available for the pro- 
duction of current will be V.— Le. If we imagine a source of this 
voltage to act, on R, as in Fig. 1401 (D) then 


di : j 
T Ls EU, 0) 
y di (A 


T y=Ri+ I 
481-7 5 
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To integrate this equation we may write * 


d di 
ES VE 
t 1 i 
whence p"-ghY-B- A, 
R L R 
V di 


[Current] ~ 


t [time] 
Fro. 14-01.—Growth and decsy of a current in an inductive circuit: 


where A is an integration constant. The initial conditions are 
3 1 
t= 0, t=Q s =-= . 
i A R In V. 


move 
MED OR Viasat [ 
R j 
US on (Ti) = yi or 1-y-(- F) à 
» j 


. SN R R i 
se izai (= 1)] =1/1 — exp (— 1) 1 
where I, is the steady value of the current x) ‘reached when 


i— oo. Thus the current in the circuit rises according to 8» — — 
exponential law, the current-time graph being as indicated in — 


* Alternatively, we may use the integrating factor exp E [cf. p. 472]. 
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Fig. 14-01 (c). It has therefore been established that when à circuit 
possesses self inductance, the current only reaches its steady value, 
as deduced from Ohm’s law, after infinite time; it may, however, 
rise to within a very small percentage of this current in a quite brief 
interval after closing the switch. 


Example.—Caleulate the value of the current after 1 second when 
2 p.d. of 10 volts is applied to a circuit of resistance 20 ohm. and self- 


inductance 0:1 H., We have 
; 10 (napa 5 
yeso — exp | — 63 x 1)| 2 0-5[1 — exp (— 200)]. 


If 2 = exp (— 200), 
log æ = — [200 x 0:4343] = — 86:86 = 87-14. 
n g= 138 x 1077. 
7 4e 0-b — (138. x 107*7)] = 0:5 amp- 
Hence the current rapidly attains a value which, for all practical 
purposes, differs by & negligible amount from its final steady value. 
If, however, the resistance had been 0:1 ohm, we should have 


E — exp (— 1)] = 100[1 — 0:3679] 
= 63:2 amp., ; 
and this differs appreciably from the steady valuo of 100 amp. 


Rate of growth of current in an inductive coil (R and L) om 
4 


‘The rate of increase of the current in an inductive circuit B1 


pmo) 


di R RA R4.; 
we have a br exp ( i) = po i). 
Hence the rate at which the current grows depends only a 
B and not upon the separate values of L and R. The quantity x 


and since 


is called the time constant of the circuit and is denoted by A. 
'The equation for the current may therefore be written 


i-p- CDI 


Unless the coil has a very large number of turns or ferromagnetic 
materials are present in it (when L is no longer a constant), L is 
usually very small compared with R, 80 that the current approxi- 
mates to its steady value in 8 very small fraction of a second. 


p" 
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If we put t= A, we have ; 1 
fi, = Hl — exp (— 1)] = 0:632 I). DN 

Thus the time constant is the time in which the current differs 
from its final value by exp (— 1) times the final value. 44 


The four curves shown in Fig. 14:02 are drawn for values of 
4-05 x 10-2, 1 x 10-8, 2 x 107%; 4 x 10-7? sec. and it will be 


2 3 4 
tx10* [sec] 
Fie. 14-02—Curves showing the effect of the time constant on the 
of & current in an inductive circuit. 


observed that the time taken for each current to reach a value — 
ON = T, exp (— 1), is equal to the time constant. It will be seen 
that the smaller À is, the more rapidly does the current reach its 
final value. 

Decay of current through an inductive resistance —When 
the switch is thrown over as in Fig. 14-03 (a) so that the steady 


ery CO) 


See à aprii the circuit becomes zero, the differential equation 


miss 
Ri 4- L> — 0. 
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This equation may be written down at once if Fig. 14-03. (b) is 
considered. It may be re-written in the form 


ad 

L Bi 

| Integrating, we have 
t 1 
ES O 
LU hi 


where B is an integration constant. 
Since when t = 0 i ge we inei Las. 
ERE: TERR LU R R 


4 ESTAS V R PNR 
al e EN i = — — —t)=I — at}. 
TETRA xe»( 2] sep ( :) 

The current-time curve is indicated in Fig. 14:01 (c); it will be 
noted that the growing and decaying currents are complementary. 


Again, since À = = we have 


i = 1, exp is 2 
so that the smaller the time constant the more rapidly does the 
current become zero. 


The physical meaning of the time constant A.—(a) Growth 
of current in ah inductive circuit. Since 


i zL — exp (s 3) - where A= LR}, 


Let z be the time in which the current would reach its final 
value if the initial rate of increase of the: current were main- 


tained. Then (2) - nd a 
vo Mt. 
Y t—bBbcr 3 


Also, the time constant is à measure of the rate at which a current 


grows or decays in an inductive circuit. 
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(1) In a circuit of given resistance the rate of growth or decay. 
is proportional to 4-71. E 
(2) In a circuit with given inductance the rate of growth is 
increased by increasing the resistance of the circuit. 3 

(P) Decay of current in an inductive circuit. In this instance | 


we have i = I, exp (^ i) so that 


ST A 
dj 


The physical meaning of A is obvious. : 

Charge and discharge of a capacitor.—(a) Charging.—Let - 
a steady potential difference V be applied to the circuit shown in. 
Fig. 14-04 (a). One pole of the cell and one plate of the condenser | 


R qyr R Qua 


L4 - 
(a) (5) | 
Fro. 14-04.—(3, The charging and (b) the discharging of a condenset — 
are earthed an. at zero potential at all times. If tis the 


instantaneous value of the current through R, the potential of the - 
positive plate-of the condenser will be V — Ri at the instant con: 
sidered, If g is the instantaneous charge »n this plate we have 

q = C(V — Ri); A 
where € is the capacitance of the condenser and since i — q this i 
equation may be written F 


The integrating factor is exp (f 2) um (4) E 1 


(a) ema) - 


* 
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where A is an integration constant. ; 


zs 1=V0+ Aer (— zp) 


Since when t = 0, q— 0, 


Since g — af1— exp (= ax)] it follows that v, the instan- 


taneous value of the potential of the positive plate of the condenser, 
is given by 


Hence T, the time required for v to grow from ù, to va, is given by 


V—w 
= OR zi; 
qc vh qd 


(b) Discharging. When the cell is removed from the circuit, 
as indicated in Fig. 14-04 (b), the condenser begins to discharge. 
Lei q be the charge on the condenser at time t after the cell has been 
removed by means of the key indicated. Then v, the instantaneous 
value of the potential of the positive plate is given by v — a 


If i is the instantaneous current through R and in the direction 
indicated, then 


But i= mare 


A js Cc dt 
“byolution of which is 
` t 
q = Qo exp b ax) 


é t 
Hencu i228 Mew(- a) 
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and since [E = 1 = S. we have 


i =I,exp (= aj) 


lo 


[Current] ~ 


0 [Sec] 
(a) (b) 
Fia. 14-05.—The charging and discharging of a condenser. 3 
Curves showing how the charge on the positive plate of the con- 
denser varies with time during the processes of charging : 
discharging are shown in Fig. 14-05 (a). The variation of the 
current with time is shown in Fig. 14-05 (b). E 
The time constant for a C-R circuit.—The time constant A 


is now defined by 4 = CR. Since ¢ = Q[1— exp(—5)} 
E. ainte) 


Haan? 


80 that, as in the case of an inductive circuit, 4 is the time in which | 
the final conditions on the condenser would be attained if the initial ' 
rate of growth of g were maintained. For then ; 


Qe 
; R [a] = Sr, ie, <= A; 3 
yt j A o - 
.. Where 7 is the time of charging under the conditions stipulated. | 
aeaee energy dissipated during the charging of a con: - 
Genser. T is interesting to inquire into the energy dissipated i 
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the resistance R during the charging of a condenser. We have 


esp 


bee t 
itio Se (4 


Now ôW, the energy dissipated in time dt, is given by 


: ?R 2t 
aw = ena = BEF exp (— cx) 
cow NDS eee Na IQ. 
W= Gf, à a) tag (w 


[N.B. This is independent of R.] 

The energy supplied by the battery is QV; that gained by 
the condenser jQ,V. Thus the total energy supplied by the battery 
is accounted for. : 


Example.—Two condensers of R 
capacitance C, and C, are charged to i 
potentials V, and V; respectively in ulis 
They are then insulated from the % 1 


supply and connected in parallel 
through e resistance R. Find an ex- € C2 
pression for the current which flows 


Let v, and v, be the instantaneous potentials on the positive. plates 
of the condensers—ef. Fig. 14-06. Then, if $ is the instantaneous 


current, : 
v — Ri = vy 
CG Riet 
o Ri CG, 
where q, and g, are the instantaneous charges on the positive plates 
of the condensers. 3 
. l1dg di | 1 dg 
“Gu a Ga 
But -d z2i-cu 
1 Ty. di 
w (3 +o) = -Rý 
e e the above equation may 0e written 
3 , 


det 
EU BC 


1 
670 


In 


N Attn 0 ie V Ve 


The energy dissipated in the 


Ld - 
(V, — V)? 2t 
fire- [s (- da 


where f is an integration constant. 
; ^i IS v 

; hence 8 = in(“1— T3. 
ME Ve 


t 
exp (o eR . 
process is 


C 
(Vs = vy (v, — Vy 
i roue ro 


à Which is the well-known formula. 


_ Æsample.—A condenser of 


Fro. 14-07. 


Let i bo the instantaneo 
Baud c aon 


capacitance © is charged from a cell, 
e,m.f. V, through a resistance R; when 
the condenser is fully charged it is con- 
nected to a cell, o.m.f. V, < V. Doter- 
mine the voltage across the condenser 
t sec. later. 

The system is shown in Fig. 14-07. 
The charge on the condenser before 
being connected to V, is given by 
Q — CV. At time t after making the 
&bove connexion let the charge on C 
be g, its potential being v. 
current in the direction indicated so 


a Ther, v—Ri=YV,, 


v 


dv 


The integrating factor is exp 


T n =V,, 


dv 
v + RC = Vo. 


1 V, 


[uii NC COEUR 
dr * RO 7 RC 


(ju) =) = te 
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Example.—By means of a rotary switch operating at 6000 rey.min.^!, 
the 0:5 uF. condenser shown in Fig. 14-08 (a) is connected in turn to 
the’ battery of e.m.f. 20 V. and to the 5 uF. condenser. Across this 
condenser there is fixed a 0:02 MQ resistor. What is the final voltage 
attained by the 5 pF. condenser and what is the voltage fluctuation 
on this condenser ? 

Fig. 14-08 (b) shows the arrangement in general. The charge on the 
condenser C, after being connected momentarily to V; is Q, — C,V;. 
Let V, be the final steady potential on the combination of C, and R. 
Then the final steady charge on C, is Q4 = C,V;. 


- (a) (b) 
Fio. 1408. 


At the instant when C, and C, are connected together the charges Qi 
and Q, are shared instantaneously and the common potential V, is 
given by 

Q, Qs _ OV; + OVa, 
€, + 6; €, +0, 

Now Vi 94 vexp(— on) where ¢ is the time during which C, is 
allowed to discharge before being recharged from €,, i.o. ¢ = 0-01 sec. 

t 0-01 201 
m QR 7 8 x 10 x (002 x 10°) : 
+. Va = Vaexp (— 01) = 0:905V;. 
Eo Vas GMa et ENa 
075 0-905 €, + Ca 
ong 30 OD) 
* Va =O, F O, — 0-9050; 
05 x 20 x 0:905 _ 9:05 
7 0-5 + 50:096) 0-975 
= 9:28 volt. 
9-28 
Vs = 7908 ^ 10-27 volt. 
+. Fluctuation = 0:99 volt. 
The discharge of a capacitor through an inductive coil.— 


The system is shown in Fig. 14-09 (a); it is assumed that the 
capacitor has been charged and we have to examine how its charge 


^ £. 
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IER with time. If q is the instantaneous charge on the positive 
plate condenser, and if i is the instantaneous current, 
dq 


: 
‘=——, 


E 


circuit may be replaced by that shown in Fig. 14-09 (b). 
we have 
N 1 Ri- pË- 
f] Ri bs 0, 
aq Rdg, q 

@* ta a 7 o 
g + ad + fq — 0, 


here « = RL-'and f = (LC)-1. « is known as the attenuation 


(a; 5 (5) 
Fic. 1400—Discharge of a condenser through a resistance and 
inductance in series. 


A solution of this equation is 


q = A, exp (At) + A, exp (^f), 
where 2, and A, are roots of the auxiliary equation (42 -+ «å + f) = 0, 
Te. Latva B _ —a—Vat— 4f 
oo eee ee 


The final form of the expression for the instantaneous charge 
upon whether the term under the square-root sign is 

Positive, Zero, or negative, ie. whether R? »-«4 

(i) Suppose psti Under these conditions both 4, and A, 

ore real and the initial conditions t = 0, g = i = 0 determine th 

Constante A, and Ay. We have - Iw per 

Sy M BACH: AtA = Qoy 

TE Ee aao. 
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From these two equations we find 


2V a? — 4B av a2 — 4f 
2i fe 
S Tf I6 y R Re 4 
TS NU n Que? 3( P e n- i15 
i 10 


Ti Ic 
‘By differentiation with respect to t, we find, after son 
PE ge a ARN. dee 
a NS zo CEPS e) 


; —o (-3 n2) 


(ü) Suppoze R* — T In this instance the roots are equal; 


we may however suppose that the roots are not equal and write for 
them A, and 4, +h where h—» 0. ‘Then it may be shown that 


q = (A + Bt) exp (Ait) 
„is a solution, the constants A and B being determined by the initial 
conditions, cf. Vol. I, p 34. 


1R 
Now q = (A + Bt) exp (- 2m 
1R LR 
and i= —g= — Bexp (-32) + (A + Bh; exp (- n) 
1 
The initial conditions give A= Qo and 5-129. 
: IR -H) 
7 pelo i 


R 
Hence i-a OP exp (- 11) : 
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(iii) Suppose Ba: In this instance the resistance in 
the circuit is low and we have, if j = V—1, j 
SaF , - a — jV Af — à, 
Ay Ta a > 


> q= exp (— Jos[A, exp (j4 48 — a? t) M 

+ A, exp (— j} V40 — "o 
where A, and A, are constants, This expression is easily i 
to give 


44 — A exp (— fat) cos (9 V4] — a t — 4), 
where A and ¢ are constants. Thus 


rma o deine he actas A ad d om the initial 
Now when t= 0, q= Qu i.e. A cos (— d) = Qo, or 008 d = Se 1 | 
Also fe cdm care jon ut — 4 + 9, f 
Where tmt e tut 


= reosy = — ła and 
rsin y =’, Also since i = 0 when i = 0, —¢+y= > 
Henoo sin y = cong = %, 
from which we find A = Qy ELS $ M 
4 R x 
g ie Ls : "3 
i i i 
T D PUN 1 VIG 1 
ra: MES Ej E sit) E 15 -5 t=) 
Los 
cos ġ NI RES 
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Hence v 
NES L 1BR\.1/4 BP 
$——g———— A oo aod ni- Tnn 
ix TT iG p^ 
LG TEJ 


The natural frequency, f’, of the circuit is given by 
peores 
2x mN LO 4L) 
3 JL 1 
If R is small compared with LAS flo 705 = fy, where fo is 
G f 2n V LG fo J0 


the frequency of the free oscillations. 
Tf q, and g; are two successive maxima and T the period, 
da _ __ exp (— tat) 
qa exp(—4alt + TJ) 
The quantity 6 defined by 


= exp (31). 


R 
2a a) 
6212-2 qgT-—-——Z 
[^ i "i AN R 
LO 4? 
is known as the logarithmic decrement per cycle of the circuit. 
When the resistance of the circuit is very small 
aR, ^ C aR R 
E N [eo EDN 
O 
so that 6 is z times the ratio of the resistance to the inductive 
or capacitive reactance jn the circuit at resonance. The curves 
shown in Fig. 14-10 illustrate the nature of the discharge occurring 
for three different values of the circuit resistance when a l pF. 
condenser, with a potential difference of a few volts across it, is 
discharged through an inductance of 1 H. 

The charging of a capacitor through an inductive coil.— 
The circuit is shown in Fig. 1411. If V is the potential difference 
across the terminals of the cell, and it is ass’ med to ke steady, the 
charge q on the condenser at any instant is determined by the 


equation di g 
i 4=V, 
Ritlytg 


and since 1 = d, this becomes 


R,. 4 
à 11 i6 


1 
SE 


G.D.P.—V—R 
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by 
LA em vo m Qo 


together with the complementary function 
% = A exp (— dot) cos (w't — $), 


Charge 


(a) 


20 30 
Milliseconds 


R= 2x10? 
[Critical damping) 


(5) 


30 


some damping, 
phase lag 87°. 


different values of the circuit resistance. 


The solution consists of two parts; the particular integral given 


14:10.— Disc! ofa 1 uF. conde: through a self inductance of 
meg » uF. condenser ugh a sei 


(From Harnwell—' Principles of Electricity and Magnetism’, McGraw Hill. Book Co, Inc.) 


Fio. 14-11,— The charging of a condenser 
through 


an inductive coil. 
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if the resistance R is so small that the circuit is oscillatory ; A and $ 
are constants. 

| 74-445, 4 Aexp(- Jat) cos (w't — 9)- 

Now at t = 0, q — 0, 


i.e. cos $ = ERE 
and i=ġ= Ar exp (— Jat) cos (w't — $ — v) 


A 7 
where BENE US and rsin y = o. 
Since i = 0, when t= 0, 
zu 
= ov S 
. 20$ ; 20 
* — ~ = cos O = gin = 
A $= sin y= yis oF 
2 
VLC 


| AR SE 
i0 LE 


H 


| 


Sq ]——— 
q-Q Ji UE 
Ie 4L pera 
IR J 4 R? 
en(- ma G 10 i 4] 
the current becomes, after some reduction, 
4 R* 


Hes pe sU LIB, MA ——-—e 
el Me LEE 3L] 32NIO Eb 
NG 4 


The expression for 


Otherwise we can differentiate the fundamental differential 

equation when we get 

. 08 i Rd 

m Ld 
a solution of which is 

i = A, exp (4 a cos (c't — $1)» 


i = 0 when 120,412 1» 


NIS 
ti 0, 


where A, and $, are constants. Since 


ie. i = A, exp E zu) sin Q'l, 


di Pie l oR 
(2). «m a 10 ap 


Hence 
MU V 
QU dL. Ri 
Ex : 
which leads at once to the expression for the current 4 
obtained. 


and when R? — sy 


desta sts SUPER. TE ^ 
"Na z»( ar) I! i0 


4 0 
Fig. 1412 shows how the charge on the condenser during 
process of charging varies with time, the constants of the circul 
being such that the charging process is oscillatory. 


t 


Fie, i variation of the charge on a condenser with time 
when i 
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may be punctured although its insulation could have withstood the 
final steady potential drop across its terminals. To avoid this the 
condenser must be charged through a resistance with a sufficiently 
high value. 

The logarithmic decrement of energy during the discharge 
of a capacitor through an inductive coil.—If V is the initial 
potential difference across a capacitor of capacitance C, which is 
allowed to discharge through an inductive coil, R-L, then provided 
conditions are such that the discharge is oscillatory, the charge on 
the positive plate of the capacitor at time £ is given, cf. p. 480, by 


1 
LO 1R Qr 
4 = QE exp (— 551) eos ort — 9. 


; ] R BPO 
where Qa = CV, @ FR ic an "4 ete ab 


Hence 


The total energy associated with the condenser and the magnetic 
field at time ¢ is 


4* in 
Ww is Td 
1 (Ut ^ ; 
= 1Q coy exp e 1) cos? (o't — $) 
1 Tyee 
4 ILOQ- rage exp G 1) sin? w't ; 


y: R pr. ANE 
zt ia exp C ie (et — 4) + sin? o't]. 

If T is the period of the oscillatory discharge, we find, if we express 
the above energy at times t and ¢ + T by the symbols W, and Wer 
respectively, then. 


oco C i 5 " (27) 


Wie epf- i ps n} 


= exp A, (say), .. 


the decrement per cycle of the ‘ stored ' ener à 


sie _ Bre 
D DLE 


where ò ‘is the decrement of the charge (or current) ial 


. The energy expended during the oscillatory discharge 0 
condenser through an inductive coil.—Let Wr be the 

. dissipated in the resistance R in time t from the comment T 
the discharge. Then if R is constant 


Wie , yy R ms 
= i? di = R| — — 2 | sin? ot di, 
We = Bf » (cr) fo» 1) sin? of 3 


i 


A EREN] 1 UARIIS a 
Since cos (x + y) = p Rm sin*y- then if we write 


(eos (z — y) 


} y = ol, we have 


it: R - ; 20 "T A2 
——tKl1— E ot 
i 2 : Tue - tan C sin j 
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1 V2 
— im exp * 2E + 1) + sin? a 
Ti 
pys RM. 4/20 : 
= 4V?0 — 2D exp [s JE + tan (8) + sin? “| 


L 


It should be noted that the energy dissipated in the resistance 
plus the energy left in the circuit is }V°C, which is the initial store 


of energy in the capacitor. Also, if {> ©, 
[Wr] = $V?6, 


i.e. all the energy originally stored in the capacitor is finally dis- 


sipated in the resistance. 


Measurement of high resistance by leakage.—When a con- 
denser of capacitance C and initial charge Q is allowed to dischargo 
through a resistance R for a time t, the charge remaining on the 


condenser is given by the formula [cf. p. 473] 


t t 
«e dex(— gg) or R= =z 
Oh cm? 
q 


Q 


Tt follows that if the ratio E can be determined experimentally, 
then R can be found. To do this, a ballistic galvanometer G, 


Fig. 14:18, the resistance R, a condenser of 
known capacitance O and an accumulator A, 
are arranged as shown; one terminal of each 
component is at a common potential while the 
other terminals are joined to four highly insu- 
lated mercury cups, d, b, c and d. 

The condenser C is first charged by joining 
aandb. The insulated copper connecting piece 
enabling this to be done is then removed and 
at once placed across bd. “The condenser dis- 
charges itself through G and the throw go i$ 
proportional to Q. The condenser is then re- 
charged; by. placing the connector across. bc 


Fro. 14:13.—Measuce 

. ment of high rosist- 
ance by the method 
of leakage. 


the charge is allowed to leak through R for a known time i. The 
charge left, on the, condenser 15 then discharged through G; the 
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ballistic throw c is proportional to g. Then 


ED. Á 


2-303C log T 


A series of corresponding values of t and ø should be obtained and — 

VT 
from the linear graph obtained by plotting ¢ against log ^ a vale | 
for R may be found. ] 
In practice it often happens that the condenser C is slightly — 
defective. To test this the condenser is charged and immediately — 
` discharged through the ballistic galvanometer. It is then recharged | 

by momentarily placing the connector across ab and after the lapse 

of say one to ten minutes, the condenser is discharged through the 4 
galvanometer. If the kick of the galvanometer is different from i 
that obtained when the interval between charging and discharging — 
is practically zero, then the condenser has an insulation resistance — 
which is finite. If c, is the throw after the condenser has been left — 
for t, seconds, then its insulation resistance, R,, is given by 


ee ae 

Cm% 

0, z 

Under such circumstances the value of R determined in the first 

part of the experiment is really the effective resistance of a resistance 

R, in parallel with R,, the resistance of the resistor actually in 

parallel with C. Since i- es ma E. & value for R, is readily 
1 2 

obtained. [N.B. Unless R, exceeds R, many times the condenser 

is too defective for use.] 3 


Experimental determination of the relation between the 
time of contact.of a metal sphere with a metal plate and their 
relative velocity at the moment of impact.—In this experiment 
| use is again made of the formula 


t — OR In 25, 
o 


but since the time of contact is small it follows that if o and c are 
to differ by an accurately measurable amount, then CR must be 
comparable with t. If C — 1 uF. and R = 1000 2, CR = 10% 
Second, so that such a condenser and resistance are each of suitable 
: tae condenser, accumulator, ballistic galvanometer w 

reury cups are arranged as shown in Fig. 14-14 (a). The resist- 
ance R is then arranged between the iceeiey cup and the well- 


insulated metal plate P.. Any clamp used to hold the plate in 
position;must be insulated from it. S is a metal sphere hanging 
from a fine metal wire about a metre in length ; the head H from 
which the wire is suspended is connected metallically to G. When 
at rest S is just in contact with P. 

On joining the mercury cups à and b the condenser C is charged ; 
by ‘connecting b to ¢ the condenser may be discharged completely. 
Let do be the ballistic throw. Now let the condenser be charged 
and then connected to R, the sphere § being withdrawn measured 
horizontal distance from P. It is convenient to hold S in position 
by means of à piece of cotton ; when this is burnt S collides with P 


H 
o 
34 
+ 
9 |N 
x2 p 
w 
b 5 
$ S D 25 50 


a 
L3 v [cm. sec. : ] 
A (a) [ (b) 


Fie. 14-14,—Determination of the time of contact between colliding 
metal objects. 


and during the time the metals are in contact the condenser dis- 
charges through R. The time of contact is short but, given a suit- 


readily measured. Let c be the ballistic throw when the condenser 
is discharged through the galvanometer. The time of contact is 
then calculated from the formula already given. 

If 1 is the length of the simple pendulum formed by S and the 
supporting wire, and if S is drawn aside a horizontel distance v, 
the velocity of S on impact is given by 


: gi 
ona [i+ eh 


where g is the intensity of gravity. en ; 
Fig. 14:14 (b) shows how the time of contact varies In & particular 
instance with the velocity of the sphere at the moment of impact. 


Experimental determination of the permittivity of an 
insulating liquid —Whep. a tube containing neon at a suitable 
low pressure has » small potential difference app ied between two 
electrodes fitted to the tube no measurable current through the tube 
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can be detected. If the applied potential difference is increased itis 
found that when a certain critical value V, is reached the neon 
becomes ionized, the resistance falls to a low value and a current - 
flows. V, is known as the striking potential. If the potential 
difference across the tube is then decreased current continues to 
flow until the potential difference reaches a value V,; this isthe ' 
extinction potential. [For neon, V, = 180 volt., V, = 140 volt] 
In order to show this remarkable property of a neon lamp, sn 
air-condenser C, Fig. 14-15 (a), (in parallel with the lamp L), is — 


t 
Potential across /amp 
Si 


(a) y 
Á FN 
K ^R 
+ BTA 
i c S ETT 
í ZEE m 
ES 


e 
E 

Capac: 
of C 


(0) [C2] 
Fra. 14-15,—Determinacion of the permittivity of an insulating liquid. 


arranged in series with 4 resistance R (about 1 MQ) and a high 
tension battery B (200 V.). Let V be the potential drop across - 
the condenser. As soon as this reaches a vaiue V;, the lamp glows — 
and the condenser begins to discharge rapidly. This continues 
until V = V, the extinction potential. While this discharge occurs 
the energy required to maintain the glow comes almost entirely from 
the condenser since the battery current is very small. When the 
lamp ceases to glow its resistance assumes a very high value and the 1 
condenser begins to charge again. This charging and discharging ' 
process occurs regularly, once the initial charging process is complete, — 
360: that the potential difference across the lamp varies as M - 
Fig. 14:15 (b). [If the value of C is about 10 uF. several seconds — 
elapse between successive flashes of the lamp.] 


L . To use this property of a neon lamp in a determination of the 
» i 4 
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permittivity, «, of an insulating liquid, two air-condensers, & resist- 
ance R, a high tension battery and a pair of phones T are arranged 
as in Fig. 14-15 (c). Cis a variable standard air-condenser while X 
is an air-condenser with a scale but whose capacitance need not be 
known. Keys K, and K, enable either condenser to be placed in 
turn in parallel with the lamp L. 

With C in parallel with L and at & setting near the upper end of 
its range, the value of R should be adjusted so that an audible note 
is heard in the phones. Cis then replaced by X and this is adjusted 
until a note of the same frequency is heard. Several corresponding 
observations are made and the curve (i), Fig. 14-15 (d), is plotted. 

The condenser C is then filled with the liquid under investigation 
and observations are made so that the curve (i) may be plotted. 

For a given setting of X, say X,, the dial readings of O will be 
Oa (with air as dielectric) and 0; (with liquid dielectric). The air- 
capacitances corresponding to these readings may be read off from 
the lower part of the diagram. Let them be C, and C, respectively. 
Then «C, = C, so that x may be determined.  ' 


Example.—A neon lamp, shunted by & condenser of capacitance 
C farads, is connected in series with a resistance R chms, the whole 


being connected across & constant supply of V volte. 
Assuming that the lamp glows when d across it is V, [Vi < V], 
and is extinguished when the p.d. falls to d egi veau 


E i 
te D U [i AS 
€ 1 | C i. 
(œ) (6) 
Fig. 14-16.— The ‘flashing’ of & neo. lamp. 


eN-—? 


plate of the condenser is V; and to open when it falls to Vy: 

Let v be the p.d. across the condenser ¢ seconds after the instant 
when the lamp first glows, io. S first closes when t = 0. 

OV, be the charge on the positive plate of C at time t = 0. 


(6 —$&)r = 
-0 


o oe Y 
Now k= and $— RC 


$ in 0:005 sec., find the e.m.f. induced in the 
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n crm 


2 Fee pet 
R f r 


Gn zo t?) 


Vg — oR rR 
-—U “77K 
^ at = (e _ OR: d(vé — oR) 
DO VE -— o - R' VE-YR 
Hence tho tirio ¢ for the potential drop across O to fall = 
from V, to V, is — s é 
Vg — V,R 
yn EA 


Before the Irmp can begin to glow again the | tential drop across Ü 
mamas tn 2 to V; The Mow required for this to take plaoo i 
ven 


ty = CR In G= v (cf. p. 473.] 


r 


The period required is t, +t and this is 


v-V, t— VR 
OR yv, + bin WEVA. 


If ¢—> 0, as is usual, the frequency of flashing becomes 
1 
AAN 
orn (y) 


EXAMPLES XIV 


14-01. Derive an expression for the growth of current in an induc: 
tive circuit across which a steady voltage ‘is applied. If the final 
current in such a circuit is 5 A., and the time home to reach 1 A. 
0-06 sec., find the initial rate of rise of the current. 


[i-x -exp (- )) s 008 — 
14:02. A circuit of resistance 10 Q. and inductance 0:1 H. in series | 
has a direct vi of 100 V. suddenly applied to it. Find the voltage 
drop across the inductance at the instant of switching on and at 0-01 800, — 
later. What is the number of linkages at these instants ? As 
"ii ; [100 V., 0:368 V.; 0, 6-32 x 10 Qu 
eges Two similar coils each having 1000 turns of closely WO 
are arranged so that 60 per cent of the effective flux asso0la 
with one coil links with the other coil. A current of 10 A. in either coil 
produces a flux of 10* maxwells in that coil Obtain values for the 
mayl inductance of the system and the self inductance of each coil. 
the current in one coil changes uniformly from 2:6 A. to — 25 A. 
other. 
T6 mH., 10 mH., 6 VJ: 
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14:04. A telegraph cirouit consists of a battery with an electro- 
motive force of 10 V. and internal resistance 1 9., & —— line 


14.05. When a coil of resistance R ohms and inductance L henries 
is connected to & d.o. supply the current reaches 0:632 of its final steady 
thi has its final stead: 


14-06. The resistance and uotance of a sories circuit are 4 Q9. 
and 20 H. respeotively. At the instant of closing the supply switoh, 
the current increases ot the rate of 5 amp.sec. Calculate (a) the 
applied voltage, (b) the rate of growth of ocurren! when 10 amp. flows 
in the circuit, (0) the stored energy at this instant. : 
` [100 V., 3 amp.sec.™}, 1000 joule.] 
14-07. Oaloulate the voltage at the terminals of a coil of resistance 
10 2. and inductance 20 H. ab the instant when the current is 16 A. 
and (a) increasing, (b) dec: , at the rate of 8 amp.seo. 7. Find 
also the stored energy under both itions. 
[320 V., 160 V., 2660 joule.) 
ie 


14-08. Derive an 6 ion for the electromagnet! associ» 
ated with & steady current flowing in a coil. A steady voltage is 
applied suddenly across an inductive coil. Obtain an ion for 
the current in the coil at any subsequent insvant. Tf the final current 


through such & coil is 10 amp., and the time taken for the current to 
reach 1 amp. is 0:02 seo., find the initial rate of rise of the current. 
Use your result to give & physical meaning to the term ‘ time-constant ’. 
! : [527 amp.seo.7-] 
14:09. An emf, of 10 volts is applied to & coil of wire having & 
resistance of 2 ohms and & self inductance of 1 henry. Derive an 
expression for the variation of current with time and calculate the 
timo taken for the current to rise to half its steady vaiue of 6 aio oem 
How would the time of rise be affected if the resistance of the coil were 
increased by 18 ohms and the applied e.m.f. increased so that the final 
steady value of the current remained 5 amperes ? (G) 
i [0-346 sec., 0:0346 seo.] 
14.10. Define self inductance ead. the ical unit of inductance. 


Obtain, fi nsiderations, the re 
ain, froni MEME of .self-inductance 15 H. and 


reactor, (b) the maximum linkages ; (c) the maximum value of stored 
energy: s [5 sec, 1:5 x 1019 maxwell-turns, 750 joule.) 
14-11, An inductive coil (R, L) is oined to a cell whose e.m.f. is 
V. Prove that after a time t seconds ti current will be VR2OQ - x) 
where Lina + Rt = 0. ‘Also show that if the contact with the cell 
is then broken, the current ! seconds later will be VR-'«(1 — a). 
14.12. Desoribe and give the theory of & method for measuring & 
high resistance by allowing & charged to leak through it for 
a known time. A charged 1 pi. condenser loses 10 per cent of its 
charge in 10 min, ‘When e high resistance 18 connected between the 
terminals it loses 50 per cent of its charge in 2 min. Calculate the 


value of the high resistance, 
[1-78 x 10* ohm.] 
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14-13. A resistance R is connected across the terminale of a charged — 


DEADE LAET y nd O. Find an expression for the time required 
for the difference across the condenser to fall from V, to Vy. 
Describe an experiment in which this result is used to measure a resist 
ance of the order of 100 megohms, paying attention to the arrangements 
necessary for accuracy. ) 

14:14. A condenser, of capacitance 2 uF., has a high resistance, R, 


denser is reduced by one-quarter. If the natural leak of *he condenser 
is such that the charge on it falls by 2 per cent in one minute, obtain 
& value for R. : [1:10 x 10* ohm] 

14:18. Two condensers of capacitance C, and C, are charged to 
potentials V, and V, respectively. They are then insulated from the 
supply and connected in parallel through e resistance R. Find an 
expression for the current which flows and hence show that the energy 
lost is independent of the value of R. 


. V-V t 1 bee 

[i - S ! exp ( — cg) where 5 = ze 3 
14:16. Describe experiments you would perform to measure (a) & 
high resistance of the order of 10 megohms; (b) a low resistance of 

&bout 0-10 ohm. 3 

The voltage across æ condenser falls from 100 units to 90 units in 
by minutes e mj to nes pal e insulation. When the terminals "y be s 

& o the vol drops from 100 uni ; 

20 unite in 2 minutes. Calculate Speedo resistance of the - 
condenser in megohms. (Q) [395 MQ] 
14-17. A condenser of capacitance 9 x 10-* „F. is connected in 
series with a coil of self inductance 0-4 mH., and of negligible resistance. 
the frequency of the electrical oscillations which would take 
Place as a result of charging the condenser. Establish the formula 
you use. [2-65 x 105 cycle.sec.—*] 
14-18. A condenser of capacitance C charged to a potential difference 
V has its terminals joined to the ends of a resistance R and self induct- 


| 
connected across its , In one minute the charge on the con- 


14:19. A condenser of itance C „F. is charged from & battery 
through a resistance of R MD. The electromotive force of the battery 
is V volt. When the condenser is fully charged the electromotive force 
is reduced to V, volt. Obtain a value for the voltage, v, across the 


um C b-w-c-ve(-al 


14-20. A 10 uF, condenser is connected through a 2 MA. resistance 
d Iria d Bn in. D e 
hare oes B ud diechargad fhrongh spark gap. eee 
mine 8 tm icin energy input from the supply is [357] 

1421. A condenser O, Fig. Ex. 14-21, has a resistance R in series 
and this combination is shutted by emite ee Find how long 
it takes after the key, K, is closed before the total current from the 


2 eS = 
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supply reaches 45 mA., when V = 20 V., Ry = 500 2., R = 1000 Q., 
and O = 200 pF. [0-277 seo.] 


R c 


Earth 


Fia. Ex. 14:21. 


14-22. A resistance is shunted across the terminals of 
denser which has been previously charged to & potential difference of 
50 V. If in 2-5 min. the potential difference falls to 40 V., calculate 
a value for the resistance in megohms. [336 MQ.] 
14-23. The insulated plate of a condenser C is given a charge Qo- 
This plate is then connected through a resistance R to a battery of 
em.f. V. Show that after a time t the charge on the condenser is given 


t 

by q = VC + (Qs — VO) exp (— gn)" 

What is the value of this charge after a long time? j; 

A neon lamp is connected across the terminals of a condenser. This 
combination is in series with a 0:1 MQ. resistance and a 100 V. battery. 
When the potential drop across tho condenser reaches a value of 80 V. 
the lamp glows momentarily, the current through it ceasing when the 
potential difference across it drops to 70 V. If the condenser has a 
capacitance of 10 uF. determine the interval between successive flashes 
of the lamp. [vo, 0-405 sec.] 

14-24, A neon lamp, shunted by & condenser of capacitance C farad., 
is connected in series with a resistance R ohm., the whole being con- 
nected across a constant potential difference of V volt. that 
the lamp glows when the potential drop across it is Vi(V; < V) and 
is extinguished when this potentiel falls to Vp find the periodio time 
of the flicker produced by the above arrangement. The lamp when 


glowing has a resistance (a) zero; and (b) & o 


V-V: fes t 1 x 
(a) OR In yy,’ Rly y, +O yey, a 
where § = => z] 
14:25. A condenser with a capacitance of 10 uF. is charged to a 
potential of 100 V. and is then discharged through & resistor of resist- 
ance 10*Q. Calculate values for (a) the current at the commencement 
of the discharge, (b) the time required for the charge on the condenser 
to be halved and (c) the time required for the energy of the condenser 
to be halved. [(a) 0-01 amp., (b) 0:0697 sec.» (c) 0:0349 sec.) 
14-26. A condenser with a capacitance 10 pF. is charged to a poten- 
tial of 100 V. and is then di through a 
tial of 100 V. ond acit indnatencd Oa HL. 1. diss She nature of We i 


- 


T 


inductance of 0-026 H. 
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Find values for (a) the resistance, and (b) the capacitance 
of the condenser which must be added in order that the discharge may 
be critically damped. 

[300 Q. added in series; 150 pF. in parallel 
with the first condenser] 
14-27. A condenser with a capacitance of 5 „F, is discharged 
through a coil of self inductance 0-4 H. and a resistor. What must 
be the total resistance of the circuit in order that the discharge shall 
be critically [566 ohms] 


rakes 1 
14.28. From width of the curve shown in Fig. Ex. 14-28 when 


[0:0100, 
14:29. A condenser of capacitance 0-2 uF. is charged to a poten 11 
of 2000 V. and then discharged through a coil of resistance 5 Q. 99 
self-inductance 0:0125 H. 
_Calculate (a) the circular frequency, (b) the phase angle and decrement rey i 
per cycle, (c) the maximum value of the current, and (d) the 1 
which is dissipated as heat in the first half-cycle. . : b J 
[(a) 2 x 10t se0.~1, (b) 5° 6’, 0:0628, (c) 7-87 A., (d) 0024 jours 
14-30. A condenser of capacitance 0-4 uF. is charged to & potentsa 
of 1000 V. and then discharged through a resistance of 10 2, and an 


Calculate (a) the initial energy of the condenser, (b) the time ae ] 
magnitude ofthe current when it reaches its highest value, (c) the” 
energy in the magnetic field at this instant, (d) the potential ae 
across the condenser at the same moment, and (e) the energy of 
condenser at the same instant. i 

[(a) 0:20 joule., (b) 1-57 x 10-* sec. 3:88 A» |. i] 
B (c) 03188 joule., (d) 122 V., 0-003 joule 


Sy = 


Se 
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14-31. The electrical system shown in Fig. Ex. 14-31 is charged 
from a 10 V. battery- Find the charge on the 3 pE. condenser three 


= Earth 
Fia. Ex. 14°31. 

seconds after introducing the battery into the cirouit, tho key K being 
closed. If at time t= 3 sec. the key K is opened, what is the charge 


on the 3 uF. condenser 2 seconds later ? 
{0:26 x 107* coulomb., 1:87 x 10-5 coulomb.] 


CHAPTER XV 


ALTERNATING CURRENTS 


An alternating electric current is one which passes through a 
complete cycle of changes at regular intervals. Each cycle con- 
sists of two half-cycles during one of which the current is chiefly 
or entirely positive whereas in tho following half-cycle the current 
is chiefly or entirely negative. 

Figs. 15:01 (a) and 15:01 (b) represent the wave-forms of two 


[C] 


[] 
L 
1 
LU 
LI 
1 


(b) 
Fic. 15:01.—(a) and (b) Alternating currents, (c) a unidirectional 
current with ‘ripple’. 


alternating currents, the times being plotted as abscissae, the zero 

i of time in Fig. 15-01 (a) being chosen as the moment when the 
Current passes through one of its zero values, whereas in Fig. 15:01 (6) 
the zero of time is chosen at random. 

If the current varies but does not change sign, i.e. it varies but 
is always positive (or negative), i.e, unidirectional, the current is 
Bud to pulsate. If the pulsations are small in magnitude there 
is said to be a ripple on the current—of. Fig. 1501 (c). 


SNP 498 
B. 
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Alternating current of sinusoidal wave -form.—-Calculations 
dealing with alternating currents are usually made on the assump- 
tion that the voltage applied to the circuit is sinusoidal, i.e. the 
variations of voltage with time may be expressed by 


v = V sin ot, 
or, if we chose & different origin of time, 
v = Y oos œ, 


^ 

where V is the peak value of the voltage and w = 2af, where fis 
the frequency. In dealing with electrical circuits we shall always 
assume that the wave-form is given by the ‘ cosine ’ form, as this 
eventually leads to & considerable simplification of the subject. It 
is somewhat difficult to obtain an applied voltag» which has a pure 
sine-wave form. In general, the magnetic field in which @ coil 
rotates to produce alternating current is not uniform ; the departure 
from non-uniformity gives rise to small alternating voltages which 
are added to the fundamental; their frequencies are usually simple 
multiples of the fundamental frequency. - The departure of the 
wave-form from a purely sinusoidal one is due entirely to these 
* overtones ’, which, together with the fundamental, constitute the 
‘harmonics’, The first overtone is the second harmonic, ctc. 
—Rig. 15-02 shows & voltage-time 


curve with a complex 
ponents, each of sine-wave form, 


Fundamental , 
Pi (7st harmonic. 


Complex wave-form 


3rd harmonic 


T 1 
Fro. 15-02,—A complex wave-form and its harmonic componente. 


wave-form are shown by the dotted curves. More complex wave- 
ponents. The sine-curve 


forms have a large number of such com ; i 
whose frequency is equal to that of the ‘ complex ' wave is known 
as the fundamental. The supe curve, which together with 
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the fundamental produces the wave-form shown in Fig. 15-02, has 
a circular frequency 3o and amplitude jV. Hence 
v= v sin c 4- jv sin 3t 
= Vain 2nft 4-4¥ sin Aft. [w = 22/] 
In a similar wave we may havo 
v= e cos wt + iv cos Jot. 
Purely sinusoidal wave-forms.—If the voltage and current 
are purely sinusoidal they are expressed by the equations 
f v= Y cos wt, and $ = 1008 oj, 


and these are the simplest wave-forms to consider. It can be shown, 
ef. Vol. I, p. 14, that all continuous periodic functions may be 
analysed into a series of sine and cosine functions of different 
frequencies. i 


One-cycle — — ——» 


Fro. 15-03.—A voltage curve of sinusoidal wave-form. 


All modern alternators: generate voltages of approximately sine 
wave-form and this is a great practical ‘advantage for there is no 
high frequency component which might give rise to accidental 
resonant effects in circuits which are Capacitive as well as inductive. 

Suppose that with centre O;, Fig. 15-03 (a), a circle of radius 
0,A, = V is drawn and suppose that O,A, rotates in an anticlock- 
wise direction about O, and in the plane of tho diagram with angular 
velocity œ. Then at time £, 0,A, will have moved to O,B, where 


PA 
A10,B, = wt. Hence the projection of B, on 0,A, gives v, the 
instantaneous value of the applied voltage. Thus in Fig. 15-03 (6), 
if we mark off Ot — t and iB =v, we get the point B, (t, v), on 
the voltage curve and if the process is continued the whole of the 


wave-form of the applied voltage may be constructed. It is seen 
at once that 


i 
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The applied voltage necessary to send a current of sinu- 
soidal wave-form through an R-L-C series combination.— 
Suppose that i = I cos wt is the current in the circuit, shown in 
Fig. 15-04 (a). We have to determine the value of the supply 
voltage v necessary to maintain this current. Since the presence 


of the self inductance introduces an e.m.f. — if into the circuit, 


this may be replaced by the equivalent circuit shown in Fig. 15-04 (b). 
Considering the rise in potential as we pass from E through C and R 
to the generator, we have i 
Cig ee 
6 +Ri =v de ! 
where q is the instantaneous value of the charge on the positive 
plate of the capacitor. The above equation may be written 


v= REIS gi 
^ ^ D^ 2 
= Ri cos ot — whi sin of + [sin of + K, 
its value is zero since when 


where K is an integration constant ; 
i= 0, v, (across C) — 0. Hence 


[pna {at = ag] mnt] 


Now let i 
[53 J = A eos wt cos d — Asin ot sin $. 


'Then 


ol 2. 


Lm 
a= [noe (ot 15) and &nó—-—g— 4 
: wC, 


S v= [nt (at) A 


If ¢ is positive, ie. œL > x the current lags behind the applied 
voltage. 1 
If ¢ is negative, ie. oL < ae’ the curreno leads the applied 


voltage. 


the current and applied voltage are 


1 
If d is zero, ie. OL = at 
as if it consisted of a pure 


in phase and the circuit, behaves 
resistance only. 


2 


PA 
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~ 


Ifv = Ý cos wt, the value of the instantaneous current is given by i 


fum AS 008 (ot — $). bd 
Ant (ou - 2) Cd i 


The quantity NS + (ox £ a) = Z = VR t Xi is kom 
as the impedance of the circuit; X is the reactance, Boh -— 
Z and X are measured in ohms. i 


infeoswt 


v= [Peos(wt+4)] 
(a) 


(C) (a) 
Fig. 15:04.—An R-L-C series circuit fed from an a.c. supply: 


F= ©, we 
supply. The'reactance is then purely inductive, ie. X = wL, and 
the current lags the applied voltage by tan-i e 


have the case of an inductive coil fed from an a.c. 
; 
FL= 0, the system becomes that of a capacitor in series with- 
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2 1 
oL — -7 
N oO 3.36 
Also wigs = — jg = — 0338. 
n =m 18° 34’, 
Fig. 15:05 (a) shows the phase relationship between the current 


(b) 
Fic. 15-05.— Phase differences in an R-L-C series circuit. 


and applied voltage, while Fig. 15-05 (b) gives the magnitudes and 
phase relations of the voltages across each of the three components. 


Important note. The methods adopted to find the current in 
a reactive circuit, ie. in a circuit possessing reactance, only give 
expressions for the current at times when steady conditions have 
been reached. The complete analysis shows that initially transient 
currents are present but these generally die out very rapidly. J 
practice we have only to consider the state of affairs in & circuit 
when stéady conditions have been reached. 


Resonance.—If the inductive and capacitive reactances of à 
circuit are equal we have seen that the applied voltage and current 
are in phase. Now we have alteady seen that if a current is started 
in an R-L-O series circuit of small resistance, oscillations occur. 


If the applied voltage has the same frequency, viz. , as the 


1 
2nV LO 
free frequency of the circuit, we have the phenomenon of current 
resonance; it corresponds, cf. p. 574, to velocity resonance ina 
mechanical system. In such an instance w = cy, where c 6 the 
free circular frequency, and we have 

Ka 


i= X coso, 


so that if R —> 0 the amplitude of the current may attain very high 
. . values even if tho amplitude of the applied voltage is only moderately 
j A large. The currsut is in phase with the applied voltage and the 


~ 
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506 
acceptor cirouit is of much value in radio receiving cirouite, | 
example, if R = 3 "Les a0 AH. Om 0001 2d. T bs 


1 
ee sss. un] x 10f a.) 
^ V4 x 107* x 1 x 10-9 weg 


80 that the, voltage magnification is 
f 


d 


^ Bisan) 


in an R-L-C series circuit; variation with — 
(uL) and the capacitive reactance w 
by means of a tuned acceptor circuit. i 


tive reactance and the total reactance vary with the circular 
frequency w. [Xo is essentially positive but — X; has been drawn 
to &void confusion on the diagram.] 


practical question which arises at once is to assign a value to that 
ultiplied by the resistance, 
will give the mean power in thr resistance. If the 
instantaneous value of the current is 
iss 1oos ot, 
and v is the instantaneous value of the potential difference across E 
then at any instant the power expended is 
p = vi = OR = RD! cost ot. 
During one cycle (of period T), or.any number of cycles, the mean 
power is 


9 etd 
_ R(b* (Tp 1 + eos yov em 
MP ile = ind) 


41e equivalent or effective value of the current which, when 
squared and multiplied by R, gives the mean power is therefore 


2b This is also known as the virtual or root-mean-square 
AC UM 
(r.m.s) value of the current and is deno by I. 


Similarly, the r.m.s. value of a sinusoidal voltage of amplitude V 
QUE 
is A and this we call V. 
If the current is truly sinusoidal it may” be represented by 
i = T cos at, cf. Fig. 15-08, which indicates the wave-form of such a 


» 


Fro. 15-08.—The r.m.s, current. 


ina given time. Now if we consider a time interval equal to any in- 
tegral multiple of the period ta ; the rectangular area which encloses - 
w 


the i? curve, e.g. OAKB, is exactly twice the area below the i* curve, 
A 
T H n 
for Í id = Oy where T = 2n Hence the energy dissipated - 
o o E 
by the alternating current in a given time is one half that dissipated 
by az.f. current* of magnitude I in the same time; this agrees with 
the result obtained earlier. a 
Root-mean-square values of current and voltage may be measured: 


by hot-wire instruments, cf. p. 522, or by electrodynamometers, 
ef. p. 324. 


If the alternating current is not sinusoidal it may be represented 


by a Fourier series such as 


i= Ta + Í, cos (ot — gi) + 1, cos (20 — d) 
+ 1, cos (Sat — 44) +. +: 


“where I, indicates that; in effect, there is a direct current super- 


imposed upon the alternating currents. The r.m.s. value of this — 
current, which must be evaluated over an integral number of cycles 


of the fundamental current, is given by I, where 


T À s 
I= rl, (lo + 1, cos (wt — $,) + T, cos (2at — de) +). Dt 


=a G+. «+ (1)? eost (not — $4) +. s 


_ “A direct current is' now called a zero frequency (z.f.) current. : 


ALTERNATING CURRENTS 509 
Lat G ursus 
+ Kl, cos (not — by) + - + - 
A^ 
E + ion nat — $4) 008 (mot. $9 1-9 
() , d* , Ga)? 
= 1,2 Se pene 
vt 7 FES hes T i 
because the mean values of all terms which are cosines or the product 
of cosines, such as cos (nwt — $n) 005 (mat — $m), are zero. 
So acti NE 
Devi eit lit ht EF. 
where Ty In da 0 MEUS effective values of the harmonic 
components. 
Power in a.c. circuits; power factor.—The instantaneous 
value of the ‘power expended in an 8.6. circnit, or part of a circuit, 


is the product of the instantaneous current and the instantaneous 
voltage across the circuit (or the part of the circuit considered). 


Suppose that v = Y cos wt is the voltage applied to R, L and C in 
series.* Then it has been shown that 
^ 


Jr (as) 
sd ua 
ario DL AR . 
& Fos (wt — $), 88y- 
Hence the energy, dissipated in time ot is vi dt, ie. 
$4 oos nt.0os (at — $)3t = OW (69). 
The instantaneous rate at which energy is being spent is 
tin E OO Lii eli PY 
Hence, P, the mean power is given by 
NL (fissa: 0n 
paie 4 ue s 


vi 


0 
e t [cos ot cost — A 
T 0 


^ 
particular circuit for if v = V 008 wh, . 


* The theorem is not limited to any 
i = Loos (wt — d) whatever form the load may take. 
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P + cos dit 


D PME 

= VI cos 9, P 
where V and I are the r.m.s. values of the applied voltage and the 
current. Hence pal oy, where Z is the impedance of the 
circuit. 
The factor oos $ is known = power factor of the circuit 


: —g X$ «T os d is always positive, i.e. energy is always 
expended by the generator. 
cover, since cos — 7. and ZI V, wo have 


P = VI oos $ = ZI. = DR. 


This equation shows that it is only on account of the presence of 
resistance that power is expended in an a.c. circuit. 

Let us examine the Power, 2, at any instant in the above circuit 
and its variation with time. We have 


AA 

P = iVi[cos (29t — g) -+ cos $] = VI[cos (2w — $) + cos $), 
80 that p consists of a constant quantity VI cos ó and a quantity 
VI cos (204 — $) which varios with timo with double the frequency 
of the applied Voltage or current. 

Example. — = 20 cos wt, i = 10 cos (wt — 0-628), f = 50 soc,-1. | 

Thn p= = 1-200[cos 0-028 + cos (6281 — 0-628)] 

EM = 80-9 + 100 cos (628 — 0-628). 
The power factor is co 36^ — 0-809 [0-628 rad. = 36°). 


Tho wave-forms of the applied voltage and curreiit are shown in 


A 


hein ndn i 
[o (o- 5T. 


iis is ias ehen (ox ds ac) =: 0, Le. thé -ombinstion M 


resenance with the supply. When this condition is satisfied ¢ =0 

and the power factor is unity ; at the same time the capacitor will | 

have a capacitance C, given by - 

1 

GS JE 

When © = 0, the impedance is infinite, i.e. the power factor i8 | 
zero, while when C —> co, i.e. no condenser is present, the power 

factor is 


(2)... der M 

Z ~ VRI F wt? 
The variation of power diss with capacitance is therefore 1 as 

shown in Fig. 15-10; it is a maximum when C = C, 


Oj- = == = = 


, C T 
Fra. 15:10.—The SONS. of the power actor of an R-L-C serios | 
combination with 
Now the expression for y may be written 
y = X UN De 
- V o9CTR? + (LC — 1)” 
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so that. when C—> 0, but is not actually zero, 


[y]o-.o = @CR, 
and hence at the origin the slop of the curve is oR. 


Power factor improvement.—lf V is the potential difference 
across a load, I the current, through it and ¢ the phase difference 
between the potential and current vectors, the mean power, cf. 
p. 510, is VI cos $, where 0 — «dx Egis large, cos ¢ is 
small, so that to obtain the necessary power in the load a larger 
current must be used than when ¢ is small. For example, consider 
a single phase generator at 500 V. -With a power factor of 0-7, the 
current I required to supply 1000 kW. is given by 

500 x I x 0-7 = 1000 x 1000, 
ie. ck dada ae 

If the power factor could be raised, to 0:9, the current would be 
222 A. Thus, with a low power factor, more generating plant is 
required to supply the extra current. When the power factor is 
raised the size of the plant can be reduced and a cable of smaller 
cross-sectional area used. In engineering practice the simplest 
method for improving the power factor is to connect a condenser of 
suitable capacitance in parallel with the load. The following 
example shows how guch a condenser raises the power factor and 


reduces the total current from the generator. 

Example.—A. single-phase motor running off a 440 Y. 50-oyele.sec. " 
supply, takes 40 A. at a power factor 0-60 lagging. Obtain value 
for the capacitance of the shunting con- 
denser necessary to raise the power factor 
to 0:90 lagging, the load remaining un- 


changed. 
Let $, be the phase difference when no 
condenser is present. Since cos $; = 0-9» 


P 
$, = 53° 8. Tf ¢, is the phase difference 
in : 


with the load, 88 shown in Fig. 
cos 4, = 000, e. d, = 25° B0" 
(b), let OA represent the voltage. 


and this lags at 53° 8’. 1c is the capaci- 
tance of the condenser, its reactance 18 


Xo = E where w= 2nf = 314. Hence (b) B 


in the condenser branch is puo. 151 L.— Power factor 


the current 
improvement. 


given by 
Ij = 440 x 9€, X 1075, Tu 

where C, is the capacitance of the condenser m microfarads. Thus 
` Ig 0:138 Co 


G.D.P.—V—8 
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and on the diagram this is ted by OC, a vector of the correct 
magnitude and at right angles to OA. 


Let I be the total current from the supply. Since the total power 
is unaltered (there is no power in the condenser arm) 


440 x 40 x 0-00 = 440 x I x 09, 

Ee. I = 26-7 amp. 
In the diagram this is represented by OD, where OD = OB + 0G, - 
if BD = OÙ. Since BD = BN — DN, wo have 


Ic = I, sin $, — I sin g; 
700138 C, = 40 ain 53° 8’ — 26-7 Bin 25° 50’ 
= 204. 
^ Co = 148, or C = 148,F. 


THE MORE COMPLETE THEORY OF ALTERNATING 
CURRENT CIRCUITS 

Current in a circuit containing resistance, inductance and 

. Capacitance, in series connected to an a.c. supply.—[Forced 

oscillations in a R-L-C series circuit] The circuit is shown in Fig. 

: 15-12. With the usual notation 

c the differential equation giving 


95.2 L "T the instantaneous value of the 
current is 
E assi 
ET 
^ where 994 V vos oi. Thus 
vsVcos wt 


di QUUM A 
Fra, 1512-—An R-L C seres com. “a T B+ G = V cos a. 
bination fed from an a.o, supply. Binds t= 4, We have 


A 


The complete solutior of this equation is, if 3 <2,/ io and 
this is the only important instance in practice, 


an AR 1/4 m: ; 
4 Aexp( 31) w at- e) 
aV 
NY ; 
k Some m 
712—901] .-—— 
me) +A 


* Y 
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where A and $' are integration constants and 


R 
-y 
After the lapse Of a finite time, which is not small the term. 
with the exponential vanishes and we have 
4 : 
oV 


tan y = — 


where — cot y = tan d, so that 
Mq 
tan $ — —R 
Hence ^ Loos (œt — $) 
where, if ia the inapedance, t= V2", d» E 
This at first, there exists a natural oscillation whose frequoney * 


1 Le R? a MT Tice i Ayr o 
1 [1a tide v Lr TUM iiu M 


[In wireless circuits where 


A 
and amplitude DR 

E. R? + (or — ac) 
R — 0, the frequency of the natural oscillation becomes zu] 


Tho natural oscillation hae an attenuation constant - "The period 


is dx i 2n 
AB — at [1 Rê 
Ec 4L 
and the logarithmic decrement per cycle is given by 
Az R 
ô = ol = n B ri "AL 


Aro T 
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[In wireless circuits this becomes 


C 1 1 
Lm riy 


ste 


In such circuits the logarithmic decrement per cycle is equal to 

x times the ratio of the resistance to the inductive reactance orto | 

the capacitive reactance.] 
After the natural oscillation has died away, there remains the 


forced vibration of amplitude E ii This isa 
J gs (ou S ac) | 
aC 


^ 


maximum when œw? = LC. The current is then : cos wt, i.e. d =0 


and the circuit behaves as if it were a pure resistance; its power | 
factor is unity. s 


ES Series-resonance curve.—Since the inductive and capaci- - 
tive reactencés are usually very large compared with R, slight 
f inequalities in wL and x ie. slight departures from the condition - 
for resonance, make great, changes in the amplitude of the current, — 
The curve obtained by plotting i against œ (or f) is known in this _ 
instance as a series-resonance curve. Three such curves are 3 
shown in Fig. 15:07 (a), cf. p- 506. The 'peakiness' of any curve — 
measures the ‘sharpness of tuning’. The curves are symmetrical — 
only if we are dealing with a feebly damped circuit. 
The impedance of the circuit is given by 


Zw fret fot —/ 2)’ 
as *(o -a) 


: If we call 5. — £, where a = | the expression for Z becomes í 
o 


— ——————nà A 
aea OT - 03 | 
and E wig t=) 


Hence for ‘ frequencies " less than 0X, $ is negative, so that the ] 
current leads the impressed voltage. At resonance, $ =0, ie. the | 
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current is in phase with the applied voltage. At higher 'fre- 
quencies’, $ is positive ai d the current lags behind the applied 
voltage. i| ; 

Further remarks on the decrement per cycle of an oscil- 
latory circuit. When E+ aë + PE = 0 is the equation represent- 
ing an oscillatory motion the appropriate solution is 

E = A exp (— 124) cos QV4B — a.t — 4 
where A and ¢ are arbitrary constants.. The quantity 4a is known 


as the attenuation constant and the decrement per cycle is 
jT, where T is the period of the natural oscillations ; it is given by 


The natural circular frequency 38 1v48 — a2, so that the natural 
frequency is iv. 4B <a; this will be called Jp 
For an oscillatory circuit consisting of R, Land Cin series we have 
R age 
= T and B = LC 


^ 
When an alternating voltage given by v = V cos ot is applied to 
the above circuit the instantaneous current, after the initial tran- 


sient effects have died away, is given by 
^ 


cos (wt — $) 


‘= Th 
s foe 
je 
wL- a 
A For such a circuit the. decrement is 


Mr B 
d= del 57 FL 


[Mechanical oscillators, e.g. the pendulums of astronomical 
clocks, can be made with extremely low decrements ; such low 
values for the decrement could not be approached in electrical 
rial of vastly better conductivity than 


circuits unless some mate! ter con 
copper were available—one might use Jead at liquid air temperature.] 
VLC = 1, 


Now o, the resonant circular frequency, is given by wy 
so that the resonant frequen"y is given by 


where tan $ = 


h= on aav LO 


> 


and hence the r.m.s. current will exceed its initial value I >o if j 
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while the natural frequency, f’, is given by 
E. Mic. Be 


IGEN YO LF 
M 1/4 1B Ans 
di dote ais D- = Se! aa — 165? 


fa ht ae 


so that even when dis as large as 0-1 Lo does not differ from unity by 


more than one part in ten thousand. Hence, in practice, it is never 
necessary to differentiate between 


R 
b= sq; and NES 


Practical methods for the determination of the decrement for an 
oscillatory circuit are given later, cf. pp. 578 ef seq. 


On the effect of introducing a pure | inductance into an R-C 


circuit fed from an a.c. supply, v = Y cos wt.—With the con- - 
denser and resistance alone in the circuit, the impedance is 


ala so that the r.m.s. current is 
Y 


34 —— 
pu v 


When the indugtance is added the impedance becomes 


eta) 


w+ (te) <P toe 


w0? 
1 1 E 1 1 
ie. eb — 0. a0! or oL ee a6 
2 à 
ie. . L< aig’ or L<0. 


‘The second’ condition is impossible. 


RA ; t 
The r.m.s, current is a maximum when wL — 25 = 0, a fact whioh, 
a f: j 
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can -be formally established by using 


di V(— 4) ( ; 1 ) 
ee zs 2 SO oy ie as 
dL i LEES wC 
AS pase - 
 peues-ay 
Yor a stationary value of I, the above expression is zero, ie. . 


o=0, or AL ug 


wC 
The condition w = 0 corresponds to a d.c. circuit and hence is 


Fie. 15:13.—Variation with L of the current in an 
R-L-O series cirouit. 


excluded. Hence the condition oL — + =0 gives a maximum, 


r.m.s. current. ‘The variation of the r.m.s. current with L is shown 
in Fig. 15:13. x 
Power and its variation with phase difference in an a.c. cir- 
cuit.—It has been shown that when a sinusoidal voltage given by 
= V cos wt is applied to a R-C-L series circuit the current at any 
instant, after the transient current has died away, is given by 
t 


im Von (ot — g) = Lon (ot — d) whore d ond Z aro constant 
for the load. The amount of energy su plied during a time ĝt 
je as i 
is given by ires 

"The of 8W is therefore positive as long as the two cosine 

Nose ee: thesame sign. Under such circumstances the energy js 

‘is then supplied by the generator to the circuit where it is gine 
transformed into mechanical work, partly into Joule heat, Los 
partly etored as energy in tlie magnetic and electric fields. As t 
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angles wt and ot — p may each be anywhere within the range 0 to 27, 
the functions will at certain times be negative when dW may then 
be negative. At such times the generator is receiving back energy 
from the circuit and it is the store of electromagnetic energy in 
the field which supplies this energy. 


^. ^ 
sg Power P ` p 
` £ \ Mean powers © 


^ 
^ 
+ N Mean power / Y / 


oe Se ee —- 1 
4, ` P. 


A 
` LI E x Á 7 
a A ^ 
(b) 2 
Current N f 


E 

Power y N 7 

NA \ Mean power ; + 
` / -— 


————— 


wo Power os. 
NV we S 

Srey ad 
Hi y-— 


Un quadrature] "voltage 


Fro. 15-14.—Power and its variation with phase difference between 
applied voltage and current. 


M “Figs. 15:14 (a)-(d) indicate how the power developed in the . - 
 .fireuit varies as the initial phase difference ¢ changes. Let us — 
5 consider the first diagram in greater detail. The voltage-time and 
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the current-time curves begin at an instant £ = to when both v and i 
have positive values; at A the voltage is zero but the current is not 
zero until B is reached. The time interval AB corresponds to the 
phase lag ¢. Now initially 
A A 
wa = V 008 Gt, and tay, = T cos (win — 9). 
Tf the voltage is zero at time fy and the current at fa we have 
"at, = 4a, and cot, — $ = ht, 

i.e. $ = wlte = t 

Between A and B the voltage is negative and the current 
positive so that the instantaneous power is negative in this region. 


From B to C, ie. from f, to fa where nimi= and 


th~ h= $ ort -h= zi ^ È both v and i are negative so that the 
instantaneous power is positive; and so on. The curve marked 
* power " shows how the instantaneous power varies during ^ cycle. 
Tt has already been shown [of. p. 510] that for one complete cycle 


Wo Vin cos, [T = period] 
so that P= = Wi cosg = VI cos 
This equation: signifies that the mean power (the so-called true 
power) of an alternating current is equal to the product of the r.m.s. 
voltage and. the r.m.s. current and the cosine of the phase angle. 


The quantity VI is known as the apparent power and from it the 
true power is obtained by multiplying by the power factor, cos $. 


Further note on the impedance of a circuit, If the instan- 
taneous value of the voltage impressed upon & circuit is given by 


» = V cos wt $V, 008 20t + eit 
then the instantaneous current may be represented by 
i = f oos (ot — 3) + 1006201 — 9 ++ + À 
The r.m.s. values of the voltage and the ourrent are given respeo- 
tively by i 
visa ate On 
^ 
and p= 40)? + Hal t: 


Tho quantity Y is called the impedance, 2, of the circuit. 


i btained. 
by measuring V and Ia value for the impedance may be o 
E in addition, one measures. the power, which is equivalent to 


Thus 


e 
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VI cos ¢, where cos ¢ is the power factor, then ¢ is known, We 
may then write 
KR=Zoos¢, and X —Zsin 4, 

where R and X are the effective values of the resistance and react. 
ance of the circuit. To interpret R and X in terms of the constants 
of tho components in the cirouit is, in general, quite impossible, 

Hot-wire instruments.—In these instruments the current to 
be measured, or a known fraction of it, is passed through a fine wire 
which expands due to the Joule effect in the wire. If the resistance 
and coefficient of expansion of the wire are constant, the heating 
and the expansion are each directly proportional to the square of 
the current. If the expansion is sufficiently large, it may be used 
to produce deflexions which are likewise proportional to the square 
of the current through the wire. 


Fra. 15-15.—Sag-magnification in hot-wire instruments. 


Since such instruments obey a square law, they are used to measure 
alternating currents (or voltages) as well as the corresponding d.c. 
quantities. Their great advantage lies in the fact that hot-wire 
instruments measure r.m.s. values of the current (or voltage) 
regardless of the wave-form or frequency. It should also be noted 
that they are not affected by stray magnetic fields. 

In commercial instruments, the hot-wire is too short for the 
expansion to be used diroctly to produce a measurable deflexion; 
a magnifying device is used. Thus, let AB, Fig. 15-15 (a), be the 
hot-wire, of length 7 and let its expansion after reaching a steady 
temperature be AJ. Then if a downward force, F, is applied to the 
mid-point, O, of the wire, the sag c is given by 


if (Al)? is negligible, 
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Now Alis directly proportional to the square of the r.m.s. current, 
so that the sag is directly proportional to the r.m.s. current in the 
wire. The ‘ magnification’ due to this arrangement is 


LAL ido 

TON nt. 

UNO > N, 2.41 
Further magnification may be obtained by utilizing the sag of the 
wire by means of which the horizontal wire is pulled downwards. 
Let 4 be the length of this wire OR, Fig. 15:15 (b), and let it be 


pulled at its centre so that the ‘slack? produced by the sag c is 
taken up. Let S be the sag in the wire OR. Then 


NE S 


NETA 
INE 
1. AL 
But == gery: 
vee JI EA [| 3 EN, 
COD TUN SAIS NA 
ie. S oc VAI cc Vrms. current. 


The above theory is incomplete in that it assumes that the wires 
are free from sag when the current is zero, but it shows how the 
requisite magnification may be obtained. The actual scale closely 
approaches the square-law scale, and is not unduly cramped when 
the current is small. 


The structure of a hot-wire ammeter.—A hot-wire ammeter 
of the double-sag type is indicated in Fig. 1516. AB is the hot wire, 
supported at both ends, and consists of a piece of platinum-iridium 
wire about 0-01 em. in diameter. The above material is chosen since 
it does not oxidize readily and therefore does not deteriorate when 
subjected to high temperatures. A second thin wire, cD, made i: 
phosphor-bronze, is attached to the centre of AB; to this seconc 
wire a fine silk thread, S, is attached. — This passes round a small 
pulley, P, and then is attached to a spring, R, so that each portion 
of the system is kept in tension. A light aluminium pointer is 
attached to P, When the hot wire expands and the system is made 
taut by R, the pointer is deflected, Connexions are made ii vind 
terminals T, and T,. The scale readings may be checked by passin; 
known direct currents through the instrument, V is an aluminium 
vane attached to the pulley and it moves between the poles of a 
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horse-shoe magnet M; in this way oscillation is prevented ‘and, 
moreover, sudden changes in the current do not reveal themselves 


HI) 
a 


Fra. 15:16.—A hot-wire ammeter. { 


_ so quickly and consequently the wire is never subject to excessit | 
Stress. 
Further remarks on hot-wire instruments. (a) Rangi 
Hot-wire instruments are very limited as regards current-cartyilg, 
capacity, since the diameter of the hot-wire is so small. For 
range 0-0-5 A. a wire 0-01 cm. in diameter is suitable and the whol 
current traverses the wire. The range 0-5 A. is covered by using 
wire 0-02 om, in diameter; this is divided electrically into foi 
equal segments connected in parallel so that only one quarter of the 
current being measured passes along any one segment. Fig. 1511 


a kn oe E M 


4 ; ; Fic. 15-17.—A hot-wire əmmeter with a range 0-5 
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by coils which exert little mechanical control on it ; these currents 
enter W at the points C and D, and each divides into equal portions. 
Thus the four segments of the wire W are effectively in parallel 


non-inductive low resistance connected across ib. 

When a hot-wire instrument is to be used as à voltmeter, the 
wire has a diameter of 0-04 cm. and this is arranged in series with 
a non-inductive resistance ; the current required to give à full-scale 
deflexion is about 0:25 A., so that the power consumption is rather 
large. 

(b) Power consumption. The power consumption in hot-wire 
instruments is high. With voltmeters, 88 indicated above, a rather 
large current is required to work the instrument. 

(c) Disadvantages. The principal disadvantages of hot-wire 
instruments are that they are sluggish in action, have a cramped 
scale, and errors arise from the difference in temperature between 
the wire and the base of the instrument. In addition these instru- 
ments are fragile and cannot be overloaded. In this latter con- 
nexion it is found that a fuse is not an adequate protection. 


Example.—A steady current I, is superimposed on an alternating 
current I cos ot, Prove that the rms. current is [Ip + i029. 
If i is the instantaneous current, 
ia = [lp + 1008 of}. 


(I, + Ë cos ot d 
nen Oe priodi 
dt 
0 $ 


ani. T ^ 
-ips + SE sin or], + ach 


; 0 
<. Mean value of i? == — 


218040 


* r.m.s. current = [Io + ydo. 


The measurement of power.—The mean power, P, expended 
t circuit has been shown to be 


m watts is an alternating curren 3 
VI cos ¢, where V and I are rms: values and cos ¢ is the power 
factor. The maximum possible value of the power is VI and this 


E A 
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is only the true power if $ = 0, When ¢ is not zero, in order to 
find P it would be necessary to know the shapes of the voltage and 
the current curves and also ¢. This could be done by means of 
some form of oscillograph and then the power P could be deduced. | 
In practice, however, the mean power is best. ascertained by using. 
a wattmeter, The essential features and use of an electrodynamo- 
meter for the measurement of power have been described already, 
cf. pp. 316 to 329; no further remarks are necessary. E 
Example.—A loop of wire is in the form of a square of side c. This 1 
rotated with constant lar speed w about one side. If thereisa 
uniform magnetic field with induction B perpendicular to this side, show - 


B cosaty/ 4 
_ Flux due to d 
induced current i 
B 
o (a) 
Axis of rotation 
Fro. 15-18. 


that n rate at which work must be done to maintain the rotation 
* ir ray where r is the resistance and J the self inductance of l 
the loop. i | 
If the direction of rotation is anticlockwise and the induction Bin Ee. 
irection shown in Fig. 15-18 (a), then the direction of the induced | 
current is as indicated. To determine the force on the vertical wire in 
which the current is directed downwards, lot us consider Fig. 15:18 (b). | 
Only the B cos wt component of the induction will give rise to a fom j 
whose moment about O opposes the motion of the loop. Thie force is - 


B cos ot x 4 x a. 
-. Instantaneous couple = a*Bi cos wt. 


But induced e.m.f. = | $| = 


sae sin n] 


= | a*B o cos ox |. 


The differential equation giving the instantaneous value of the - 
current is 4 


a!Bo cos ot = ri + 15, T 


di r, aBo 
Git os cos ot. 
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The integrating factor is exp (5 and using it we obtain 
, @Bo 1 
lea mt NR z5 008 (wt — $), 
(a+) 


where tan ¢ = E: Hence the instantaneous couple, due to the motion 


of the coil in the mag:.stic field, is 
a*B*o 
icc aps PSP NI. Ph 


4 
+, Mean couple = = ie remp cos $ 
1 aotB'or 
= 3(r* + oy 
The work done against this couple in one revolution, ie. in time 
T — 27 is Tian), ie Meh 
w’ » be (ap walt) 
s. Mean rate at which work is spent to maintain the motion of tho 
fs no*B'or 1 na‘Btor w 
(ri pou) C T7 non X 25 
l afB'o'r , 
7 3( + oF) 


THREE-PHASE A.C. SYSTEMS 


Before commencing any discussion of polyphase currents it is 
essential to distinguish by some convenient means between the two 
ends of an alternator winding, i.e. the ends of the coil in which an 
alternating voltage is produced. For instance, let AB and OD, 
Fig. 15:19 (a), represent the windings of two single-phaso alternators ; 
the frequencies must be equal, but not necessarily the e.m.fs. A 
us now suppose that the generated o.m.f«. are in phase with ead 
other go that when B is positive with respect to A, D is positive with 


example, the current bn phe pal iti 

sitive with respect to A. us the e.m.1. 
koni A to B] When wo wish to refer to an e.m.f. the symbol E 
will be used, hut when we refer to the voltage 


terminals for use on an external circuit then the symbol V will be 


i F 
used. The ends of the coils are often marked by the letters S and 
to denote respectively the ' start * and the ‘finish ’ of the fern’ 
If the two coils are connected together as in Fig. 16°19 (b), the 
resultant e.m.f. will be the sum of the two componenti em .fs. 
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separate e.m.fs. are not in phase then the resultant emf. must 
be obtained by adding vectorially the two individual e.m fs, If, 
howaver, B is connected to D as in Fig. 15:19 (c), then, in general, 
the resultant e.m.f. will be the vector difference of the two com. 
ponent e.m.fs. 


Bury Dg B 
à T 
aie) S) A 


2 
(o 


fe) 
Fio. 16:19.—' Corresponding’ and ' non-corresponding ' ends of coils, 


In engineering practice it is customary to call the ends A and 0 
(or the ends B and D) the‘ corresponding ends ' of the two windings; 
ends such as A and D are said to be ' non-corresponding '. 

The above discussion may be summarized as follows :—(a) When 
non-corresponding ends of two windings are joined together the 
resultant em.f. is the vector sum of the two separate e.m.fs. 
(b) When corresponding ends are joined, the resultant o.m.f. is the 
Vector difference of the two separate e.m.fs. 


- Polyphase circuits.—When a single coil rotates with constant 
angular velocity in a uniform magnetio field, B, we have the simplest 
possible single-phase alternator. The position of the coil at zero 
time is shown on the 1.h.s. of Fig. 15-20 (a) ; the r.h.s, indicates how 
this e.m.f, varies with time. Suppose now that there is a second coil 
identical with the first, the two coils being coupled together mechanic: 
ally so that their planes are mutually perpendicular at all times— 
f. Fig. 15:20 (b). The e m.fs. will be identical in amplitude and in 
frequency but, on account of their relative displacement, the 
maximum value of the e.m.f. iz one coil occurs when that in the 
other is zero and vice versa, Tho two e.m.fs. aro in quadrature and, 
with the usual notation, may be represented by 


& = É cos ot, and ea = É co: (wt — jn), 


since at any given instant the e.m.f. in coil (2) is equal to the value 
of the e.m.f. in coil (1), at a time 1T earlier, whero T is the period of 


I 
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rotation. These two e.m.fs. are represented by two cosine curves 
displaced by a quarter of a period. 

Such an arrangement of coils is known as a simple two-phase 
alternator and may be used to feed two single-phase circuits or à 
similar two-phase system, i.e. à piece of electrical apparatus having 
windings arranged in & similar manner. 


pe E, 
3 
Ging”. T Ta 
(e) X c 
@ A, Aur 
ns 
Y Es 


Gi 
Fre. 16-20.—Simple forms of alternator. 


its centre must be spe i 
respectively, the effective flux at 


Fig. 15:20 (b), is given by 
YP, = AB cos (B, 4) = AB cos (œt 
where A is the effective cross i , 
ej — Lap, = ABO cos ot = E cos at, 


4 Jn) = — AB rin of, 
area of the coil. Hence 


where É = ABo. 
Similarly, for coil (2) in Fig. 15:20 (b), 


V, = AB cos (B, fig) = AB cos ot 


"eg V, = ABo sin at = ABo cos (ot — 4) 


= Ë cos (wt — ian) 
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When the rotating system consists of three identical coils with 
their planes fixed at z radians apart, we have a simple three- 


Phase alternator and the e.m.fs. in the three windings may be 
shown to be represented by the equations 


4 = Ê cos wh ea = Ê cos (w — 12). e= Boos (at — 12). 


if the unit vectors defining the normals to the planes of the coils are 
as indicated in Fig. 15-20 (c). 


The three-phase system. A three-phase alternating current 
system is one in which three separate e.m.fs. of the same frequency 
act, the phase displacement between the e.m.fs. in any two adjacent 


coils being zd When the e.m.fs. are all of equ:i magnitude and 


mutuslly displaced in phase by - & velue corresponding to one- 


third of the period, the system is symmetrical. A three-phase 
system is said to be unsymmetrical when the mutual phase displace- 


ment is not exactly ci or if the e.m.fs. are not all equal in amplitude. 


A three-phase system is said to be balanced if, when the e.m.fs. 
are symmetrical, the load on each phase is exactly the same as 
regards current. and power factor. 


Some disadvantages of the single -phase system.—The 
earliest practical application of a single phase alternator was to raise 
to incandescence the filaments of electric lamps and for this purpose 
no objection can be raised against a single-phase a.c. supply. When, 
however, some years later a.c. motors wore developed, it was found 
that they did not operate very satisfactorily on a single-phase supply. 
For example, the single-phase induction motor is not self-starting 
unless it is fitted with an auxiliary winding, By using two separate 
windings (or phases), with the currents in quadrature, induction 
motors become self-starting and, in addition, have a better efficiency 
and a higher power factor. The three-phase system is superior to 
the two-phase system and has been universally adopted for the 
generation and transmission of electrical energy. 


Rotating magnetic fields.—The importance of these magnetic 
fields lies mainly in the fact. that when they are used the design 
of electric motors becomes more simple, while the motors them- 
selves become more robust. Such fields are most easily produced 
with the aid of polyphase alternating currents. 


Y oa 
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Suppose that C, and Cs, Fig. 15-21, are coils placed at right angles 

to each other and that they carry alternating currents differing in 

^ ^ 

phase by ¢, viz. i, = 1, cos ot and i = I, cos (wt — 4), where the 

symbols have their usual meanings. The magnetic fields at O, the 

point of intersection of the axes of the coils, will be in phase with the 
currents so that we may write 

h = Ê, cos of; hy = Ha cos (at — $), 


where È, and f, are the peak values of the fields whose instan- 
taneous values are h, and A, respectively. Let OH, and OH, be 
these instantaneous fields. If OH is the resultant field at the 
instant considered, viz. A, h® = hy* F h,?, and its direction relative 
to the axis of the coil C, is given 


tan y= i 
Both À and y vary periodically ; thus the resultant magnetic 


Po 


46. 3 
ee Fro, 15-22.—A rotating mag- 
netic field produced from a 


Fio. 15:21.—A rotating magnetic field. three-phase a.c. supply- 


field, which is completely defined by these two variables, rotates 
and at the same time varies in ude. : I 
The most important instance is when H; = H, = H (say), and 
$ =%, ie. the magnetic felds have equal amplitudes and are in 
quadrature. Under such conditions pru 
h= il cos ot eot = 5) | =H, 
m 


cos (ot - 5) 
C UNCLE = tan ot. 


and tan y = — oos ot 
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= Hence, when these conditions of amplitude and phase exist, the 
resultant field is constant in value and rotates with constant angular 
velocity œ. As i increases the value of y increases and so the 
rotation is anticlockwise. When the fields are given by 


A 7 ^ 
hy = Hoos (ot — 3) and h,= H cos ot, 
it is found that 
tan y = cot wt = tan G- 2 

Under such conditions y decreases with time, ie. the rotation 
is clockwise. 

A rotating magnetic field produced from a three-phase 
a.c. supply.—Let three identical coils be arranged with their 
centres at angular distance = along the circumference of a circle, 


as in Fig. 15-22, and suppose that each coil is supplied with one 
phase of a three-phase alternating current supply. As before, 
assuming sinusoidal wave-forms and cores of constant permeability, 
the magnetic fields at any instant are 


ü cos wt, Ê cos (os — 3) and ü cos (v — 1) 


These magnetic fields are mutually inclined to each other at angles 


2x : 
=. Tn order, therefore, to obtain an expression for the resulting 


instantaneous field, the instantaneous resultant horizontal and 
mn components must be found and then added vectorially. 
jus : 


(Pe) norisontat = ES wt + cos (a zx sc cos J 


(ntc 


= iH cos wt. 
Similarly, 
mimu = [0+ cos (at — ŽE) sin — cos (at — n] 
= 3H sin ox. ; 
_ The resultant field is therefore 2H, and its inclination y to OA 
is given by 
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su that the field is constant in magnitude and rotates with constant 
angular velocity @. à 

The couple acting on a small coil placed in a rotating 
magnetic field.—If has just beeu shown how a rotating magnetic 
field of constant magnitude may be produced in à region surrounding 
a fixed point O. Ifa metallic body is placed at O it will experience 


the field itself rotates, for by Lenz’s law the forces due to the mag- 
netic effects between the field due to the induced currents and the 
original field, are such that they tend to prevent relative motion of 


E. aa 
Positive N 
direction o N th 
normal . s 
lo 
S dE 


ave direction E 


pm z f i g-mH] of current 
(d) 


Fro. 16:23. 


the field and thè conductor. It is impossible to obtain a general 
expression for this couple and we shall have to be content with one 
for the couple acting on & small coil, cf. Fig. 1523 (a), whose centre 
isat O, Let NA be the effective area of the coil. Then if H is the 
ficld * rotating with. angular velocity 1 the number of linkages 


associated with. the coil at time ¢.18 


Yu NAB sin (wi -— Wot, 

i i locity € 
if mo that the coil rotates with constant angular velocity no 
uin c where ju is the permeability of the medium (generally 


^ H. 
* gince the field is constant in magn. note it by 


itude it is conveniont to de 


e m 
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air, so that u = Jia —> 1)in which the coil rotates. Ifw, — ón = o» 

the relative angular velocity of the magnetic field with respect to 

the coil, then e, the instantaneous induced e.m.f., is given by 
em — Pa NAB» cos ot = NABo cos (wt — z). 


If r and J are respectively the resistance and the self inductance 
of the coil, the current through it at any instant is given by 


where tan $ = x, The direction of this current and the lines of 


magnetic induction to which it gives rise are shown conventionally 
in Fig. 15:23 (b). 

Now the equivalent magnetic shell has a magnetic moment uNAt 
and this is considered positive when the vector representing it lies 
along the positive direction of the normal to the coil. The couple 
is therefore NABi cos wt in a clockwise direction, i.e. — NABi cos wt 
in the direction of rotation of the magnetic field. [Fig. 15-23 (c) 
and (d) indicate how this couple may be evaluated, but Fig. 15:23 (d) 
is only applicable to a rectangular coil of length I, and width w.] 

Thus the instantaneous couple is 

N?A?B25 —, 
(ni oiii 8 (wt — z + $) cos wi 


N?A*B%qy ; A 
— G+ asp eos" ot (— cos $) + 3 sin 2ex(— sin ¢)]. 

Since the mean value of cos? wt is 1, while that of sin 2wt is zero, 
the mean couple acting on the coil is : 
à l N*A?B*9 008 j = 1 N*A?B*or 

2 (r* + w?) 28+ oR? 

This couple is zero when œ = €, — €, = O0, or oo. To determine 

the maximum value of this couple as a function of w, let 


CR N?A?B?or ko 
ge EU m rir wg (say). 
Then dé — k ird A aora 
| do "Ltt om — Gy omy | 


and this is zero if wl = r. A second differentiation shows that when 

this condition is fulfilled, the mean couple, as a function of c, is 
5 " 2A2R2 

a maximum; its value is cem and since it occurs when 


@l =r, this means that ¢ — in. 
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Many practical applications have been made of the fact that 
closed coils experience a couple when placed in a rotating magnetic 
field, but the most important of these is the construction of electric 
motors. A system of closed coils, or a mass of metal, is mounted 
upon an axis and when the rotating field is in operation the system 
moves in virtue of the existence of the couple predicted above. 


EXAMPLES XV 


15-01. Explain the term root-mean-square current. 

An e.m.f. of 100 volt rm.s. at a frequency 50 cycle.sec.—} is applied 
to a circuit containing an inductance of 80 mH. and a resistance of 
20 ohms in series. Calculate (a) the magnitude and phase angle of 


the current, (b) the rate at which energy is dissipated in the circuit. 
[(a) 3-12 A., 51° 28’, (b). 195 Ww.) 


15:02. Derive an expression for the amplitude and phase of the 
current in a series circuit consisting of a resistance R, a self inductance L 


^ + . 
and a capacitance C, when an e.m.f. V cos wt is applied. 


1£7 — 30 volt., w = 20,000sec.-?, R = 4:0 ohm. and L = 0-05 henry, 
calculate (a) the value of O which makes the circuit resonant and (b) the 


eak potential difference across the condenser at resonance. 
P Eee [(a) 0-05 pE., (b) 7500 V.] 


15.08. A non-inductive resistance of 100 ohm. is connected to & 
source of aiternating current, whose r.m.8. voltage is 200 ; its wave- 
form is sinusoidal and the frequency is 50 cyole.sec.7. Secondly, an 
inductance of 0:3 H. of negligible resistance 15 inserted in series with 
the above resistance. Finally, a capacitance of 20 uF. is placed in 


series with the resistance and the inductance. Calculate the rate of 


irouit in the three instances. 
supply of energy to the ¢ it in the (400 Wo 212 w., 281 WJ 


measured with an 8.C. ; cp 
i urrent, as measured with an a.c. 
wile esistanco of the coil i 2 ohma and the 
C le.sec.-1. Calculate (a) the impedance, 
frequency of tho ET ERE ductance of the coil. Also deter- 


15-05. A resistance of 100 pias oon 240. volt. 8.0. supply whose 


i i d conn 
are arranged in series am so Caloulnte the current, power and power 


frequency is 60 cycle.sec. ^. d 5i 
factor, also. the potential drop orae bom rr the con 
denser. Construct, to scale, gig 4307 W., 0:001, 144 V., 191 V.J 


Ra] s i blem there is added 

15:06. To tho circuit given in the previous proni : 
a coil of self inductance 1:0 H. and d cipe iri o. Discuss the 
effect of this change on the po A. 82-8 W., 0-279, 91. V.. 121 Ve] 


© 
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15:07. A sinusoidal a.c, supply is applied to a non-inductive c 
consisting of a resistance and a condenser in series. Find an exp 
for the current finally produced. A condenser of capacitance 
and a resistor of resistance 50 2. are connected in series; 

alternating supply of 100 V. amplitude and frequency 50 cycle. 
The addition to the circuit of an inductive coil of negligible re 

is found to cause the current to increase. Explain this and find 
value of the added self inductance to give maximum current. Sti 
also the r.m.s, value of this maximum, current. (10:14 H., 141, 


15-08. Define reactance, impedance. Determine the r.m.s. value! 
phase of the current when the xollowing are connected to a 240 
50-eycle.sec.-! supply : (a) a resistance of 500 Q. in series with & 
denser of eapacitarce 10 aF., and (b) an inductive coil of re 
10 Q. and self inductance 0-1 H. í 

[(a) 0-405 A., 32° 30’; (b) 7:28 A.,. 727 2 


15:09. A sinusoidal voltage of 100 V. (r.m.s.) and a frequency 
100 2ycle.sec.-* is applied to a coil and a condenser in series. Cale 
(a) the r.m.s, current, (b) the voltage across the condenser and (o) 
power factor. R = 40 Q., L —03H.,C = 5 uF. 

[(a) 0:735 A., (b) 234 V., (c) 0 


1510. Explain the meaning cf the term power factor in the € 
of an alternating current circuit. c 
Describe, and explain in general terms, a method for meesuring 
power in an alternating current circuit. J 

When a sinusoidal e.m.f. of 100 volts (r.m.s.) at a frequency of 
100 eycle.sec-—! is applied to a circuit consisting of a condenser of 2 pii 
capacitance in series with a resistance R, the current is 0-125 an 
(r.m.s.) Calculate the value of R and the power factor of the €i 
(G) [77-9 2., 0:0914] 


1511. A long solenoid wound on a wooden former of cross-se0t 
area 20 cm.* has 12 turns per unit length. Near to its centre the 
closely wound a secondary coil of 4000 turns. Obtain a value for 
mutual inductance of the system and indicate why the value so ob 
may differ from the true value of the mutual inductance. / 

ibe and explain ‘how the capacitance of a mica condenser 
i in terms of the above mutual inductance. n 1 mt] 


_ 1512, A 10 uF. condenser in series with a variable résistance 
ds connected to a 240 V., 50 cycle.sec.-!, a.c. supply. Plot a g 
to show how the r.m.s. current varies with R. Calculate the V 
of R for which the power taken from the mains will be a maxim 
and justify your calculations, [318:5 Q., ie, when BR = 


15:13." An e.m.f. of 100 V. r.m.s. at a frequency 50 cycle.seo.7 i 
applied to an inductive coil of resistance 10 Q. and self induc! 
40 mH. Caleulate (a) the magnitude and phase angle of the curren 
(6) the rate at which energy is dissipated in the circuit. w. : 
j [(a) 6-23 A., 51° 27’; (b) 388 Mi 

15:14. Two factory buildings are supplied from the same a.c. 
The first factory takes a load of 250 ‘Ar at a power factor of 0°75. 
A factories together have a load of 400 A. and a power factor, 


S H ulate the 
that the current lags in each instance vy 0.37 


: load and Power factor for the second factory. [160-4 
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15-15.. Two 100 volt., 100 watt. lamps are connected in series with 

a condenser and a 240 volt, 60 cycle.sec,-! supply. What is the value 
of the capacitance of the condenser when the lamps operate under 
normal working conditions? If a third identical lamp is added. to 
the system find the potentiel drop across each lamp. [Assume that 
the resistance of each lamp is independent of the voltage across it.] 
: [20 uF., 73-1 V.] 


15:16. A 240 volt., single me generator, has & current carrying. 
capacity of 100 A. What is maximum rate at which energy can- 
be taken from this generator by & system with a power factor of 0:64 ? 
How is this maximum affected if the power factor of the system: is 
raised to a value 0:92 1 [15:4 kW., 22-1 kW.] 


15-17. Two single-phase generators, A and B, of the same frequency, 
generate e.m.fs. of 600 V. and 400 V. respectively, B lagging behind’ A 
by cos-!j. "These two generators may be connected in series by joining. 
together one pair of either (a) corresponding terminals, or (b) non- 
corresponding inals. Find the resultant e.m.f. in each instance, 

. [600 V., 825 V.]. 

15:18. A three-phase, star-connected generator supplies a delta- 
connected induction motor, the line voltage being 420 V. The current | 
in each line is 30 A. hr edes for Py hase-voltage of the : 

enerator and the current in winding o: motor. oro 
" x [243 V., 17:3 AJ 


15-19. Ther.m.s. value of the phase e.m.f. in a three-phase alternator 
is 242 V. Determine the instantaneous values of the e.m.fs. in the: 
Y and B phases when. that in the R phase is 100 V. positive and 


(o) Deena [(a) 286 V., — 386 V.; (b) — 386 V., 286 V.] 


15-20. Derive an expression, in terms of the readings of. two watt- 
meters, for the power factor of a balanced three-phase load. : 

The input to & three-phase, star-connected, induction motor is 
32 kW. and this is measured by the two wattmeter method. The ratio 
of the two readings is 1-5. If the line voltage is 420, f 
of each wattmeter, the power factor and the current in each winding 


of the motor. If the power factor for the 3 e 
(a) 0-5, (b) 0-4, obtain values for the current and the readings of the 


two wattmeters. 
ji . ., 0:045, 46:6 A. ; (a) 88:0 A., 32 kW., 0; z 
[19-2 kW., 12-8 kW., 0:945, en A ral a 2 o kw] 


irculating i lb. of water per 
15-21. A circulating water pump delivers 2 x 10* Y 

minute against a head of 20 ft. It is driven by a aap nee 2000 V: 
induction motor. Calculate the current input to the motor ii he porr 
factor is 0-90 and the efficiencies of the motor and pump are 0:88 an 


0-82 respectively. j f 

Explain with The aid of a diagram how the power input to the above 

motor could be m: d by means e i cota Calculate a 
readi wai s 

vate E pits mm [26-2 An 80-2 kW., 46-1 kW] 


m 
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15-22, A coil possessing both resistance and inductance is con- 
nected in parallel with & condenser to a source of alternating current, 
Find the condition that the current from the source shall be in phase 
with the charge on the condenser, and show that the impedance of the 
circuit is then equivalent to a pure resistance. 

— OR? 
[ws = bu. N.B.—Special cases:—(a) No solution if 


CR'* > L, (b) solution for d.c. if L = CR, and (c) if R = 0 (never 
4 1 ] 
in - . 
practice), w VEG 
15:28. Derive en expression for the amplitude and phase of the 
current in a series circuit consisting of a resistance R, a self inductance 
L, and & capacitance C, when an e.m.f. V oos wt is applied 


TE Ý = 30 volt., o = 20,000 sec.-1, R = 4-0 ohm. and L = 0-08 Ha _ 
calculate (a) the value of C which makes the circuit resonant and (b) the . 
peak potential difference across the condenser at resonance. 


[c = 0-05 pF., 7500 V. lagging by 5. N.B.—Across the indüot- 


-> 
ance the p.d. is M (joL ) and, at resonance, this is equal in magnitude 


to that across the condenser but leads the voltage by 5 The phase 
difference between the p.ds., across condenser and inductance is a) 


15:24. A self inductance 1 H. is connected in parallel with a variable 
capacitance 0. The combination is then placed in series with another 
inductance of 2 H. and an a.c. supply of angular frequency o. Assum- 
ing that both inductances have negligible resistances investigate and 
comment upon the change in the value of the impedance operator for — 
the spout as Cis increased from zero. Show your results on à suitable 
graph. ` 
[0 = 0, Z = 3jw; O = wt, Z = œ; i 

C = 150-3, Z =0; C= œ, 5 = Yo] 


15:25. An inductive reactance X; is connected in parallel with & 
capacitive reactance Xo. If Xi < Xo show that the impedance of 
the combination is XyXo + (X; — X3). 

15-26. Two coils whose resistances are R, and R, and whose self 
inductances are L, and L, vely, are connected in parallel and 
fed from potential source pure sine wave-form. Prove that the - 
currents in the two coils are in phase with each other if the mutual 
inductance between them is 

REL ~ 
SRE 


CHAPTER. XVI 


ALTERNATING CURRENTS TREATED BY THE 
ROTATING VECTOR METHOD 


VECTORS AND VECTOR OPERATORS 

Definition of a unit vector.—A unit. vector is one which is 
completely represented by & straight line, one unit in length 
measured in some definite direction in space. 

The symbol ? is used to denote a unit vector whose direction lies 
in the plane of the paper and which is parallel to the lower edge of 
the paper, its sense being from left to right. 

Derivation of a vector from a unit vector.—Starting with 
some unit vector 7, represented by ON, Fig. 16:01 (a), ite length - 


x QV. 
N [^] A 
T (a) (5) 5 
Fic. 16-01.—Derivation of a vector from & unit vector. 


san be ineroasod a times withoup altering iss direction, ries i 
cam Mositive real number not necessarily integral: The result is 
a vector OA, cf. Fig. 1601 (D), such that OA = a. Thus a? is 
a vector OP ol to 9 and ita magnitude is a times Ht Ot Thus 
e verlor Parate s aa an oporatr the ict of which on i i 
a may bo regarded tno unit vootor a times without altering Ne 
direction. 

Rotation of a vector in a given plane.—1t has just been shown 
that the scalar coefficient a can be as-ah operator, the 
thet the scales "enue the magnitude of ita operant, et 


the unit vector ?, @ times with changing direction. The 
of such an operator is one whose effect is to alter 


the direction of its operant without altering its magnitude. The 


operator j is defined 
o 2 angle 37 ina counterclockwise direction, without altering 


ita magnitude. Hence if 
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OA. . 
Since j* — jj, it follows at once that j* — — 1. NE 

The vector a¥ + jb, or (a + jb)9. Now a? is a vector of length —— 
@ units in a direction parallel to that of 9. The vector j? is of unit 


and CD being unity, cf. Fig. 16-02, then CD is perpendicular to 


; length and is in a direction normal to that of OA. Thus 5j? or jb? .— | 


is & vector b units in length and drawn in a direction perpendicular 
to that of ». The vector addition of the two vectors a? and jb? will 
give rise to a new vector differing in direction and magnitude from: 


in a given plane. Fro. 16-03,— The vector (a + jb)P. 


both að and jb$. This addition is illustrated in Fig. 16-03. If p 


? = ad + jb), then r = (a? + b*), and 0 = tani. where 0 is the 
angle indicated. Thus ? is a vector of koi + (a* 4- bs, — 
and whose direction makes with ? an angle 0 — tani 

The operator a + Jb. The two operations on the unit vector 9 


involved in the preceding paragraph, i.e. a multiplication by a plus 
the result of a multiplication of ò by b with a Positive rotation 


through S can conveniently be grouped together into one expres- 
sion, since both haye the same operant, i.e. 
i ? — a + jb = (a + jb)». 

Thus by operating on > with (a + jb), a vector ?, of magnitude 

+ (a? + btt and a slope relative to ? given by 0 = tant 


- is obtained. In other words, the effect of the operator a -+ jb has 

been to multiply the magnitude of ? by r — (a? + 5%)! and to rotate 

it counterclockwise through an angle 0 = tan-1? — of Fig. 16-03. 
"S06 

Te mnst be noted that the quantities «and Ø depend only on a and 


_ 6, and not on 9, Thus, if OQ = 2 is a vector of magnitude z whose 


ES 
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direction makes an angle ¢ with that of }, as shown in Fig. 16-04, 
then (a + jb% is a vector of magnitude rz making an angle ($ -+ 6) 


with ?, where 
r=+(t+0%, and (o tant”. 


Alternative form for (a+ jb). From IN 1603 we have 
a —rcos0, b = r sin f. 


4. œ + jb = r(cos 0 + j sin 0), 
where r and 0 aro respectively + (a* + b°)? and tan- C) 


v 
Fra. 16-04.—The vector (a + jb)*. 


f e 00 
Since cos 0 = 1 — ata Zi rat 
and sin 0 = =0-F4+5- 


1 j0)? j0)* . 
ona 0+ juin om 1 + UD. OY ur. HOP. bs 


so that from vang tb e deri 
ep) =1t 5+ 545 3. 


the expression we have obtained for cos 0 e Lem written 
exp (jô). D 
Hence a+ jb = r exp (j0). 
From this it follows that 
: 
a + jb 


1l 
=> exp (~ j0); 
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i.e. the effect of this operator on ? is to multiply the unit vector by — 
* and to rotate it clockwise through an angle 6. 


To evaluate LIA where a, b, c and d are real, we write it in 
the form EP (4) 
r exp (0,) 

Then the expression becomes 


, where 75* =a? + b? and tan 6, = 2 ete. 


Vari 

Vo? + di 
The scalar product of two vectors. The scalar product ?,:,- 

of two vectors ?, and ?, is defined as the product of their magnitudes 


multiplied by the cosine of the angle, 0, between their positive direc- 
tions, ie. 


exp J(8,— 0a). 


f = rur, 008 EX) = rr, cos 8. 
Scalar products and vector operators. Since (a + jb) is 
really the sum of two vectors a? and jb?, it follows that 
(a + jbyh-? = a-d + jb»-? —a +0 =a, 
and (a + jb)?-j? — a(0) + b( 79-79) = b. 
: cP = (P9) + 30» 
is a vectorial form of the statement 
a + jb = r(cos 0 + j sin 0). 
Also (a; + jb): (a, + jbg)) = ?,-?, = 1372 cos (9, — 03); 
while (a1 + jbi)(aa + jb3)? = rira exp {7 9, + 027. 


VARIABLE VECTORS 
-.. Vector functions of time.—Up to this stage of our investiga- 
tions vectors have been regarded as constant quantities; the 
investigations must now be extended to certain vectors of which 
the magnitude or the direction, or boih, are functions of some 
independent variable, such as time. 
If r alone varies with time, so that r = r(t), then 
t= [r(t) 9, i 
is a vector parallel to ? at all times but whose magnitude varies 
with the time. Vor such a vector \ 
Pd = r(t). 
~ If + = [r(t)] exp (9), where 0 = constant, we have a vector 


inclined at an angle 0 to 9 at all times, but whose magnitudo varie 
i 


d 


r is constant and @ = 0(0), then P = r exp [jX(0]* is a vector 


t 
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of constent magnitude buf whose slope referred to » varies with 
time. For such a vector ?9 = r cos 0. ; 
Tf, in addition to r(/) = constant, 0(/) = wt, where @ is a constant, 


then n 

p = r exp (jot)? 
is a vector of constant magnitude r, rotating with constant angular 
velocity w- 


Derivative of a vector: differentiation Suppose that the 
vector ? is a continuous end single-valued function of a scalar 
variable t. Then to each value of 4 there corresponds only one 
value of ?; and as t varies continuously so does ?. Let OP, 


Fig. 16-05, be the vector f at the time t and OP’ the vector P + dr at 
time t + ĝt. The increment ór is the vector PP and the quotient 
a of tho vector jr by the soslar dé, is iteelf a vector. If & is 


small then Or will also be small. As 06 —- 0, the point P tends 
to coincide with P, ie. the chord PP' becomes the tangent at P. 


i dg e derivative of & vector. 
The 
direction is the limiting direction of Fy, ie. it is a vector directed 
along the tangent at P. The limiting value of Fe when it existe, 
is called the derivative oF differential gr of * with — 
to t, and is denoted by i ie. 3r [perit derivatives = 
o, 


P eto., also ocur: | 


NQ- r a(z}, or ró0j(f), ; 
where A or f, is a unit vector along the direction of ?, so t 
‘isa unit vector parallel to NQ. 


Fic. 16-06.— General expression for A 


A BANE RO o rooi = v (*) «cii 


- For vectors of constant magni 


tude rotating with constant an la 
enmy o, a = 0, b = w, H 


Tu such an instance therefore 
O dP. 

In general, for such vectors, 
E 
dm T (Jay. 

Sinse jn it falows that e [3j [oa 


a f'a- 1, 
* | jo 


A.C. CIRCUITS BY VECTOR ANALYSIS 545 


a result showing that the processes of differentiation and integration 
are reciprocal. y 


THE APPLICATION OF VECTOR ANALYSIS TO 
ALTERNATING CURRENT CIRCUITS 

Introduction.—The use of the complex vector notation in 
alternating current theory has for its object to provide for a.c. 
quantities (current, voltage, impedance, eto.) symbols which not 
only represent them completely, but which can be manipulated in 
every way like d.c. quantities, so that the techniques developed for 
dealing with d.e. circuits may be used with a.c, circuits. In pro- 
ceeding to develop these ideas it must be noted that the circular 
frequency c and the form of the function (containing a cosine 
term) ‘are implicit ; never mix frequencies or sines with cosines. 
. The representation of the instantaneous value of an alter- 


nating current as a scala? product.—Let T be a vector of con- 


tant itudi Í, rotating in a positive (counter-clockwise) sense 
with, coals velocity c, its relativo to the unit 


vector ?, at meer . Let i bo tho instantaneous current 
f cos (ut +). ‘Then since at timo t the veotor T makes an angle 
(wt + $) with , - 
i T = Lexpjtot + 999. 
Thusan alternating current of amplitude f and angular frequency o 
can be represented as a selar product with 9 ofa vector T of constant 


magnitude f rotating with angular velocity o» the initial position of 1 


making an angle $ with 9. 
(IE dr t i desired to show the essential features of Tas rogards 


the circular frequency œ and the initial phase difference 4, we may 
write T = T, , but normally tho subscripts o and $ are understood. 
This is y so when wo are dealing with voltages, for then ¢ is 
usually taken as zero, and V-9 is employed to denote the instan- 
taneous value of the impressed potential difference.) 

Current and potential relationships in vectorii io 
(a) Pure resistance R. Suppose that an alterns p.d. V cos 
is applied to @ non: —cf, Fig. 16-07 (a). 
Thon the instantaneous value of the curre, is given by 

Ri=v or RË» = Vor. 
Vert 
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. and the voltage and current are in phase. The initial positions of - 


the rotating vectors T and V are chown in Fig. 16-07 (b); at ti 
. they are as indicated in Fig. 16-07 (c). R 


"e 


supply. 


-(b) Inductive resistance (R and L in series). Let an alter 
nating potential difference be established across a coil which po 
both resistance, R, and self inductance, L—of. Fig: 16-08 (a). 


R L 
é 0 
o ^ 
vsVcos wt 
" (a) 
D 


Fro. 16-08.— Current, inducti: istance 
Ene se - 


d 


Ü 

í Ji 

red 4 

. differential equation representing the relation between the instan 

.  . taneous values of the current and voltage is 1 
: i iad ) 

; vom Bí I5 s A A . 

Leto = V cos ct = V exp (jat]8-9 = ¥-9; also let i = 179 where | 

Ï has to be ; 
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The equation (i) may be written — = 
V.9 = Y exp (jut = REP + joL Ts. 


E. fier ut id 
Ieri dil 
v BENE ruo ciel 
—— Ce 
so that p= ao and tan 
1-l eae = arcane ia iv 
2 memet 


cotes cilii le appe n t 


angular velocity «and vise angola postion ot tige 1 = 0 


and about O, is shown in P S, while BO, J to OB and 


of length wh, is Jail 00 = B= R + Jol. 
wt il 


+ dupun at angle f below OA, where 
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If, from A we draw a perpendicular to OE to meet OE produced _ 
in D, then ; 


cR — — > 
OD + DA = 0A = V. 

. o But V - BI + joLT, and since OD and DA are mutually per- | 
pendicular, į 
ob — RI, and DA es fol. $ 

Thus OD and DA are the voltage vectors giving the potential 1 
differences across R and L respectively. 


(c) Imperfect condenser, i.e. R and C in series. An im- 
perfect condenser may be regarded as a capacitance C in series 
with a resistance R. Such a condenser, when connected to an 8.6. 
supply, is shown conventionally in Fig. 16-09 (a). In the usual - 
way, we have 2: 


A LA. ne > 1 = 
7a eR» DSi» 
NE > 1 t QS IR > 
or Vert + o= (n ijt 
where I has to be determined. As before, let 


aa ay — f= — j L b. 
R— 4 = &— 58 = pexp ( je) =Z 


Then 
— 
t 2 ENET neers 
P Jl R ur and: Mn WCR 
. ţa VL Vex jo (oxp jów 
i gr PS 


^ 


=V pjott A 


a 
[m+ os 
SD . 
NS sa oos (wt +4), Teen $= On 
NT oat 


To construct the vector diagram, OA, Fig. 16-09 (D), is drawn 


FE i219 = 


* 


AG. CIRCUITS BY VECTOR ANALYSIS 549 


z c 
x qhll-q 
Ww I 
(a) 


vsVcos wt 


€ i» 


Fro. 16-09.— Current through an imperfect condenser 
[R and C in series]. i 


horizontally to represent V. Then OB is made equal to R while 
BC is drawn vertically downwards to denote — Zo Then 
j w 


0c guod. 
«C 
Also I = —, so that OE is made equal to RE BNO 
; AE Eae 
V co* 0? 


is in advance of OA by an angle ¢. Then, as before, 


op RE mA DÀ LL 
aC 


E is termed the capacitive reactance of the condense | 


(d) Resistance, inductance and capacitance in series. Let 
a resistance R, an inductance L, and a capacitance C be arranged 


nn EE 


A A 
veVeoswt (Vcos v0-LSE 
(a) — (5) 
Fra. 16:10,—Current through R, L and C in series. 


in series as shown in Fig. 16-10 (a) and connected to an alternating 
supply of sinusoidal wave-form. Since the presence of the coil L in 
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the circuit introduces an instantaneous e.m.f. of magnitudo L 
which opposes * v ', to establish the necessary differential equation | 
we may consider the equivalent circuit shown in Fig. 16-10 (b) | 
MU, oS A 15 2m R idi 

cos wt — à i+f= i+ 6 fi A 


which, in vector form, becomes 
E 1 > > 
ve [n (ox - )]t a | 
where Z is the complex operator R + ior — ao) or R 4 jX. | 
let v= V) = V (exp jot)?-3, and + =T, where I has to bel 
^ i à 1 \> 
V(exp jot)? = (s + joL + xc) >. 


a | 


A 
epee Y vipzp jot 
R EC ih ac) 
5j .R-4(an-2s) (7 
=V ; (exp jul). 
Let amd (o 2 aj) 


n - (un - 25) =a — jß.= p exp (- j$) 


; ie. i = Î cos (ot — ¢). 

E is 

The vector diagram is constricted in the usual manner ond ® J 
shown in Fig. 1611 (a) for tho case where ol > = ie the phase 
ce: cited behind that of the impressed volteg® 1 
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If DE > BD, ¢ is negative and the current leads the voltage, 
cf. Fig. 16-11 (b). 


(a) 
Fio. 16-11.—Vector diagrams for two R-L-C series circuits. 


If DE = DB, ¢ is zero, the current and voltage are in phase, Z is 
real and equal to R. This is the case of series resonance. 


On the potential drops across the inductance and the capa- 


= 
citance in an R-L-C circuit fed from an a.c. supply.—If Vy 
is the vector denoting the potential drop across the inductance, since 
the impedance operator for an inductance is given by Zy, = joL, we 
have à 
V, = joLl [exp jlot — P 
^ ay 
= (0 + joL) 1[exp j(ot — oP 


= Vo + oti if exp io —¢+ 3)P 
= old [eei (o x $+ Ji 


E vy = wL cos wt $+) 


Similarly, Zo = 1 + jo, and hence 
we LA gy = — -lex Jot — 9) 
Vo ju olent jot — 9)» = — alere to $ 


EAT i aiy 
-,/o A" solent - 75 | 
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" l4 Ba 
LIC $ z} 


These equations show that the two potential drops under con: 
sideration are always in opposite phase. At resonance ¢ = 0, and - 
the two voltages are equal in magnitude but differ in phase by $r 
from the applied voltage; one leads and the other lags. 


The vectorial expression of Kirchhoff's laws.—Kirchhoff's | 


first law is as follows: ^ 3 
(a) The algebraic sum of the currents which meet at any point 
in a network of conductors is zéro, i.e. ml 
$0 454454-...-0, or Li=0. i 


If the currents are alternating currents of pure sinusoidal wave- 
form and each has the.$ame ‘@’, then P 


EE R eS Oy ee A E 


=(G+h+h+...% 
and since this is true at all times 


2 E 

A^ T, = 0. 

k=l I 

The vectorial form of statement for Kirchhoff’s first law is accord- ET 
ingly:—In amy network of conductors carrying alternati P 
currents of sinusoidal waveform and ec i. having the same — 
‘w’, the vector sum of the vectors representing the currents .- 
which meet at any point is zero. E 


(b) The second law as modified is :—In any closed loop ina — 
network of conductors, each with a vector characteristic of the 


type V = ZI and carrying alternating currents of sinusoidal — 


waveform and constant ‘w’, E(ZI) = EE, where EE is thes 
vector sum of the vector e.m.fs. in the loop. ey 


The equivalent vector impedance for impedances in series 
and in parallel.—If Z,, Z, Z, . . . Z, are n impedances in series, then 


if Iis the current vector when the applied voltage is V-9, we havi 
Watt ort. ; LRL 
If Z is the equivalent vector impedance then ZI = V. Comparing — 


these two expressions for V, we have, 


à : * Z-ÉE.E- RET... LX 
X : _ = 


Ne d 
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When the n impedances are arranged. in parallel, let id T A 
be the current vectors. It V is the potential vector, and this will 
be common to each impedance, we have 


y-2Lh-5h-..-2Lh-..- : 
If the current vector for the current from the source is Land Z 
n 


-> > " > ; => 
the equivalent impedance operator, V-ZILI Since I= po I, 
a ^ r=1 
I E PONE 
Lcm—uu- ees = ur, sig 
2 EIE S He eb | 
Since the reciprocal of impedance is known as admittance, 
Z-1 is sometimes called the admittance operator, and it will be 
denoted by X. The above expression. shows that the equivalent 
admittance operator for impedances in parallel is equal to the sum 
of the admittance operators for the separate impedances. 
Example.—A series circuit consists of a resistance R, aself inductance 
to which an em.f. V cos at is applied. 
it V = 30 volt, m 20,000 260.75, RB = 40 oh, and. Lo. 0-050 
. henry, calculate (a) the value of C which makes the circuit —— 
and (b) the peak value of the potential difference across the condenser 
at resonance. 


The current and’ phase angle are given by the a 
é |. eL - o6 


L, and a capacitance O, 


tu af tan ¢ = B 


E 


where ¢ is the angle by which the current lags. ; 
The condition for current resonance is oL = 56 and this gives © 
1 
P E rn’ ^ 


the potential drop across the condenser is 


If Lis the current vector, 
v Ul 

A-4) - Ho - oo) 
At resonance Z =R and hence the potential. drop across the 


capacitor is 5 
betien (oa) 


Let 0 (23 = Alcos d. — 1 sin 9) 


Then $-$ and A d 


^ 
v $ 
4 p.d. vector = Ro6 [exp Xo - 3]. 
Thus the peak value of the p.d. ia 
^ 


v 30 x 10* 
RoO074x2x10 x6x 103. 
= 7500 volts. E 
Am 


[N.B. Across the inductance the potential drop is 5 


resonance this is equal in magnitude to that across the con 

it leads the applied voltage by 4. The phases of the potenti 

across tho condenser and across the inductance at resonance. 
differ by 7, i.e. they are in antiphase.) 

An inductive coil shunted by a condenser. 
inductive coil (R, L) is shunted by a condenser of ca] 
[This system represents a coil with self capacitance.] 

Suppose the combination, cf. Fig. 16-12 (a), is fed from 
supply with circular frequency-w ; let Z, be the impedance 
for the coil, ie. Z, = R + jwL, while Z, is that for the co 
iex E The equivalent operator, £, for the com! 
given: by 


des 1 
Z R+jol 
Z R + joL (1 — e1LC) — joCR 


qje0-- IOS OE 


_ B+ jo[Ld — o?LO) — CR! 
(1 — w*LC)? + o*C*R? 
If we write Z = Ry + jal, the effective resistance of the coil? 
R Al 
; Bc wL0)? + w*C*R* 
while the effective inductance is 
. L(1— o*LO) — CR? 
Is — ü — iLO? + ORE 
The impedance of the combination is given by 
Le VEIT MI | 
To evaluate this we substitute values for R, and L, and w 
Z*(1 — o*LC)? + wR? 
=R?  o*((1— o*LC)*L? — 21,CR2(1 — oLO) + C 


RA 
b. 


` 
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It should be noted also that the power factor is unity if ¢ = 0, 
ie. tan ¢ = 0, which gives 


(1 — o?LC)L = CR?, 
and is zero if tan $ = œ, ie. R = 0. 
Now let us examine the current vectors for this system us fune- 


tions of the circuit pasamean, Let V be the vector representing 


the applied voltage, while Ty and 253 are the current vectors for 
the capacitive and inductive arms, respectively, of the network. 


Now Te = joCV. is always in advance of and normal to V and 
therefore may be represented by OA in Fig. 16:12 (b); similarly, 


Be, lags behind V at an angle tan-! = If this is represented by 


AP, then OP gives I, the vector for the current to the system. 
Now let C vary ; when € = 0, i.e. the condenser plates are sepa- 
rated by an infinite distance, fl, T. 0, so that, cf. Fig. 16-12 (c), 
T= 0P,.,,— i. When © = c, ie. the plates of the condenser 
touch, then [Lj], , = co. Thus the locus of P when O varies 


from 0 to co is a straight line normal to V, V, since AP is constant 
in length and moves parallel to itself; the locus extends upwards 
from Pg» to infinity. 


If L varies from 0 to oo, T or OA, Fig. 16-12 (d) remains con- 
x ` : V 
stant. But when L = 0, hoo = is AB, ‘a vector of length BR 


and parallel to V, for [o^ P =0. When L— co, | RU bod 
R Jr=0 


and this is represented by the the point A. ue jat Iim, the actual 


length of AP is ; that TM 


VR? +L? 
i oL 
fine Lus didit" rr) 
from AABP we have 


tc EN E SN 
= del uc s aye a VET ot 
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A 
le. APB = jz. Thus the locus of P is a semicircle on AB as 
diameter. 
Fig. 16:12 (e) indicates the details of the procedure necessary to 
show that, when R is varied, the locus of P is a semicircle on AD as 
A 


diameter, where AD is normal to V and of length x 
w 


Power loss in an imperfect condenser.—The power loss in 
a condenser depends on the nature of the dielectric and upon the 
frequency. If the imperfect condenser is represented by æ pure 
capacitance C with a resistance R, in series, Fig. 16-13 (a), the 
fundamental differential equation for the circuit is 
-RLI 
Tf p is the instantaneous value of the power, we have since i = ġ, 
Ewa fd, 1, 4 
p ven tala 
The first term is always positive whereas the second is as often 
negative as it is positive during a cycle so that no power is dissipated 


Cy Ce 
Ri (r) oC, 
W 
wCRa 
à © ; 
ed 1 


Us Vir 
(a) (5) (e) 
Fis. 16-13.— The power factor of a condenser. 


in the pure capacitance C; all is dissipated in R,. To verify these 
statements when 


t = V cos wt and i = Îcos (wt + 4), 
we have 


p = ôW = v ôg = as. 


Hence Pc, the mean power in the capacitance, is given by 


re fas fm 
AL E 


et di aes 
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where Q denotes that t on is to be carried out for one 


complete cycle whose 


since the charge on e at each end of a 


complete cycle. n 
Similarly, for Pa, the me 


I ^ 
P= hal) 


we have 


1 2 
= us 


... where I is the r.m.s. © r 


30 bo represented by 
in parallel, cf. Fig. 


cos wi = Ya, the 


. The imperfect or “N 
a pure capacitance W 
1613 (b) If the ir 
impedance operator 2 


we 
ssa BDN 
1 + joCR, : 
PT xa + jo pot) F 202R; [exp (jA), 
where tan $ = «OR. 
5 $), 
and the power fa 16-13 (c), is given by 


cos ox NO sin: y condenser which is 
wR, 
usable. The power 


^ x- VR n oR 2 
If R, is a real eric eal condenser C, the 
power factor for that ] x gam with frequency, 


For a real and | 
denser, C, the po 


OP | 3 | beo te 


R(1— jaCR) UM WE Š 
14 Or (L3 CR] xc eni 
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BerO, 
Now R, + te: 
po coo CEPS UC SURE, Rt E 
7c, 8  140°O'R  1-roC;R, 
1 1 1 
RDUM y] TES “Tt oO RS 
T OR, 


Thus C, + C,, strictly, but the difference is very minute for any 
condenser which is likely to be used. For example, if C, = 1 uF., 
_ R= 10* Q.—a really bad condenser—then at f = 50 sec.-!, or 
w = 314 sec.7, 

1 = 
sig of x guia] m Ww 

For all condensers which are likely to be used in practice Ry is 
small and R, large; accordingly one often writes R, =r, and 
R, = R. 

Since with a high-class condenser ¢ —> $x, in order to state the 
magnitude of the imperfection it is found convenient to introduce 
an angle ô, such that ô = jm —¢. 6 is known as the Joss angle. 


Since tan $ v tan 6 = wCr, and this equals cos ¢, the power 
factor. 
Similarly, ues i 


oOR* 


On the maximum power which can be dissipated in a load 


in series with a generator.—(a) A d.c. generator. Let v be 
the e.m.f. of the generator and R, its internal resistance ; ibs 
shown diagrammatically in Fig. 16-14 (a). If R is the resistance 


of the load, the cu sent I is given by I= -, and the 
ni is given by R, +R, 


potential difference across the load is IR,. 
s. Power dissipated in load is 


cay. 


+R.) 
Now ae ve + B4)? — 2R4(R, + zd 
dhà (R, + Raf 
= 0 for a maximum or a minimum. 
oy tg R, 


and a second differentiation shows that, when this condition is 
satisfied, the rate of dissipation of energy in the load is a maximum. 
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(b) An a.c. generator. The system is indicated symbolically 
in Fig. 1614 (b). Then 


= 


oct SPEM 
(B, + Ry) FiA + Xa) 
A 
2 i = pea A t— 9) 
i IG ERU $) 
Eus 
where tan ¢ = Ro R, 


uH I = RENE n 
I R + at Ke 
The r.m.s. current is 8 maximum 88 & funetior of R, when 
R, —- 0, and similarly for Ra; it is a maximum as à function of 
(X, + X) when Xi + X, 0,ie.the condition for series resonance. 


rpm Fs 
LU 
LU 
PE (Generator) (Load) 
supply | (Load) (FR, tX) Ge tX? 
generator! i 


r----- 


I 


(» 


(a) i 
Fic. 16-14.—Maximum power dissipated in & load in 
& generator. 


series with 


power absorbed. by the load is given by 
E Pr So ur eL 
Pisa = PR = (By T R,)* + (Xi + x)" 
R—0 and of 


is is a maxim function of R, when and 
ue o M) eli As a function of R, it is & 


(X, + X, when (Xi ice 
masia when Ry = AR + (Sa + X5... To prove this, write 
R, T R, Re =f. 


Now the 


EN AE 
Pint = (RF EF Ka + X 
r aerea x9t- RT "| 
C v[E- quon r a XX 
This is zero if 
ie. B= Re + Gs + X,)*. 


p aRt Qu X» 
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These equations give for the instantaneous voltages at X and Y, 
SERT con cae: ee 
= PFRI RY [exp ( jot)p.» i $ , 
Y 
m Vi + GR cos (wt — 4), 
where tan ¢d = oCR. Hence, after expanding the cosine term, E 


Y 1 
Vy — V, = Sey 
is Vi + aon + oii 


a TL MR sin at] — 40 cos wt 
V1+ oR? 


and Vy 


OS wt 


A 

V 
= LF oui cR [(1 — 4(1 + ?C?R?)) cos ot dM 
+ oCR sin ol], is n 
which, if written in the form A cos y cos cx + A sin y sin o, gives X 


Fra. 16-16.—A phase-shift network. 
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- capacitance alone is varied. ‘Chen 
y2 


7509 PN TAI 
r (a= 25) 


If the value of the current is plotted against the corresponding 
value of the capacitance, the well-known response curves (each for 
a particular value of R) are obtained; a typical curve is shown in 
Fig. 16-17 (b) The maximum value of the r.m.s. current is 


I? = 


(6) 


Cz Co C, ae. 


Electrostatic 
voltmeter 3, 


zh 
f 
: HELE 


R L 


v= Poos wt 
- (d) 


Fie. 16-17.—Series resonance. 


v Ses : 
L= z and this occurs when the capacitance has the value Co, which 


satisfies the condition «*LO, = l. Moreover, the value. of Ip 
Increases as R—>-0 and at the same time the curve exhibits a ` 
sharper peak. . The sudden increase in the value of the current to a. 
mn M utilized in radio-frequency measurements to show that 
the condition of current-resonance has been attained. In such 


ee it is essential that the peak should be narrow. 


À 
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the quality factor or magnification. Thus 


a tale Lm 
g Q mes 
where x = L Since ô, the decrement per cycle, is JaT, we have 
2 | 
Since €, 4+ C; = 20%, equation (ii) may be written in the form 
erTOlQq- .. NEM 
06-06 -— 5 NR 


and its value now lies in the fact that C, and C, may each always j 
be observed with greater accuracy than Cp, since C, and C, corm 
spond to points on the sides of the response curve where the slope 
is steep. ' EN. 
Equation (iii) also permits us to make an accurate determination ju 
ES 
of ô, and hence of «, which is such that ô= 3«T = (=) 
If the constants, R, L and C of the circuit under investigation : 
are kept fixed, the resonance curve is obtained by examining 
the variation of the current with the frequency of the supply. Tow d 


= M —— 3 
3 y a PRA 
1 Kw? y dividing ee 4 
or P= 3 — o» T ato” [^ by L^. : 
where K is a constant, viz. VL-1. v s 
Let I, be the current at resonance. Then I, = 7E 
AW, d 
In order that X may be equal to 2, let the frequency of the j 
supply be such that œ is œ + }Aw. Then y 
: K*o* 
p 3 — 
(wA)? + (xw)? 
or Dogn Uta, 
P 
v BO =a. 


Since I*R is the power in thé circuit we may call the (I*, œ) curve” 
shown in Fig. 16-17 (c), a * power spectrum ’ and the above analysis 
shows that the ‘ half-power ' bandwidth, Aw, is equal to the attenua: i 
tion constant æ. Thus we have the following definitions for the 
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and this corresponds to a minimum value of y since when c of 
Zi is positive. à 
Ein. for the voltage-resonance we no longer have the simple — 
wo Ll, = 1. 4 
‘The resonance point is now affected by the value of the resistance R.) _ 
Now : 
wL? LA nat. ny ee 
ol, = Rip ott? -1-— RU wu = l — cos? ġ = 1 — sin? ô, 
E elim? e! loss angle of a resistance R 
in series with an inductance L. 
To obtain [Vo]. the potential difference across the condenser ab 
resonance, we have i 


iz Eoy rmm pd 


R? = eost $ Sa 
As in the case of current-resonance, to any other value of Vol 
there will correspond two values of the capacitance C, one on either 


vel, 
side of the resonance peak. When iM = 2, combining the 
equations we have obtained we get i 


V, 
i adus = [0*R?C* + (WLC — 1)*I[R* + o*L*] 
CEA Ri 
+ 2R? = C%y2(R? 2L, 2oLe +1 
Ray aH wR? + wL?) — +i. 
E -OLR R 
799 Bas atts ER GAL 
"0 = = KC, + C3), 


where C, and C, are the two values of C given by the preceding 


- equation. 


z 
"Jj 
Such a relationship is valid for all values of i] , so that in 
this instance the response curve is symmetrical. : 


-A 
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Tt can be shown that Z is then a maximum and, as wo have seen 
already, when C has this value the power factor of the combination 


Fic. 16-18.—Parallel resonance. 


is unity. The variation of the current with C in the neighbour- 
hood of C, is shown in Fig. 16-18 (5). 


R? qx. Z3 
Amo ^ Dae = (lon = = Re 


T Lis the variable, Z is a maximum when w*L2C — L — CR? E 


and the power factor is not unity. 
If œ is the variable, Z is à maximum when 


w = rh a RSS li 


and again the power factor is not uritan 


Now the combination under disctssic:. .. said to show parallel - 


resonance when the power factor is unity. This, as shown above, 
occurs when 
L — C(R? + o?L?) = 0,, or ae a 
a no gi ^ 


Under such conditions the impedance of the combination is 
gs ooo 

3.74 — Rs 

R? + G R 


EE E A ES AS T CLE ae Oa sree. AEE = Zo (say): 
1 R? RC 2 CR 
a proh ee 
( R +(2 +2 1) 


L6 D 
This particular value of the impedance is purely resistive * and 
is known as the dynamic resistance of the combination. 


S es 
[K] - mi tori = em; ee [i5] - m 


\ 


ee ee Po. 
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The selectivity of a parallel resonant circuit.—The manner 
in which the impedance of the combination, discussed in the previous 
paragraph, varies with the circular frequency @ is shown in Fig. 16-19. 
L 
o =) and [Zoo = Zma = oR 
mbination is that quantity which 
high impedance at the resonant 


At resonance 


Now the selectivity of the co! 
expresses its ability to present & 


L 
H 
L 
[| 
I 
I 
1 
I 
1 
1 
I 
I 
1 
I 
I 
! 


09-540 ` +540 
of a parallel resonant circuit and its 


th eircular frequency. 
frequencies. Thus 


Fig. 16:19.—The i . 
] variation wi 
the greater will be 


frequency and & much lower impedance at other 
the more pronounced the peakiness of the curve, 
width of the resonance curve when the 


the selectivity. 
Let AB (= Aa) be the 
: Then Q, the selec- 


impedance is M x its maximum value, Zo: 
tivity, is defined as ro In practice, R —> 0 and thus 
Z = OI ihe sa ro > 
n» = (P= oLO) F joCR 
go E AP Oy, [ui Saa 
n» 7 A — LO) + CR 
Ifo = w + 3^0, the terms wL and 


HAS 


or 


ait 


At w = wy 4 = Zo — RG 


G.D.P.—V—U 
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c*0*R? will not differ appreciably from cL and c,*0*R? but the 
term (1 — w*L0) will no longer be zero. It will have undergone a 
considerable change. ‘Thus we may write, when R — 0, 


EN L 
V/(1 — o?LO)3 + wR? 
1 
If w = o + Aw when Z = —- Zo, we have 
od E 
w 0R? = [1 — (w + åw) LC]. 


“. + @CR = — = LC =a 
o 


- Qu(\__} T EN E 
CAENDO GR. R RNC 


“Practical determination of the decrement per cycle (5).— ' | 
For an R-L-C series circuit we have, with the usual notation, * | 


I= pompes Ium. 
c * 
aC 
Hence 
Maoh 
s ae wC 
an ts 
1 
oL — — 7 
% t] t 


f 


A resonance curvo is obtained by plotting 2 against 2 (o h Js 
o 


I, 
In this curve the same values of the curve ordinate, and therefore 
of m, are given by two values of œ, viz., c; and c, one on either 
side of wg; each satisfies equation (i), which may be written 


mRo 1 
2 — — —M T 
wo F L I6 0. 
lí, mR mR? 4 
‘wn om fe T + T iz} 
a w1 — w = MRL! 
pou E eh. f. aonn 1.4 
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~. 6 Z x width of the resonance curve at a height = given b 
0 


m= a l. [Cf. Ex. 14-28, p- 496.] 
J2 


A simple air-transformer.—We may represent such a simple 
transformer as in Fig. 16-20. The values of the various components 


are indicated. If v= V [exp (jot)]-9 = V-5 is the applied voltage 
and Z, and Z, denote the vector impedances E + jol, and 
R, + joL, respectively, we have 


Y= (R, + jola), + joMh, = zi + joME, 
0 = (B, + jalat, + jo, = Zale + Jom, 


R, vs Vexp Gut)? 


Fig. 16:20.—The theory of a simple air-transformer. 


Eliminating I, from the first equation by means of the second, 
we get > 


i “pM? kai ie 
g (92 
um Ay 
which leads to i 
a 
A joMV — 2. 


^ are the effective impedance operators for the 
1 


where Z, and Zy aide 
ry circuits. 


primary and seconda 
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wM? — jol, 
Ra +jol, R = jol, i 
wM? wM? j 
+ gaz tt [D - era 
The effective resistance of the primary is therefore 


2M2 
BO T LSU 

Now R,' — —Ri is large and s a maximum value for a certain 
value of Ra, viz. R, = wL, To prove this, we write 


R, — R = y = ——, (say). 


SC m. 
* OR, TFR 04 RSS b. 
and this is zero for a stationary value of y. Then R,— bt — ol | 
and it is easily shown that this corresponds to a maximum ; 
The effective inductance of the primary is 
wM? 
L =L- A Ry? + wL? “Ly 

By means of an Owen (or Anderson) bridge, both Ry’ — Py EC 
L,'— L, can be measured; experiment readily confirms the ue ^i 
here developed. 

It should be noted that the effective self inductance can never 
become negative. If R,—>0, the effective inductance of 
primary is (i -=) and M? < L,L, alway. [cf. p. 238]. Thus 
L always lags behind V although the amount of this lag decreases 88 
Ra —> 0 and the coupling becomes more tight. 

Example. —A circuit consists of two branches in parallél, the frst 
containing an inductive coil of resistance R, and a self inductance ^ 
the second a condenser of capacitance C in series with a resistance 


Find the conditions that when a pure sine-form alternating vole 
applied to it, the circuit may have a constant impedance at 


"The effective impedance operator for the two impedances in parallel 
is given by 


Now Z’ =R, + jol, + 


1 
1 1 1 R, +R, + (oL - zc) 
Ry +JoL + L Ri) 
R + jot RB +g Xon, =) 
; E r ep t uad Now | 
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such a fraction is independent oft if its first differential coefficient 
with respect to œ vanishes, ie. 
_ Af Xo)tp + jé(0)) — 3$ (0) (o + ifto) ) 

[p + jlo) 


jpf (0) — f (ogo) — Jag) + $'(@)f(w) = 0. 
Equating in turn the real and the imaginary parts we get 
fiolo) = p'ofo and pfo) = a$'(o), 


0 
Hence 


i fe ee 
1.8. (0) feo 
Thus, in the present example, 
R, L 1. 
(B, + Ry @LR, - E) - (n + eer - 3 
which leads to i i I E 
etidm - 6) = BC 
and this can only be satisfied at all frequencies if 
L L 
R,* ramen and RY -G=% 


ie. R,-R, and s = CR, 


These conditions are that the resistances of the two branches as well 
as their time constants must be equal. : ; 
Alternative method. When ® = 0, no current flows in the capaci- 
tive branch and the effective im! ‘is Ry lfo-* 7 mp our: 
rent flows in the inductive branch so that the effective all d 


Thus one condition that the impedance of the combina: 
independent of the freg is that R; =R, =R (say). 
Hence for the general case we have 
l i: EE 
Z^R R-joL zc 


x JR 

; pa JR 
Rajola a Beg oe 
= utn gf SE e acer aR 
=o AE E) gr UE 
Rt cL e (oA - 56 +674 o0 


R Pb u xm 
oR? p ofLR + ai +i — SER Fac * [j E] 
? a 
Re + Get OLR + git 
and cross-multiplying, We have 
part ZAR 


R 
= 2B! + oL'R + par 


z= 


Considering first the real 
a ey oman + Maal 
R+ gato, pet 


| m zb or ELOR 
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The memas pasi is zero and leads to (ot i A)G 3 
and if L = CR#, this is independent of o. 


Oscillations in inductively coupled circuits.—Let a circuit « 
resistance En self inductance L; and capacitance C, be induc 


-005 


(b). 


Fue. 1621 — Current » resonance in the secondary of an 
cir euis system. 


| inductively eouplod 
mom tiet 


| Seoupled toa second circuit with E Ra La and Ca. Furthe 
let M be the mutual inductance of the two coils and suppose, © 


Fig. 16-21 (a), an em, v = V-6os wt is applied to the first circul 
Then. with - usual notation . 


E s (um — =) + joMl, 


rn us E JE + jo NE 
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These equations may be written 


AIXIPEELO 6 04 FO 
and (uel ee c o 0 


where the Z's are the appropriate impedance operators. Solving 
for T, and T, we find | 

> Be pow > E 

—— -——.——u' 
L zB, NE gi" and I, [XA ae g 
These expressions give the current vectors so that the values of 

their amplitudes and initial phases can be written down but their 
explicit forms are too involved to be of much physical importance. 
To proceed, however, let us write 


Z,—R,LjX, and Z,— B, jXs 
To eliminate T, from equation (i) we use 
z jM, 
UB XS 


=> 


and obtain 


: TREE 
= > M(joM)(—JoMh,) 
T. LR d 1 z 

Y = (R, +jX L + ERE PEMS M T. 

oM" j- gi, 

Ry 4- jX 

where Z' is the effective impedance operator for the primary oir- 

cuit. But f 


= (n TX 


owi _ oR, — XA, 
Ba +j%s ds x Ra + X, 1 i 
so that as a result of the i the effective resistance of 
primary is increased by KFA its effective reactance 1S 
å E] 


2M? 
decreased by ErDX 


a state of affairs in 
to the secondary is also 8 maximum ; 
h imum coupling, piss ; ; 

"To MAUS ES M when the coupling has its n 
value let us examine the particular but cs ient ver depen : » 
case in which each circuit is resonant to a supply WI 
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frequency oy. Then X, = X, = 0, and we have, if the supply has — 
a circular frequency o, a 


oe + B5 


^ 
To examine how I, varies with M, let us write u — EE our 
Then F4 is zero when 
oM = VR, Ra ‘ 
and a second differentiation shows that this value for M is such 1 
that the transfer uf energy between two mutually coupled tuned 
circuits is a maximum. 
Tf, in addition, the resistances R, and R, are each equal to R, 
then optimum coupling occurs when wM = R. In such an instance 
let k, be the coupling coefficient: Then 


gl aes ay 


where Q is the quality factor, cf. p. 569. 


Again, considering two coupled tuned circuits each with resistance — | 


R, the reactive components of the impedance operators for the 
primary and secondary will vanish if 


ion = ac) TRES", Ment 


4 ^ 1 \=> : > 
and ifor — ac) + joMI, = 0. 
These equations give i 
wL — at E x 
"eM ^ —— ie 


and since LC = P where c, is the resonant circular frequency, 


pedes 


E D 049 
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: w? 
ie. (= — 1) = + wMC = + wkLC 


= a J 
E 


"o= melee or EON 
Fi Vi-k Vi-k 
The coupled circuit is therefore resonant to the two frequencies f, 
and f, where 
hi ee 


e MEAN ee 
f= UTE fa Al—k 


The band of frequencies which is passed by the system we are 
considering is therefore : j 
f 


per diss 
Vi-k wvi-k 
When k — 0, i.e. the coupling is loose, the above band width 
becomes 


AQ +34) —G- w= Mo 

Coupled cirenits play an important pars in the reception of radio 
signals when it is desired to accept a narrow band of frequencies 
and reject any frequencies outside it. The ideal response curve 
would therefore have 8 rectangular outline. In practice, by using 
tuned circuits with somewhat more than optimum coupling a 
resonance curve with steep sides is obtained. gener 
cf the current in the secondary circuit is shown in Fig. 16-21 (b). 
When the circuits are overcoupled, (oM 21 R), 1 à 
current amplitude shows two maxima: with um coupling 

A 


(i.e. oM = R), p^ = m and the transfer of energy to the secondary 
is a maximum. The secondary circuit is then considered as 
‘matched’ to the primary. 
Example.—The admittance operator, 
is 0-04 — 70-08. Obtain values for the Tesis grt ed 


0.04 +40:08 _ 5.9 4 710-0. 
27 7 
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Thus the circuit would consist of a resistance of 5-0 ohm. in series 
with an inductance whose reactance is 10-0 ohm. 


1 1 
b) Y aw =F +y -G — 3B, 
where G is the conductance, and B the susceptanco, viz. the reciprocal 
of the reactance. b 
Now X = 0-04 — j0-08. 
<“. G = 0-04 ohm.-! and B = 0-08 ohm.-1, 
ie. R = 26 ohm. and X = 12-5 ohm. 


In passing, it is of interest to see whether or not a condenser could 
be found which would effectively replace the inductance. If C is the 
capacitance of this condenser when in series with R then 


1 j 
RaR +700” — oo 
and since Z = 5-0 + 710-0, no value of C with a physical meaning 
satisfies the conditions. 
Similarly a combination with C in parallel with R cannot be found. 
Example.—Fig. 16-22 shows two arrangements of a self inductance — 


and two capacitors; the values of the components are shown. It is 
required to determine the values of the components in (5) in terms of 


Z C, L f a 
‘4 
EL fre 
a, @ 4 


Fro. 16-22. 


those in (a) when the two systems have identical impedance operators 
at all juencies, 
If Z, is the impedance operator for the first system, we have 
1 1 jo, 


1 
ob. 
Joly, + j00, 
Let Z’ be the impedance operator for L, in parallel with C,. Then 


und p , job, 
Z' ^ job, *je0, or 2! = i = o!L,C, 


Hence for (6) 


joL, 1 


fana wo, * jacy 


If the operators are identical, then E =1, 
ie. : 
l D 


jot, — ‘ ) jal, ix 
(i = wL, *J90 1 — opo, + xac) = 
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Hence, multiplying out and then removing denominators, we find 
— 9L, — atL,C, + oL L00 + a- LP: 
4 
Cc 
+ ó (1 — o!I4€, — o*LaO; + o*L,L,C;0)) 


= 1 — L,C, — o!Las + ofbibaU:0s. 
Arranging this equation in the form a + fot + yo! = 0, the co- 
efficients a, f and p must vanish if the stated conditions are to be 


satisfied. 
Hence 
€, 4-6, = C» à 
iic pum lin al 
; Li 
i.e. Ly T—G6w 
Oy 
á ( t e) 
and oc - 1) = — 0p 
€; 
or c; 4 oos. ae) 
EXAMPLES XVI 


16-01 (a). Evaluate the sum, product anc aotient of (1 + j3) and 
(2 +j) : 
[5 exp jé, where tan $ = $; VB exp jg, where tan 4 = — 7 1+. 
(b). Prove that V3 494 = 4 50-805 + 0440) = + (2 + J) 
(c). Show that one value of ji is exp (— 4n) [Hint : Use 
j = coa ga + j sin gor = exp jdn 


and take logarithms.] E | 
Also show that one value of In (— 1) is jx. dii 


s ý i connecte: to a resistance ] 
16:02. A 240 volt a.c supply is a oM to (a) 50 E 


each instance. If the condenser Were replaced inductance, 
calculate the new van of the current and phase angle for the 
50 cycle.sec.—* supply. |. i 
s / (lead) 0:446 A., 21 42' (lead) ; 
[0-976 A 98. is rt: 'eg* 0' dag), 0:123 A., 75° 9 (18) 
16:03. An inductive coil tuned by & epe Ay is een coupled 
to a high frequency gonerator. The values 0 ye UP. E^ 
at 10* cycle.sec.—* and 1:26 x 10° cyole.seo. are 700 pF. (3 DF i 
respectively. Find the self capacitance of the coil. 2 Jj 
16-04. A circuit consists of an inductance of po ms dt 
12 pF. and resistance of 50 ohm., all in series. Aa gti IP 
the supply is 50 cyole.se0.7*; calculate the. ME. y oon FS 
pass & current of 3 amp. hl ugh the a loula; ‘ potential 
difference across both the indu TEE ennt Y. 796 V.) 
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16-05 (a). ASBQF. condenser and a 10 ohm. coil are connected in series 
toa 10 V. a.c. supply of frequency ~ cycle.sec.—*, Calculate the power 
supplied. [0-25 mW.] 


(b). A condenser of Mime C is in parallel with a resistance R 
and the combination is fed from a source of potential difference whose 


instantaneous value is v = V cos ax. Show that the current from the 
source is 


E m + @*C*. cos (ot + 4), 
where tan ¢ = oCR. Show also that the power is V*R-!, 
16-06. An ing electromotive force whose e.m.f. is sinusoidal 
is applied to a non-inductive circuit consisting of a resistance and 4 
capacitance in series. Find an expression for the current finally. 


A condenser of capacitance 1 aF. and a resistance of 50 ohm. are 
connected in series with an alternating supply of 100 volt. amplitude - 
and frequency 50 cycle.sec.—!.. The addition to the circuit of an induc: 
Hve coil of negligible resistance is found to cause the current to increase, 

lain this and find the value of the added self inductance to give: 
maximum current. State also the value of this maximum current, 
[10-14 H., I = 1-414 A] 


10-07. A small electric furnace, operated from a 240 V., 5C ;ycle.- 
8ec.- supply has.a power consumption of 4 kW. at unity power factor. 
If the supply voltage is raised to 400 V., calculate the reactance which 
must be placed in series with the furnace so that it may operate under 
the specified conditions. If the reactance takes the form of (a) a pure 
inductance, (b) an ideal condenser, calculate their values. What is 
then the power factor ? [9-6 2., 0-0306 H., 333 uF., 0-83.) 


16-08. The losses in a condenser can be represented as the effect 
of a series or a shunt resistance. Obtain expressions for the relation- 
ships between the two equivalent resistances, anc between the corre- 

[^ 


The product of the equivalent series resistance ind capacitance of & 
leaky condenser at a certain frequency is 2 x 10-? esc. and the power 
factor 0-001. -At what frequency was the measurement made, and 
what is the capaci of the condenser if the leak is in fact due to 

? 


& shunt resistance of ] (8) 
[f = 7-95 x 10* cycle.sec.-?, 0-002 uF-] 


16:09. A generator for which v = V cos wt is connected at time f, 
to an inductive reactor (R, L). Find the current in the circuit ata 
time #(> 15) and prove that the current will be free from all transients 
if t is such that 

ot, = 5 + tan-1 A. 

ORO. dim emf. of 240 V. m.s, value at 50 cycle.sec.— is applied. 
EM gireuit containing a capacitance of 5 BF. iri series with a resistance 
of 1000 ohms. Find the rate at which energy is dissipated in the 
circuit. Also find the power factor. [40-9 watt., 0-84.] 
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16-11. Explain what is meant by the root-mean-square value of an 
alternating current. 

When an ideal condenser and a resistance are connected in parallel 
to à 100 volt. z.f. supply & current of 1 amp. flows. When, instead, 
a 100 volt a.c. supply at a frequency of 50 cycle.sec.—? is used, the 
current is2amp. Find (a) the value of the resistance, (b) the capacit- 
ance of the condenser. [100 ohm. 55 pF.) 

16.12. Find the r.m.s. value of the resultant current in a wire which 
carries simultaneously a direct current of 1 A. and a sinusoidal one 


for whioh. T =A [367 A] 
16-13. Compare the hesting effects of two current waves of equal 
peak values, the wave-form of the first being sinusoidal while that of 
tho second is rectangular. : 1:2] 
16-14. Caloulate (i) the maximum value, (ii) the r.m.s. value of each 
of the following quantities :—(@) 240 cos wt, (b) 2(m + n) cos (ot — $r)» 
(c). 4- cos wt — 3 sin ot. s} 
[(i) 240, 2(m 4- n), 55 (ii) 170, (m + 0) V2, 3-54.) 
16-15. A voltage v = 10 cos of is applied to & circuit which contains 
in series a moving-coil ammeter, & hot-wire ammeter and a rectifier. 
The circuit offers infinite resistance to the flow of current in one direction 
and a non-inductive resistance of 5 Q. to the flow in the other direction. 
Calculate values for the readings et the two uy RAGAS 
16-16. Calculate & bee = iin reading isl will be amer id 
a hot-wire ammeter through w: ich passes 8n ! ternating curren’ 
wavo form is that of an isosceles triangle with peak value of 20 re : 


16-17. A solenoid, 1 meus in s ; 
10 cm.? and 2000 turns o: wire. H 
wooden core calculate an 8j i te value for the self inductance 
of the solenoid. n 

e solenoid 5900 tums is wound. closely on the sen 
near to its mid-section, calculate & value for 
of the combination. ^ 1 : 

Describe and explain a method, m bie se » a cio penei 
condenser, for investigating the accuracy Isos mH., 126 mH.) 


1618. A non-induotive resistance is 
across a 240 V., d eycle.se0.* supply. The current is 2 amp. E 
the potential differences across the pice and the eio . 
and 180 V. respectively. Obtain values for yo — i 
and inductance of the coil. Illustrato your aore a 070-170 Hl 
vector diagram. i 10:65, np is xd s 
16-19. The current in one circuit ^ ahi bag mag ae cuit 
consists of & coil of self inductance L s tatg lig! : essa pois ee 
with a condenser O. 1f M is the m A tay iensor is 


circuits show that the instantaneous charge 
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16-20. A 1-01 uF. condenser is in series with a resistance R and the 
combination is fed from a supply for which V = 100 volt., and 
œ= 1000 radian.sec.-*. What must be the value of R in order that the 
current may be 0-10 A.? Show that the power factor is 0-140. What 
self i substituted for the condenser, would produce the same 
current and what would then be the power factor ? 

[140 ohm., 0-99 H., 0-140] 

16-21. Explain what is meant by the dynamic impedance of a 
parallel resonant cirouit. A circuit consisting of a condenser in parallel 
with a coil of self inductance 1 mH. and resistance 20 ohm. is connected — 
to an oscillator whose output has a pure sine-wave form of frequency 
0-05 860.71, Determine (a) the value of the capacitance of — 
the at which the current drawn from the source is in phase — 
with the applied voltage and (b) the magnitude of this in-phase current 
if the output voltage of the oscillator has a r.m.s. value of 5V. [Take 
at = 10.) [0-01 uF., 1 mA.] 

16:22. . A simple parallel circuit consists of a resistance R in parallel 
with a reactance X. Prove that the impedance of the circuit is given 


supply, take a current of 4 A. and the power factor is 0-6. When the 
resistance and reactance are connected in parallel, across the same 
supply, caleulate values for the current from the generator and the 
power factor of the combination. [8:33 A., 0:8.] 

16-23. A resistance of 40 Q. is joined in parallel with a reactance 
of 30 Q. across an a.c. supply. Obtain values for the resistance and 
reactance which, when connected in series with the same supply, would 
take the same current and have the same power factor. E 

[14-4 Q., 19:2 Q.] 

16-24. A low-resistance choke may be regarded as equivalent to 8 

pure inductanes L, in series with a resistance R, or a pure inductance 


16-25. A non-induotive coil of resistance 20 ohm. is placed in series 
with a resistance R which is also in series with an ideal condenser of 


for R and C. [0-6, 30 2., 807 pF] 


16:20. A single-phase a.c. supply of r.m.s. voltage 200 and for which 
w= 1000 radian.sec.-" is used to feed a resistance of 100 ohm. in pai 

with a 10 uF. condenser. Calculate values for the power in the load 

and its power factor. How would you verify your calculations 

? [400 watt. 0:71.] 

16-27. _ A series circuit consists of a resistance of 10 ohms, an induct- 

ance 5 mH. and a condenser whose capacitance is 800 pF. A sinusoidal 


, &.f. of amplitude 5 volts is connested across the above series com- 


bination and its frequency may be varied over a wide renge. A 
te values for the frequencies at which the amplitude of the _ 
current will be (a) a maximum, (5) one-half its maximum value. 
(a) 7-962 x 10¢ eycle.sec.—1, 1 
(b) 7-985 x 10* and 7:930 x 10* oyclo.sec.!] 
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16-28. “If a voltage, whose instantaneous value is given by 
v = 100 cos wt + 10 cos 3ot, is applied to a resistance of 5 Q. in series 
with an inductance of 0-1 H., and œw = 100 radian.sec.—1, calculate 
a value for the power factor which, in such an instance, is defined as 
the mean power divided by the product of the r.m.s. voltage and the 
r.m.s. current. [0:445.] 

16-29. A 2 b.h.p. motor runs off a 240 V., 50 eyele.sec.—* supply. 
Tts efficiency is 0-72 and it operates at a power factor of 0-6. Determine ` 
the capacitance of that ideal condenser which must be placed in parallel 
with the motor so that the power factor is raised to acd ii P 

153 pF. 


[N.B.—The brake horse-power (b.h.p-) is the (mechanical) work done 
by the machine per second. Dividing this by the efficiency gives the 
(electrical) energy put into the machine per second ; this is VI cos ¢. 
The current taken by the motor lags behind the applied voltage and 


may be resolved into two components, one in phase and the other ir 


quadrature, An ideal condenser in parallel with the machine will take 


a current with & phase $ in advance of the applied voltage and its 

capacitance may be selected so that this current neutralizes the lagging 

component of the current taken by the machine, This will relieve the 

mains which will only have to supply the’ in-phase component.] 
16-30, If two coils with self inductance L, and Ly respectively, and 

negligible resistance, are arranged in parallel, and if M is the mutual 

inductance of the system, show that its equivalent self inductance is 

2 


16-31. Two low-resistance coils each with a self inductance of 0:04 H. 
are wound on a common core, the coefficient of coupling being +1. 
Tf the coils are connected in series 
is either 0:16 H. or Zero. 
prove that the self inductance of the system 18 0-04 H. or zero. 
16-32. A condenser of capacitance C is shunted by, of 9 

inductance L and negligible resistance. In series with this combination 
is a resistor, R, and the whole is fed from an 4.0. supply, v= * cos wt. 


Prove that the periodic part of the current supplied is 
Va — o!LO) cos (ot — $) 
wit + RL — a*LO)* 

hi MC yn 

where tan $ = Ra — ol) 

"e impressed upon an inductive 

coil, R, L, prove that the mean power mM 


A 
va 1 V css, 
R to VR + OL $ 
and hence equal to 

1 Nati. As $ 

A Me + atos 4 


where Z is the impedance of the coil. 


where tan ¢ = @LR™, 


ar where Z = ae 


Mum p ie oa a 
L, and a resistance R e 


CHAPTER XVII 


ALTERNATING CURRENT BRIDGES AND THE 
MEASUREMENT OF SOME CIRCUIT PARAMETERS 


The four-branch impedance network.—The theory of the 
Wheatstone bridge for the comparison of resistances, using direct 
currents, has already been dis- 
cussed; the theory of ac. . 
bridges is perhaps even more 
important, for such bridges 
enable accurate comparisons of 
almost all types of impedance 
to be made. A typical imped- 
ance bridge is shown, symbol- 
ically, in Fig. 17:01. 

The. arms are composed of 
impedances and the cell and 
galvanometer of the familiar fyg, 17.01—A four-branch impedance 
d.c. bridge are replaced by an network. . 

a.c. generator and & suitable ; 
dotedtor. This may be a vibration galvanometer or telephone ; 
to the bridge so that the sensitivity may be " 

When the bridge is out of balance let Ty T, and Ip be tho voctors 
for the c clic currents in the loops indicated. Then T, the current 
Mecor for the current through the detector, is given by 

i-i-1 
bridge, it may be shown that 
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If the bridge is balanced, T = 0, ie. 

2,3, = 2,2, 2 

This symbolic condition for the bridge to be balahced may be 


written in the form 


ZZ, exp j($; + 44) = ZZ, exp j($s + $a). 


Now when two vectors are equal, they are equal in magnitude — || 
and coincident in phase, so that EE 


ZZ, Za, 
and $i + hi = ha 4. 


These are the conditions for the bridge to be balanced, and when — 
they are fulfilled there is zero current in the detector at all times. 


The balance conditions in an a.c. bridge.— For the impedances 
in the bridge shown in Fig. 17.02 (a) let I be the vector for the 4 
Constant current fed to the bridge. Let I, be the current vector | 


tay 


e 
S 


(a) (5) 
Fra. 17-02.—Balance conditions in an a.c. bridge. 


for the current through the detector D which has an impedance - 
peior Z, Then, as for the d.c. bridge shown in Fig. 7-04 (b), ; 
P- 64, = ~ ^ 
ER Nes a Weel o1 
* B Z, Zo 
2,+%, —2,—2,— Z, 28 
— E, — 0E) Y pow E 
A $ 5 | 
Where A represents the denominator in the previous fraction. The . 


expression for A is very cumbersome, but when the bridge is nearly —— ; 
balanced we may regard A as a constant and, writing each Z in 


wy ; 
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the form R -- jX, expand 4,4, — ZA, Thus 
d: TH , 
I= AUR + jX,)(Ba 3X4 — (Ra 4- jX (Rs TjX3p- 


T 
TUN [(R4R, — XX+ R Ra + X,X,) 
4OOGB, + X,B, — XR — XR)! (ii). 


Hence Ij? may be regarded as the sum of two currents which 
are in phase quadrature. The phases of these currents relative to 
the applied current are complicated since they involve A, but here 
they are not required. : 

For most a.c. bridges the two balance conditions are contained 
separately in the two components on the r.h.s. of equation (ii) ; each 
component must vanish. In well-designed bridges, such as Owen's, 
Schering’s etc., the contents of the brackets in equation (ii) can 
be made zero independently and the effect of successive adjustments 
to secure balance may be examined graphically. Thus if OA and 
OB, Fig. 17:02 (0), represent the two small currents, which are in 
quadrature when the bridge is nearly balanced, the resultant current 
which determines the width of the band in a vibration galvanometer 
or the intensity of the sound in the telephones, is represented by 
OC, the diagonal of the rectangle OACB. Tf OA is reduced to OA,, 
theresultantfallsto OC;; whichis less than OC ; if OB is now brought 
down to OB,, the resultant falls still further to OCs. In practice 
a few alternate adjustments, made in this way, are sufficient to 
secure zero current through the detector. An illustration and 
extension of the meaning of this analysis will be given later, of. 
p. 601. 1 

de Sauty's bridge for the comparison of capacitances.— 
This bridge in its most elementary form is shown in Fig. 17:03 (a). 
When the bridge is balanced, let T, and T, be the vectors for the 
currents in the branches and AKB respectively. The con- 


ditions for balance are given by 
1 
Jo0, _ Bs 
hie Be 
j 
LA 
ie. LEA 


e condition of balance. 
differences for the currents in 


so that there is only on 
If 4, and 4, are the phase 
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and AKB when the bridge is balanced, we have 

1 

@0,R, 
Since C,R, = 0,R,, it follows at once that $1 = $$, 
The vector diagram for the bridge is interesting and instructive, | 

It is shown in two parts in Fig. 17:03 (b). ' 


transformer 
(a) 


(b) 
Fra. 17-03.—de Sauty's bridge and its associated vector diagram. 


The vector potential difference between A and B is the same 
whether we go vis H or K. Hence Rl, = RÄ, and 
these equations give = = e 

4 
de Sauty's bridge with imperfect condensers.—An imperfect 
may be represented by a resistance, r, in series with 
& pure capacitance C. If each condenser is imperfect, the de Sauty 
bridge is as shown in Fig. 17-04 (a). The conditions for balance are 


1 
ry + 


1 4 
Ts t; o0; 
£ R : R 
ie. R, SE = Seid E 
: Tie + 7n Rar; TG 3 
quating (a) real parts and (b) imaginary parts, we have, as the 
required conditions En 
5h 
r Ri ta C, 


Such a bridge is difficult to balance. 


O- E. 
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Wien's series-resistance bridge.—tf the imperfect capacitor 
in the arm AK of de Sauty’s bridge with imperfect condensers is 
replaced by a capacitor C, with a low power factor, e.g. a high-class 
mica condenser, arranged. in series with a known adjustable resistor 


Imperfect ^ 
capacitor—s- du 
(on test) x G 


È 


@) (b) 


Fro. 17:04 (a).--de Sauty’s bridge with imperfect condensers. 
(b) Wien’s series-resistance bridge. — 


R, we have, cf. Fig. 17-04 (b), Wrex's series-resistance bridge for 
determining the capacitance and power factor of a capacitor, i.e. 
of the one shown in the arm AH. The balance conditions require 


ae mon 
+t Foy.” | das 
Ry " 
tyne ESS GE = Osa 
Thus EROR an A ib 
These conditions may be satisfied (though not quite independently) 
by varying in turn R4 and Ry. 
The power factor required is 
mE T 
wits = ORR, 


= a0, 


: vtr 
i.e. the power factor for the components in the arm AK is eq: 


to that of the capacitor on test. d 
If the resistors R and R have (residual) self inductances L, and 

L, the balance conditions becor 

n1 

fid s EST ja. 


B, tjoba | R, F jol 
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Cross-multiplying and proceeding in the usual way, we find as 
the conditions for balance 
L, L 


T, = G, +7,R, — RaRa 
and o*L,r, — e = wvL,QR,-— E: 


This last equation may be written 
a". By _ o"OMAR, C; 


R, Ra Ry C3 
OG LN 201 E 
or a hs +o R, (L,Rs — Lyrs}- 


Thus both L, and Ly must be zero if the balance conditions are 
to be independent of frequency. 

Maxwell's bridge for the comparison of self inductances.— 
Maxwell’s bridge for the comparison of self inductances is arranged 
as shown in Fig. 17-05. The impedance operators for the two 
inductance arms are R4 + joL, and R, + jwlL,, so that the bridge 
is balanced provided 

Ry + Joly _ Ry + jola, 
Rs Ry 
ie. R,R, + joL,R, = RaRa + joLyRs- 
Equating (a) real parts and (b) imaginary parts, the two conditions ' 
for balance are 
ROB qa Mak 


, ani — = Ll 
Ra Ry Lh Ry 
At this stage it is convenient to examine the effect of mutual 
inductance, M, between the coils L, and L,. If E and Ti are the 
-current vectors for the arms AHB and AKB of the balanced bridge, 
we have 
(R, + jol, + joMjl, = Bal, 


- E 


and (R4 + joL, + joM)I, = Rala 
Eliminating T and L from these equations, we have 
R Ra + joR,(L, + M) = R4R4 + jols(La +M), 
so that e required conditions are 
R,R, = RRs, 
L,+M_1.+ M 
Ry Rs ` 


and 
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If R, is made equal to Rọ and L, is an adjustable known self 
inductance, then L, = Ly and the balance point is unaffected by 
mutual inductance between the coils; in general, however, care 
must be taken to arrange the coils L, and L, so that their mutual 
inductance is negligible. " 

Although the theory of the bridge is simple, the bridge is seldom 
used in practice to determine the self inductance of a coil in terms 
of a standard inductance since 
the two conditious of balance 
cannot be satisfied indepen- 
dently of each other. 

If it were easy to construct 4 
a variable self inductance over 
a considerable range then Max- 
well’s bridge would be a prac- 
tical possibility.: Consequently 
inductances are generally meas- 
ured in terms of resistance and 
capacitance ; one of the best 


known, bridges is due to Owzx 
(1914), Fro. 17-05,—Maxwell’s bridge for the 


Let us consider the three elec- comparison of self-inductances. 


C. The comparison of any one 
kind would be a very simple 
contained one 
current in any arm would be vwd 
in phase or in quadrature with the voltage across that arm. ly 


one extra condition would have to be satish ; 

in the detector at any frequency. ‘This simplicity is, ee e 
effect fully attained in the determination of resisiait m iront ig 
used, as any inductance present is inopor&sivs Wee O E two 
steady. We have'already seen that m e the condition 
capacitances by means of de Sauty's bridge ih in necessary to 
is very near'y complied with, though for accuracy Sakon: Wilh 
treat an absorptive condenser as à pure capacitan: 
a small resistance. : ce, howeyer, 
When we come to the measurement tiated natant of the 
coi ae 
the simple relation between the phases of tae papagi ho d oos. 
disappear and two con! i cable, the bridge 
This limits the choi tisfied 
must be such that the twi 


without interfering one with the other. 
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' Owen's bridge for the measurement of self inductance.— 
In this bridge * these independent conditions are readily obtained 
and it is suitable for the measurement of self inductances from a few 
micro-henries upwards. The bridge is arranged as in Fig. 17-06. 
When the bridge is balanced 


Ri +jol _ Bs 
1 1 
ter LB 
17 Jol, jal, 
R, L R; 
— ta = RR +s 
jo G de joC; 


Equating (a) real parts and (b) imaginary parts we obtain, as 
the conditions of balance, 
L-—O,R,B4, and CO, — R40, 
The balance is independent of the frequency of the current used, 
and hence of the wave-form of the applied voltage. The sensitivity 
of th’ oridge is very high over the range 100-1000 cycle.sec.7?. 


(b) [og 
^s 


Fio. 17-06.—Owsn's bridge for the measurement of self inductance. 


va Should be a standard mica-condenser and it is advisable to use 
a mica-condenser for C, although its value is not used in the calcula- 
tion. If C,=C, (— 4 uF.) =C (say), the balance conditions 

-become 
L— 4R,B4 and B =R,. 

Owen has shown that even with limited apparatus the range of 
this bridge is very wide. Thus with C, = C, = 0-3 uF. and values 
of R, from 1 to 200 Q, self inductances from 2 uH. to 0-5 H. can be 
determined with accuracy. The bridge is extremely convenient 


* Proc, Phy. Soc., 27, 39, 1914. 
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and possesses the great practical advantage that a balance is ob- 
tained by adjusting resistances only. It should also be noted that 
the only inductance used is the one on test and therefore all mutual © 
reaction between neighbouring inductances is avoided. 

At this stage it is convenient to examine the full meaning of the 
balance conditions derived on p. 595. Substituting the values 

1 Pu 

Z, = R, + JoL, Z, = Ry Z= R + 0, and B, jot; 


in equation (i), p. 594, we find for an Owen bridge, 


- GDNB Bo | 
i, - i [(6 m) Cn ac J' 
which gives the usual conditions for balance, viz. 
L=O,B,R, and Ri0,— Ris 
These conditions are independent of the frequency but until the 
bridge is actually balanced, one component of the current’ through 
the detector depends upon 0; the other does not. In fact, in all 
bridges in which the final balance is independent of ens, 
one of the above-mentioned quadrature currents will be ine y 
proportional to the angular frequency, while the other is not. 
Some further remarks on Owen's bridge.—In Fig. 1707 (a), 
the vector Vis represented by AB, i.e. it is the vector representing 
i T. and I, b t vectors 
the voltage across the bridge. Let I, and I, be the curren! T 
for the ge auo and AKB respectively, when the bridge ^ 


-> = 
balanced ; 3, wil Ing bekind V while Tp will lend ao that 5y #94" 
may be drawn. it AF = Ral and FH is normal to AP 
across AH ; it is 


length Ty, then Af gives the potential drop a 
38.1 GK, where AG = Bil, and 


> 


Raf, and since it is also 7 In 


4 


it must be normal to Is; This fact having 
currents T and T are therefore in GS anaa as shown in Fig. 
been discovered, the correct vector diagram » 
17-07 (b). ? ; bridge has enab 

The fact that tho vootor ding ade se 
us to discover that the euren that it is 
ture when the bridge is balanced is 80 surprising 
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"While for us to establish it analytically. We have 


oL S HARE 
tan ¢, = RFR and tan ¢, = OCR: 
where 


diagram 


(a) 


(5 
Fio. 17:07. —A "vector diagram for Owen's bridge. 
m tuas 
E Orb uod 
= ORR, (S75 So) RE 
=1, [^ R46, = B,C] 


.— , Maxwell's L/C bridge. One of the earliest forms of bridge 
for the measurement of self inductance is due to MaxwELL; with 
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its aid a self inductance is measured in terms of a capacitance 
and two standard resistances, 
Originally (1873) the method 
was a ballistic one but in 1891 
Wren made use of the bridge 
with alternating current, The 
cirouit arrangement is shown 
in Fig. 17.08 and needs no 
particular comment except to 
say that for accurate work 
the resistances used must have 
specially low residual induct- 
ances. This latter remark ap- j 
plies to any a.c. bridge for the measurement of inductance. 
When the bridge is balanced, we have 


Ri + job B a Ba 4joOR) c 
Rg | E Ryn eol oc pone 
1 + joCR 


Equating real and imaginary parts in turn, wo have 


i 


If the two variable quantities are engin ra : 
does not meet the requirement that the two val 
shall be mutually independent. For. many, With 
tendency, on this account, not to we ee ST in 
however, of good quality mios condensers 11 uF. and 
variable in steps of 0-001 pF. from sero to s rallel with 
air-condenser which could bs coc ip 
condensers, the capacitan becam thod measurement! 
Maxwell’s bridge became & practical mo . i 
of self inductance. imperfect capacitor across R 
To examine the effect of using 8n eden by a resistance 
let us assume that such a defect may ve tor for the arm KB 
r in series with C. Since the im T 
is then given by 1 


Hur 
Bin 


: 
i 


the conditions for balance are given by 


B; bial 1 2 B jat ] 
4074 2 jm mU i 
ERU ) aR, 1+ joCr, 
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at eet + jan = Bra + joCr) + 9R4C. 
4 


3 
1 Sa Jol + Joye — eL _ e 4 juo + joRéC. 
4 4 b: 


3 
Equating (a) real parts and (b) imaginary parts, we have 


This expression shows that the correction term involves the 
power factor of the capacitor. For a high-class mica condenser 
the power factor is less than 10-*, so that the correction is less than 
1 im 10*; this may be taken to be zero. 


Anderson's bridge for the measurement of self inductance. 


—This bridge, which was first described in 1891, ie not a true 
Wheatstone network but is a modification of the L/C bridge due 
to Maxwell. One of its advantages is that it enables the double 
balance to be obtained by adjusting resistances only, the standard 
condenser being invariable. Anderson’s bridge, shown in Fig. 
17-09 (a), is formed by Placing the condenser C and a non-inductive 
resistance 7 in series, the combination being in parallel with Ry; 
the other components and the detector are placed as shown. When 
the bridge is balanced let the current vectors in the different parts 
of the bridge be as indicated. Then by Kirchhoff's laws, we have. 


(R, +JoL)I, ES 7, — Bl, — 0, [for loop (i)] 
Pal, — Sh [or loop (i 
> la = = 1 
rl, + jad “RG — 1) = 0, 
s ("+ aot n)t- Rd, 
Eliminating T, from the Second and last equations we get 
1 : ENS x 
( txt Ra Jioc) Leu 
, GoCrR, + R, + JoOR,R,)T, = Bily 


[for loop (iii)] 


io. 
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Eliminating i, from the first two equations we have 
(Ba + joL) — joOralls = Ral 
Eliminating I, and T, from the equations thus obtained, we get 
joO*R JR, + RyRy + joCRgRsBy = Rik + joLR,y — jorORR,. 


y B 


(b) F 
Fio. 17.00. —Anderson's L/O bridge and its 
Equating (a) real parta and (b) imaginary gara ve Sod 
RR, = Pao 
às the first condition of balance, and 
LR, — rR,R£ = CrR,Rs + RBP 


which gives 


as the second condition. These. nditio 
independently of each other, VIZ. by adjusting Es and r: 
Originally: (1891); Anderson’s bridge was used with in aii 
currents and a ballistic galvanometer ; in-1898 ROWLAND " 
bridge with alternating Purrent, and in 1905 Rosa and GLOVER 
pdards replaced the telephone detector by à 


the Bureau of Stal 


LS EBENE 


606 ELECTRICITY AND MAGNETISM 


"vibration galvanometer so that with these modifications the bri 


& precision one for the measurement of self (and mutual, | 


cf. pp. 234 and 612) inductance. 
Fig. 17-09 (b) shows the vector diagram for a balanced Anderson 


bridge. Init AB is v, the potentia] vector for the applied voltage. 
14 1, represents the current in AHB, then AF is R,Ì,, FH is joli, 
and HB = R,I,, so that HB is parallel to AF. "Since G is at the 


same potential as H, we have R, I, m p so that? is in quadra- 
uds joC $ 


ture with Lh If we draw KG — rl, then the vector AK is Rjl; p 


hence the phase and magnitude of r are determined. 


& vibration galvanometer and a low frequency supply ; also, the 
resistors must be arranged so that R, = R, R, = R, = 0-5R;,. 
Then the second condition for balance becomes L — 2CR,*. 


(5) 
Tis. 170.—Anderson's and Owen's bridges with imperfect condensers. 


the is tantamount to saying that there is a small leak in the n- 
denser. Het R, be the “fictitious” resistance in parallel witk the 
condenser C. We wish to see how this defect affects the balance 
of the bridge. The bridge is shown in Fig. 17-10 (a), and when 


2 TEE id balinoed Tet’ tho current veraa ve, uk he 
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Then, in the usual way, We have 
(-jeUh-d-Rh-5. . 0 


T — Ro T = ii 
Ral (s i ise 90, . . (ii) 
and L ats roe] x Rala T 1) =0. . ii) 


Eliminating n from (i) and (iii) we have 


i M 
[r+ 8+ op joom Eois von aa 


Eliminating 1, and Ts from (i) and (iv) we find 
R ; 
(r+ Bat fag. i + joe + ol = Mq, + jo 
; 
Equating (a) real parts and (b) imaginary parts, we get 


R,R.R 
(a) Rar + Boat AM LABS 
3 Wik 3 


which reduces to 
RiR, = Baa + gera Bo) + Pat 


and (b) L= P ndr TEC mJ] 


4 


e ou + x) m n 


Thus the imperfection has no effect | OF Stew € 
of the self inductance and only & small effect 
value of R4. > ndensers 

When Owen's bridge is used with ip tal » acil 
in C, is really included in R, if the defe a is therefore only neces- 
resistance in series with the condenser + ^ n in the condenser C, 
sary to consider the effect of an im; cum R,, as shown in 
It will be represented by & small balance are given by 


Fig. 17-10, (6). The conditions for ^ 
5 | Eri 
ae N 
. , Rit T5 
' L Ry Z R.R, + Ra 
+ RR, + JOUR. tg (je ^ 0 


» Only if Op in takoni 08 0. p. P0 


L 
R,R, "t G = R,R,, 
4 
JUS MER 
[It should be noted that the first of these conditions does not 


F0; Fig. 1711 consists of two par- 
Electro- , 

mometer. ON S icd allel circular coils each with about 500 

r3 ih turns of fine insulated copper wire and 

ol = Ry a moving coil, M.C., of some 200 turns 


of similar wire; it is suspended by 
means of a phosphor bronze strip. 
This serves to carry current to MO. 
and also as a unifilar elastic control 
W with a small torsional constant ; the 
p current leaves via a loosely coiled 

spring below the moving coil. e 
| Fro. 17.11.—A null-dynamo. Period of swing is about 6 sec. and à 
meter method for measuring damping JR Of mica attached be- 


> be nearly critically damped. A con- 
cave mirror attached to M.C. is used to enhance the sensitivity. 
,. The coil on test, e.g, an iron-cored choke, is denoted by L,R and 
foe cme ey in series with the fixed coils of the electrodynamometer 
€, 1 up. a table resistor R, with a range 0-10,000 Oa capacitor 
Wine PASM Ry similar to Ry, and a key K aro placed in 


ALTERNATING OURRENT BRIDGES 609 


in parallel with that containing the choke. This arrangement is 


through the moving coil of the electrodynamometer. 
The electrodynamometer is set up with the plane of its moving 


rent through the fixed coils is 8 itched on or off ; the mutual in- 
ductance between the coils is then zero. The connexion across the 
moving coil is remoyed and the instrument is ready for use. 


3 er) while that in the 
R+R, 
1 ` ii; 
capacitive branch leads by tan-! ma ; in writing down these 
expressions the small resistances and reactances of the coils in the 


electrodynamometer have been neglected. ^ 
the two branches are in ture the mean torque on the seo 
coil is zero, cf. p. 527, and it is not deflected from its position 


static equilibrium. The necessary condition is 


zx) Jide 
R+R,/ oCR, 
A + tan B s 
since tan a 525 E 
jw. The above condition may be 


that of the applied voltage by tan" 


fraction is zero if A+B= 


writte 
i L=OR+R)R: — daos 
Inusing thismethod, R, or Ry or both, p adjusted to su ie ran 
R,’ and Rg’; say, that the deflexion is zero ; & ar es ah duc 
obtained using different values R4 and Ry, say Di A 


From these equations we find ; 
L= Ry 


RyRy 7 1 e 
and | R=— Rio By 


i f of R may 
Experiment shows that the value 
zf. value for the resistance of the coil. 


G.D.P.—V—X 
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The modified Carey Foster method for the determination 
of a mutual inductance in terms of resistance and capaci. 
tance.—[More often this bridge is used to measure & capacitance in 
terms of M and R.] The original Carey Foster bridge for this pur- 
pose was used with direct current and a ballistic galvanometer. 


(a) (b) 


Fic. 17-12.—Campbell’s bridge for the measurement of capacitance 
[or mutual inductance]. 


When alternating current and a sunable detector are used the 
simple bridge can only be balanced if one: particular condition is 
satisfied. HuypWwEILLEr (1894) and CAMPBELL (1907) modified the 
bridge by placing an adjustable resistance in series with the con- 
denser. The bridge is generally known as the Campbell bridge. 
The circuit is shown in Fig. 17-12 (a) and the conditions for balance 
may be obtained as follows. Applying Kirchhoff's laws to the loops 
(i) and (ii) we have 


Phy+jol,],+joMl =0,. . .i dd 

> l NW y 

d = EXIL-Q- '. . 
an RI, (s tx c 0 d 


Since ls + a the first of these equations becomes 
; (P+ joL, + joi, = — joMI, - (ii) 
Eliminating T and L from equations (i) and (iii), we have 
t i A 1 
R(P + joL, + joM) = — joM| $ * xc) 


=— joMS — c 
Equating in turn i» real and imaginary parts, we have 


RP=- and (L, -+ M)R = — MS. 
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These conditions require that M shall be negative, i.e. M= — |M]. 
Then 
|M|=ORP, and 1, - rir] 
[Adjust P and S, keeping E constant, to obtain balance, for the 
two conditions are then mutually independent.] 


ing L,, and also a necessary condition for balance is that Ly > | M |. 
Hence of the two coils forming the mutual inductance that coil 


of the condenser. If such bo the case let 8 = So +” where S, is 
known. Then t dc 
r 
nifi e] 
-e(a ar 
ee s=( t) ^ 
mous by plotting S against T wa oot values for gg Lm 


When 7 is known the power factor for the condenser, which is wCr, 


may be calculated. ; ; 
ge includes the resistance o. the coll ly for P 


Since, in general, s 
we ought to write P, +1, where P, is known. Then 


Lot Me , 
which suggests that P, should be plotted. against K in a to find 
MEME TD cro 
The same gives ri is red. i 

If Figs. vhs and (b) are « pared t wil be nai le 
Fig. 17-12 (b) the Campbell v has mado $E 
network b adding & conductor 


between the pointe B and H ; o 
able. na ek oreo cf. p. 019. The conditions for balence are 
n tainod by using the facts that bo 
ac): mà Pijet + jails 39 7^ 
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conditions if the arm HB in Fig. 17-12 (b) has a small but finite 
resistance AR. Using Kirchhoff’s laws we have 


Pl, + joLI, + joM(, + 7,) — ARĪ, = 0, 
& ] > 
and RÌ, — (8+ Ji, — o. 
After some reduction these equations give 


(AR — je)[s + xc] — R(P + joL, + joM). 
joC 


5 M 
" i 8.AR — 5 = RP, 
8 AR 
and I, Mh] - A. 


These equations show that the balance for the bridge isine | 
dependent of frequency only if AR ="0; this condition must be . 
satisfied if the bridge is to be satisfactory. 

The use of a self inductance bridge for determining a 
mutual inductance.—If two coils with self inductances L, and Ly 
are connected in series so that M is their mutual inductance, then 
the self inductance of the combination is L, + L, 4 2| M[, the 
sign before M depending upon the manner in which the coils are 
connected together, cf. p. 234. If we write 

L'-L,--L,42|M|, 
and L'-L,-L,—2|M|, 
it follows that 

|M] = 34 — L^. 

Hence if L' and L” are measured by any self inductance bridge, 

a numerical value for the mutual inductance of the coils may be 


found. Of course the two coils must remain fixed with respect to 
each other so that their mutual inductance remains constant: 


An inductometer method for comparing two mutual in- 
ductances,—The precise determination of a mutual inductance in 
terms of a standard which is smaller than itself is a somewhat ` 
difficult operation since a balance of self inductances is also required. 4 
Steps must also be taken to compensate for the impurities present p 
in each mutual inductance. These arise from the presence of self — 
capacitance in the coils of each mutual inductance, of mutt 
capacitance between them, and also in part fro: the dissipation 
of energy by eddy currents in the metallic components and di- 
electric losses in the insulators on which the coils are wound. To 
Tepresent these departures from an ideal mutual inductance for — | 
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whioh the operator is jwM, it is usual to replace this by (c + joM), 
where c is a small positive term of the nature of a resistance. To 
satisfy these requirements, HARTSHORN (1925) devised the following 
method; the circuit is shown in Fig. 17-13. Fundamentally it is 


RYK 

| epis ETE 

Fro. 17-13.—Hartehorn's inductometer method for comparing two. mutual 
inductances (any ratio). 


a modification of Maxwell’s bridge for the comparison of two self 
- inductances, cf. p. 698. Tf Ry is the total resistance in the arm AH 


and L, its total self inductance, the balance conditions when K, 
is closed and K, open, are 


LE, dus M 4 
L R RE A 
A definite value for By js chosen and then the above conditions 


i justi able parts of R, and 
are satisfied by adjusting Lo and Ryo, the variable pa à 
L,, respectively. When this balance has been effected the points 


H and K are at the same potential, 80 that 
ý Rl = Rily $ 
and in. view of the condition that R4R, = RoBo we have 
RA Rd o: c Gia Ex 
j 4 1 ie 
The key K, is now opened and Ky seeks Med od, li tea P 


secondary coil of Ma, the inductance being d € 
a point J. so that a variable portion B of R; is. eA prt m 
containing D,. The current through the detector "^s 


(o, + joMyls — (ea + joMyl, — Ri, — 0, 
i nS TEE +joMy _ lL B t j . (iii) 
E c 
since, at balance, 1, and I, are unchanged. 


ee ee 
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Hence the conditions for balance are 


9; = (0, + Ry, 
3 


and M, = M,—. 


To satisfy these conditions M, and R are adjusted alternately; 
in addition, the connexions to A and J may have to be interchanged. 


The measurement of capacitance by a.c. bridges.—Since the 
capacitance of a condenser changes very slowly with time and 
cannot therefore be regarded as a primary standard, some of the 
bridges which have been described for the measurement of induct- 
ance are more often used for measuring the capacitance and power 
factor of a condenser. In such work the inductance must be & 
standard one; a mutual inductance is preferred. This is a very 
desirable procedure since inductances can be calculated from 
geometrical considerations and, practically, they are more durable 
than condensers. The Carey Foster bridge, as modified by Camp- 
bell, is particularly suitable for this purpose. Another bridge for. 
the measurement of capacitance and power factor will now be 


described. 
aoe The Schering bridge.—For 
oN > Re the measurerzent of the capaci- 


tance and power factor of & con- 
denser, when a reliable condenser 
is available, the bridge designed 
in 1920 by Scumnine * is one of 
the best and is very largely used. 
At the N.P.L. it has been modi — 
fied so that extremely small con- — 
densers may be tested. In its — 
simplest form the bridge 18 
shown in Fig. 17-14. The con: 
denser under test, (C,, 7), is placed in the arm AH of the bridge; 
C, is a standard condenser and C, a variable air-condenser. The 


Fic. 17-14.—The Schering bridge. 


bridge is balanced when 
r+ la 
Jo, _ R . 
Torr 
joC, 1+ joC,R, 
or jort, + = Fan + jo Ral 
4 


f C 
* In a paper by Semm, Zeita. f. Instk., 40, 124, 1920. } 
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[It should be noted that this equation is most easily obtained by 
inverting the term below the thick line on each side of the first 
eqnation and transforming it to a place above the line; the usual 
method of cross-multiplying becomes very involved in this instance. ] 

Equating in turn the real and the imaginary parts, the balance 
conditions are > 

Ca Bs and r0, = GiB 
C " 

These can be satisfied independently of each other. The power 
factor of the condenser C, is cos, where tan d = (oO). For 
all condensers with a small power factor $> $n, ie. 


cos $ = wOyr = w. Ld = 00 Re 


The measurement of the frequency of an a.c. supply.— 
When the frequency of the source approximates to that of a standard 
tuning fork, the frequency is readily ' ed by connecting the 
source through a high resistance to a telephone, setting the fork in 
vibration, and counting the beats. 

When this method is not applicable, the fre t re 
low frequency current may be found by applying & portion of the 


ing the necessary components so that, the current | 
detector is zero. Hitherto, in connexion with the ao. bridges 


described for the measurement of bes 
aim has been to make the balance conditions iipendant ee 
quency so that, the freedom of the source : wj al Sie in 


essential requirement. Now, however, E 
which the balance can only be fulfilled for one particular frequency 


A major difficulty ab once arises. 
unless the source is free en 
monics, for if they are presen j 
balance point is blurred when à 
telephone is used as & detector ; & 
vibration galvanometer. may. 
used to overcome this difficulty, 
provided it is tuned afresh toevery 
new frequency that is to be mea- 
sured and an appropriate filter use 
to eliminate harmonics. 
Robinson’s frequency bridge. 
—In Fig. 17-15, which shows the 
essential details of a bridge origin 
ally due to WIEN, €; and Og are 
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two high-class capacitors while R,, R,, R, and R, are non-inductive 
‘resistors. Since %,, the impedance operator for the arm AH of 
the bridge, is given by 
1 1 R 
gr ect j , Z = —— BAS 
en Bm ERG 
the conditions for balance are determined by 


R, 1 R, 
———— IIR, ——]-- 
(icio) * (8*5) ~ 
Equating in turn the real and imaginary parts, we find, after some 
reduction, 


G:C, Rik, 

Originally the bridge was used for the comparison of two capaci- 
tances but in 1924 Ronrxsox simplified these conditions for balance 
by making C, = €, =C (say) and R, = R, =R (say) Then 
R, = 2R, and 
——, Or Í -— n E 
CR’ -9aCR 

Thus the bridge can be used for the measurement of frequency ; 


e = 


it is balanced by using equal capacitors, making R, = 2R, and — 


varying R, and R, together; they must be kept equal. 

If, instead of resistance boxes, conductance boxes are used, the 
scale of the instrument becomes linear ; if C remains fixed the scale 
may easily be calibrated. i 

Any harmonics present in theinput voltage will appear in the detec- 
tor arm at balance, since the conditions for balance involve w. Even , 
weak harmonics become prominent as balance is approached, but 
an experienced observer, with a sensitive ear, finds it quite possible 
to balance out the fundamental even in the presence of harmonics, | 

Many other frequency bridges are available but Robinson's 
bridge has the great merit that its arms are made up entirely 


resistors and capacitors, i.e. there is no inductive coupling between 


the bridge and other neighbouring sources, or even between the 
components of the bridge. 


The Wagner earthing device.—If accurate results are to be 
obtained with the a.c. bridges described, difficulties, due to ‘earth 
capacitances ’ which arise, especially at high frequencies, have to be 
Overcome. An ingenious device due to WaGNER is used for this. 

Let us suppose that Z,, Z,, Z, and Z,, Fig. 17-16, comprise the 
four impedances forming an a.c. bridge and that one of them i$ — 
on test. The Wagner earthing device is an auxiliary circuit 000- — 
nected across the a.c. supply. It consists of two impedances Zs 
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to earth potential without having either point actually connected 
to earth. The stray capacitances C, and C, have no effect on the 


balance conditions and the relation Zi = By is satisfied. Moreover, 


2 4 
the detector is at earth potential and can be used without intro- 
ducing capacitance currents to earth. 


Maxwell's L/C bridge for the measurement of self induct- 
ance (with a Wagner earth).—As already mentioned on p. 603, 


this bridge is a very popular one for the measurement of inductance E 
such popularity is due mainly to the fact that easily variable 
capacitors are now available. The bridge with a Wagner earth and 


Fro, 17:17.—Maxwell's L/C bridge with a Wagner earth. 
sn amplifier in the detector circuit is shown in Fig. 1717. AHBK, 


Tepresents the original bridge, the conditions for balance being 


RR = RR, 


and L=€R,R,. 


The Wagner earth consists of the two arms AE and EB, with 
components similar to those in AK, and K,B; the point K, is earthed. 
In order to satisfy the first condition for balance, R, consists of & 
variable resistor Ry’ in series with a 10 Q coil shunted by a variable 
resistor ehh os maximum value of 500 Q. A valve amplifier, 
1n conjune ith a pair of earphones, T, is used to detect when 
the bridge is balanced. 

; The Campbell (Carey Foster) a.c. bridge with a Wagner 
"PRACT Principal bridge, shown by heavy lines, is arranged 


> 
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as in Fig. 17-18. The Wagner earth, shown by hatched lines, is. 
placed across the source of a.c.; it consists of a resistance R” in series 
with an inductance coil, 

' (R’, L’), the point H being = A, 
earthed. An additional de- ry E D a 


w 
Di 
6 


tector D, is shown, but in L 


practice only one detector 
is used, suitable switches 
enabling it to be placed in 
the desired positions. The 
auxiliary bridge consists of 
R^ R’ and L5 together 
with the two arms R and 
T4. The principal bridge 
is first balanced approxi- 
mately and then the auxili- 
ary bridge. These operations 
are repeated and the bridges 
rebalanced at each stage 
until finally the current 
through the detector is zero 
whichever bridge is i 
The points H and K on the principal 


balance are 


IM] PR, and 1,- xi [1 +E) 


as already established. S 
Equivalent delta-star transformations in a.c. networks.— 
The methods already desoribed for obtaining the conditions of 


A 
A ^ 
YN X 
oE R E o3 
@) ` 


star transformation in %0: networks. 


lved becomes large, 4 
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= _ algebraic work; a star-delta transformation may similarly be used, 
ds If the impedance operators for the delta and star networks oon: j 

cerned are as shown in Fig. 17-19 (a) and (b) respectively, then, | 
Proceeding as on p. 212 for purely resistive elements, we find 3 


LL ES S 
* A TEE, 
ere D | 
and Z, = ZO + Z *g]. ete, 


The Anderson bridge for the measurement of self induct- _ 
ance.—Fig. 17-20 shows an Anderson bridge (for details, of. p. 604) 3 
and the equivalent circuit when the delta assembly between the — 


Fra. 17:20.—Anderson's L/C bridge. 


points B, G and K is replaced by a star with components for which — 
the impedance operators are Z, Z, and Z,. When the bridge is. ^ 
balanced there’is no current in the impedance associated with Z, ; . i 
its value need not therefore be written down. Using the above 
formulae, we find 
' IX. 1 
Z ua R2) = (s. +r * io) 
end 


t 3 1 
B= RoS (Rt) 
1 The balance conditions, as deduced from the equivalent circuit, 


are 
Sra 
B ior RAR Er =) 
————— = - x e 
Bebe oe Ric) 
(n. Trid xc) on 
joC a 
oe R, T joL _ joCR, 


RR, + rRe + EE Bro R 
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Cross multiplying and equating in turn the real and imaginary 
parts, we obtain, as on p. 605, 


R, HR; w Ra ! 
gg L- ena " E) +R. 


The determination of the permittivity (or dielectric com- 
stant) of an insulating liquid—Most measurements for the 
determination of permittivity consist of two measurements of the 
capacitance of a condenser, the first measurement being made when 
the dielectric medium of the condenser is air, and the second when 
the dielectric medium is the substance under investigation. The 
ratio of these capacitances gives the required value of the per- 
mittivity, x. The capacitance to be measured is usually small— 
less than 0-001 F.—and, in general, the capacitance when the 
dielectric medium is air [which will be referred to, as the ' áir- 
capacitance "] is considerably smaller than that when the dielectric 
medium is the substance under investigation [it is here referred to 
as the ‘liquid capacitance '- 

Since such capacitors have & high re- 
actance, any bridge in which they are 
used must have a Wagner earth, A . 
simple circuit for this purpose isa. 
de Sauty bridge with a Wagner earth 
arranged as indicated in Fig. 17:21. 
C is a wireless receiving capacitor of the 
better type and has a nominal maxi- 
mum capacitance of 5 X 10-‘uF or - 
500pF. It is carried below a polystyrene 
plate supported on the upper edge of a 
cylindrical glass jar of ample size. - This 
plate has two termine perge tz "Farth 
spectively to the fixed and mo SL ^. 
vanes of 6^ capacitor Mes is band Pro. 1721 io ds 
in the arm AH of the bridge. © r permit. 
C, are two similar sape p pia tivity of an insulating liquid. 
shown, while R, Rọ and E are $7 ^ valve 
non-inductive resistance boxes, „The bridge M vui Disa 
oscillator with a frequency of 1000 cycle.seo. 7; 

air of earphones. š ces 
Pa With air bebai the plates of the ar ppm primes 
for the bridge proper and then f diera containing O is 
found by varying in tum R and By FOH 
then filled with the liquid (nitro "eit rs the vessel backward an^ 
or transformer oil) and by slightly tì Aas from the system. 
forwards all air bubbles may be remo x 


Valve 
oscillator (1000 hertz) 


e 
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bridge is again balanced by alternately adjusting R and Ry; let 
R” be the value of R under these conditions. Then 1 


CR, = CR = (x)CR’, 


p (x) == 


where (x) is the relative permittivity of the liquid. If the Wagnet 
earth is not used, errors as high as five per cent occur. ; 


A precision method for the determination of the permit- 
tivity of a liquid.— This method is due to HARTSHORN and Oxrver* 
who used it to determine the permittivity of benzene and its varias 
tion with temperature. These investigators pointed out that the) 
value of the permittivity is given accurately by the ratio, defined 
in the preceding paragraph, only if certain conditions are satisfied 
in making the measurements, and these conditions cannot be ful- 
filled unless a condenser of special design is used. The essential. 
conditions are :— 

(a) the * air capacitance.’ must be located entirely in air, i.e. none 


under test and must be geometrically identical with the ‘ait 
capacitance ’, 1 

Whatever method of measurement is used, it will be necessary to 
connect the capacitor to the measuring circuit by a pair of con- 


be entirely immersed in the liquid when the ‘liquid capacitance” 
is being determined. Let us therefore consider in detail how he 
effects of lead’ Ghpacitance may be eliminated. 

Let A and B, Fig. 17-22 (a), be the two plates of the condenser 
and let these be connected to the measuring circuit by means of the” 
two leads L, and L,. Suppose it is desired to measure Cap, the” 
capacitance between A and B. It is important to recognize that | 
the system comprises several other capacitances, viz. the capacity - 
ance c, between L, and L, and the ' cross-capacitances ' c, and € 
between the two plate systems and the opposite leads. ‘The total 
capacitance is 

Cip + es + 05 + ce 

When the lead L, is disconnected from A, as in Fig. 17-22 (0) | 

then we hava (Cip + c) and cg in series together with c, and Ca - 


* Proc. Roy.Soc., A, 123, 664, 1929. 
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in parallel with the series combination. Now 
E vau tO dot 
Cin Fea 6. Capt e^ 
i í à — Can t 66i 
~. Capacitance of system ar “= ai 
1f tho plates A and B are removed we are loft with a singlo losd 
capacitance Cy’, which is slightly different from és. The important 
«int to emphasize ig that it is not permissible to determine the 


(a) 

Fro. 17.22,—A. condenser with 
capacitance C by taking the difference of 
condenser is fes connect io a sll observers 

ither at one or systems. 
ted assumed that satisfactory measurements amb 


of different observers are probably 
^ the stray capacitances are 
Oliver used a special method whereby i capacitance Oas 


Cy, and the two Tesistance arms R, and R, Alternating v 


by capacitances C and C,, and one or 
-these is adjusted so as tc 9 io Palane 
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P, and P, are small insulators which separate the pla 
from the electrostatic shield S. Tho whole system 
garded as consisting of three capacitances, the mutual 
Cas of the plates A and B, and the capacitances C,s and Oy 
the plate systems and the screen. Now although there is 
sulator in the electrostatic field represented by each of t 
tances Cys, Cys, the mutual capacitance C,g is located e 
air, since all the lines of induction which pass through | 


must terminate on the screen ; they cannot possibly 1 
plate B. 


he measuring circuit. In order to satisfy the co 

i precision, the measuring circuit used must pe 

separation of the component capacitances of the electros ; 
formed by the test condenser and its connecting leads. It 

possible to measure the mutual capacitance C,,, and to elin 

the capacitances not required. The bridge network is 

Fig. 17-24 ; essentially it consists of two capacitance 4 


Fra. 17:24.—Hartshorn and Oliver's bridge for determining 
Permittivity of benzene. 


telephonic frequency is applied between the points G and 
a telephone, T, is used as a detector. ; 

Tf the bridge is balanced by varying one or more of the qua 
Ci, Ca Rs, Ry, a condition for balance is C R, = C,R,, wh 
the total capacitance in the arm DG.. If the resistance 
and R, are 


; JaN as to preserve the balance of the bridge, 
Same equation still holds. To establish this fact, the conditio 
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balance are given by 


(zz) * cie) = n * (cc 
jat,) ^ (F 0R NJO ( suus) 
l-jeO,R. 1l + jo, Ra 


i.e. eM tin co 
E C,R5 C;R, 
Equating in turn the real and imaginary parts, we hhwe 
Oe 6, 
QR,— OR, and = —. 
1R = Vitus 10, 


The bridge may be conveniently used in the following way for the 
measurement of small capacitances. With a fixed condenser C, in 


nected to the points G, D, i.e. it is placed in parallel with C; and 
balance is again obtained. From the change AC, in the value of the 


be fixed in value, 
(C, n AC;)R, VÀ (C; F AC,)Ry, 
and since CR, = ORo 
R,.AC, = R,.AC, 


In taking the difference of two readings in this way greator accuracy 
when only one reading is taken, since 


The capacitance thus measured is the total capa i 
the points G and p. We have now to 
eliminate component capacitances not required and how this 
property can be used imi i 
the leads. Let the test-condenser and its screen, S, be 


Cgg is connected across the points [ 
source of alternating current ; accordingly it cannot affect the 
bridge reading. The capacitance Cys, however, is across the points 
D, E, and is thus in parallel with C4. 
of C, or C, at balance but the equation © Ry = Q, Ea, where Cy’ is 
the total capacitance between G and D, still holds. Now 


where ¢ represe Thu e bridge reading, 
C, is independent of Cag and Cps but is & linear function of Cn 
Since the test-condenser is porfootly shielded by tho earthed screen S, 
no additional earth capacitances have to be considered. 
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In order to consider the elimination of the lead capacitance let 
the test-condenser and leads be represented by the network shown 
in Fig. 17-26 (á). For a complete representation the screen § and 
its associated capacitances should be included but since these are — 


sider them further. Now let the connexions be made as follows, 


jie screen S being earthed the whole time and th. bridge being - 
balanced after each change of connexion. 


iSo ans 
XE 
B 
L, cs £L. es 
G Co L, G C2 
(a) 
D D 
S B S VE 
Z Pa 
Lz Lz €. 
C4 
Ce L; a Ce L; 
(o 7 QD 
E 2 D. 9 
Fro, 17:25.—Elimination of Stray capacitanoes in Hartshorn and 
Oliver's bridge, f 


(x) Connect L, to A and to B. Then the total capacitance 
added to C, is ‘a inet 


where k is a constant and « the change in the reading of the standard 
condenser C, necessary to effect a balance, 
(8) Break the gonnexions L, A, T, B. and connect A and B to 8, 
3 eras de < (b). - The capacitances to A and B, viz. e; pei 
AA Cs HAVE now become oa; itances to screen and are therefore 
‘eliminated from the e; 


; 4 . measurements as lained earlier. The 
. Pacitance now added is = e 


kB (say). 
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(y) Make L,B, disconnecting B from S. The capacitance now 
added is c, + Ca, cf. Fig. 17:25 (c); this may be called Ly. 

(ô) Disconnect A from the screen ; connect A to L, ; disconnect 
L,B and connect B to screen, The capacitance now added is 
Ca + cs, cf. Fig. 17:25 (d); this may be called kô. — 

^. Cag is directly proportional to (x + p) — (y + 4), 
and here one must remember that œ, f, y and 6.are the changes in 
the readings of the standard condenser C, necessary to effect a 
balance in each of the four arrangements, the resistances R and 


R, remaining fixed. 3 i 
Thus, by taking these four readings the various lead capacitances 


necessary. ; : 
In this research Cj was a standard i 
200-2900 uF. Tts capacitance cam 
parts of its scale. Errors due backlash wer " o 
way. The following result was obtained for benzene gin 
rao = 2/2825 + 0:0005, [Vacuum = 1) s than two 
The permittivities of standard liquids.—W bom enia on the 
decades after the investigations by paie cuin n of hydro- 
permittivity of benzene, techniques for n dpt by TIMMER- 
carbons of extremely high purity had puts yrox, at the Chemical 
MANS, in Brussels, and by COULSON and1 vans had also stressed 
Research Laboratory, Teddington. Mni tivition of at least two 
the need for the determination. of the’ 4his is that while liquids of 
more standard liquids. The reason ter aotorily with benzene, for 
low permittivity may be compared a, standard liquids with 
work on liquids with higher 3 against 2 for benzene are 
permittivities of the order 10 to 40 e» 28 
i has been 


essential. f , measurement 

Since 1929 the technique of prairie shown, cf. p. 621, that 
improved considerably. It has already of s permittivity 
the experimental determination Oi 9 rio of two capacitanoes; in 
mentally in the measurement of the Th po to 1 part 
1929 it was considered that this ratio GUT tue of 1000 pF., ie. 
in 10,000 provided the air it had been found with 
10-* iB. Meanwhile, Dower pocitances, inherent in any simple 


adequate screening, the stray © 4 


of liquid and the 
platinum electrodes, Jj 
great asset when chem cal 
impurities are the ief 
cause of uncertainty ini 
physical measurement, 
Details of the capacitor 
cell for use with benzene - 
and similar liquids are. 
shown in Fig. 17:26. The 
electrodes are seamless 
cylinders of platinum foil .— 
0-03 cm, thick, this being | 
considered the smallest — 
thickness that would pro- - 
vide the necessary rigidity r 
in self-supporting cylin- a 
ders of the required size. N. 
The arrangement consists 
essentially of two coaxial 
cylinders, the outer one E 
f being divided by circum- 1 
Fre. 1726.—A three-torminal Goi, ferential gaps so tht a 
guard rings are formed. - 
The electrode assembly is mounted within a double-walled cylindrical — 
s and carried by the glass tube forming the ~ 
inner wall of the cell; the inner electrode A fits snugly over this ~ 
tube. Care is exercised to see that any liquid introduced into the — 
cell makes contact with no metal except 
» when it is evacuated, the slight displacement .— 
of the cell walls does not affect the geometrical capacitance of the —— 
System. "When in i i 


Now, unfortunately, the purest benzene ob; 3 
contains, as show in 1929, sufficient water to affect its permittivity — - 
m - is water can only be removed by months of . 

Paar Dane agents. i Harts- 
^ HORN, Parry and dps i^ In the work carried out by f 
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benzene, supplied in sealed ampoules, was far from negligible and 
long treatment with drying agente in the sealed enclosure containing 
the capacitor cell was essential, y 

The bridge used was similar to that of 1929, the main difference 
being that a Wagner earth was incorporated. For benzene, C,H,, 
it was found that 

Kæ = 2:2836 + 0-0002, 

and xo = kso — 0:0019(0 — 20), [20°C. <8 < 30°C] 
but the difficulty of removing the water content from benzene is a 
serious objection to its use as a standard liquid for permittivity 
measurements. Now cyclohexane, C,H;, has a permittivity 
which is unaffected by a drying procedure similar to that used with 
benzene; thus cyclohexane as a standard liquid has decided 
advantages over benzene. For cyclohexane 


xg = 20250 + 0-0002, — ; 

and xa = Ka — 0-00155(6 — 20) [20° C. < 0 < 30° C] 
When measurements on dichloroethane CH,CHCI,, a polar liquid, 
were attempted new difficulties arose. Its conductivity is so high 
that at 1 ko.sec.-i the loss tangent, cf. p. 662, is 0'5. Precision 


liquid is determined by a com 
capacitance of the cell when i 
liquid, Cy the measured capacitance with the cell evacuated, and 
Cg the capacitance extraneous to the system, then 


Cg is determined by using benzene; ' 
when determining an unknown permittivity. 
For dichloroethane it was found that 


Kap = 10-663 + 0-003, 
and Kg = Ky — 0-553(0 T 20), [20° 


while for nitrobenzene, OsH;NOs, 


Kop = 35:72 + 0:02, © i 
: — 0185(6 — 20). [20° Q.«0«30* C] 

These investigations showed that the permittivity of sora = sins 
two liquids is independent of frequency, and for vds iden por ; 
poses may be taken as the static permittivity of the p q 


C. «0 «930^ €] 


Kg = K20 
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A radio-frequency method for the determination of the - 


permittivity of an insulating liquid.—This method is based on 


one developed by SvapEx in 1933-5; the error in his work did not 


exceed one part in a thousand. Although the apparatus to be - 


deseribed is a simplified form of that designed by Sugden, its com- 


ponents are more modern and it is intended to illustrate the method — 


which he used ; the error is less than one per cent. 


Consider a tuned circuit consisting of a coil with inductance L 


connected in series with a variable condenser of capacitance 0, 


and let an alternating e.m.f. of fixed frequency f, be induced in the 
circuit, for example, by coupling the coil inductively with amo 


oscillator as shown in Fig. 17-27 (a). 


I 


"ETIN ax 
i 
| 
l 
\Oscillator, constant 
[frequency do j 
(a) 


Fro. 17-27.—A tuned circuit and its -esponse curve. 


A response curve, cf. Fig. 17-27 (b), showing the variation of the _ 
r.m.s. value of the potential difference, V, across the coil for dif. 
ferent values of C will have a maximum when the resonant frequency _ 
of the tuned circuit is equal to fo, the frequency of the oscillator, - 


Le. when f = Ry where C, is the capacitance of the condenser 


at resonance. 


1 


ie. x vs (xe) = € 


=. 


a a ee 
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where C, and C, are obtained from the dial readings 6) and 0, of 
the condenser at resonance. 


Some practical details. (a) The oscillator.—A tuned-anode 
radio-frequency feedback oscillator may be used. The circuit is 
shown in Fig. 17-28 (a). Oscillations are controlled by the mutual 
inductance M between the anode and grid circuits ; if M is increased 
gradually froma small value, the onset of oscillations is usually 
shown by a sudden change in the anode current and their fre- 
queney may be adjusted by means of the variable condenser €". 


@) 


Fic. 17-28.—An r.f. oscillator and a valve voltmeter, 


high eychimee he 
voltmeter may be used to measure the whole or & ion of the 
voltage across the coil L. A voltmeter 
principle is suitable; & 
17-28 (b). i : , x 
The cathode bias resistor Ro is chosen so that Lh pe the ae 
input: signal between X and Y the (des : 
current is Ty, and, cf. Fig. 17:28 (c), the Ape eben an alternating 
the lower bend of the mutual cha ac! Ee Y the anode current 
potential difference is applied between of the anode current 
wave-form is distorted and the mean wn M eccl: i), 
becomes I,. The inorease in the mean an. e Roe aks ampli- 
which is measured by the milliammeter, 15 2 
tude, 2, of the input signal... z 
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Determination of the permittivity of benzene.—The con. 
denser ©, Fig. 17-27 (a), is a calibrated air-spaced condenser sur- 
rounded by a metal container which may be filled with liquid. An 
outer container, filled with water, serves as a constant temperature 
jacket. The coil L is constructed so that resonance with C is 
obtained at a suitable frequency and it is mounted so that its dis- 
tance from the coil L’ (in the anode circuit of the oscillator) may 
be adjusted to a suitable value, The input to the valve voltmeter 
is taken from the points X and Y. : 

Special attention should be paid to the following points :— 

(a) As far as possible short wires should be used between different — | 
points in the circuit and where pairs of wires are required, e.g. for _ 


[ rr Air as dielectric 
13 7 
S dielectric Response 
8 curves 
N 
a 
- TUB [Dial reading 
[ of CF 
—---—-—-—- ~~ eS Calibration curve 


Y I Y 
Fro. 17:29. 


[Capacitance oF C] 


filament leads, h.t. leads, wires from X and Y to the voltmeter, etc., : 
they should be well insulated and twisted closely together. - 

(b) As far as possible all stray coupling between the anode 
and grid circuits should be avoided (i) by keeping leads short and : 
(ii) by keeping anode circuit components away from grid circuit — — 
components. 

(c) The outer case surrounding the condenser and the movable 
plates should be ‘earthed ’, e.g. by connecting them to the point Y. 

(2) The frequency of the oscillator should be adjusted so that the, 
peak of the air-response curve occurs when the dial reading of the 

- condenser is wid eighty per cent of its full scale reading Er we 

. maximum on the benzene i be obtained & 
“about half this value response eurve will then 

jane) ihe coupling between the two coils L and L’ should be ad- - 
Tested so that à smooth response curve is obtained when C is varied 

Im 3 t 


e. 


tc DE N 
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in both directions. If the coupling between the two coils is ex- 
cessive discontinuities in the response curve may be obtained. | 
(f) Response curves should be obtained, i.e. I, plotted against 0, 
(i) with air as dielectric, (ii) with benzene as dielectric, and (iii) with 
air as dielectric. : 
Throughout these observa’ ions, the frequency of *he oscillator 
"must not be changed. As the frequency is likely to be affected not 
only by the value chosen for C but also by the values of M and of 
the relative spacings of L and L/, all these factors should remain 
unaltered. Then the readings obtained in (iii) should agree exactly 
with (i); if they do not, further observations should be made. 
o oscillator is purely 
but if the out- 
ed, harmonic frequencies will occur ; their presence 


value for x, In the actual work by Sug 
condenser dial, viz. 0° and 0", were observed ic 


to be used, when it became necessary +0 surround them by an 
earthed metal screen 80 that the values of their capacitances Te- 
mained fixed for there is always present the stray one, - 
earth’. Details of the receiving circuit are shown in Fig. 9 
The resonance coil is tuned by 8 sys? e T s Co 
C, and Cy. Cs is an inexpensive variable del 
tuning and its capacitance 18 maintained at a BY 2 edge 
a series of measurements. €, represents the Torsten aen 
which finally contains the gàs or vapour. s a change 
capacitance of Cs when gas is admitted to the oiu de CD, of 
cell or removed from it ig measured by fhe en i 6 | 
in series. C, is about 10 pF., while Og sre s 
; variable air-condenser with a maximum cap tance 
y thi t for a given state of response, 


theory 
Lance of Ce Will re! uire a Jarge change in 
inp apne url m, Ge 
surement 0 em 

inciple depends the accurate measuremen b 
i Ls Mom of tbo introduction TETE 
changes in anode current are d i kar 
and it is arranged as 9 suji instrument. The diagram 
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method for making the necessary connexions and-it should be noted 
that if I, is the current in the detecting circuit, then this will flow | 
through R, when I, = 0. Since the drop in potential between H E s 
and K must be zero when I, = 0, the necessary value for Ri j 
given by V — RI, = 0, where V-is the e.m.f. of the cell A. 


Fro. 17:30.—The receiving circuit in Sugden’s work on the permittivity of 
J a gas (or vapour). 


C, is first evacuated to enable a response curve to be plotted. 
Gas or vapour is then admitted and C; reduced to C,' until the cur- 
rent flowing through R, has the same vàlue as it had before the 


` admission of the substance under examination, i.e. the galvanometer 


current is again zero. Let AC, be the change in C,. The equiva- 
lent capacitance of the condensers Ca C; and C, before the intro- 
duction of gas into C, is 
1 
C+ Hioc" 

eo naa 

C, C; 
and from the nature of the experiments this is equal to the equiva- 
lent capacitance of the system after C, is filled with gas, viz. 


€, + AC, + Tq 
(+z) 


LI oe CC; C,C,' 
LO FG, O40; 
=’ “GRC, — C,') 
(C, + C,)(C, + C, 
oe pet 46 C8 €; — €, 


Os 0, QE QC + OTEO 


2 [The term C,*in the denominator is very small and may be neglected.] 
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Among the more important practical details. it -must be men- 
tioned that the cell consisted of two stainless steel cylinders fixed 
coaxially with a gap of 0-1 em. approximately ; these were mounted 
inside a large glass bulb and the system thus formed placed in an 
electrically heated oil bath. Finally, it must be recorded that the 
whole potential difference across L, was applied to the valve in the 
valve-voltmeter circuit. 


The simple phase splitting : ndition.—In the near sequel it 
will become necessary to obtain in two circuits currents which are 
quadrature. To show 


equal in magnitude but whose phases are in 
how this may be done let P, Fig. 17-31 (a), be the primary of a trans- 
former with two secondaries B, and S, Across S, let there be placed 
a resistor and an inductive coil ; let R, be the total resistance of this . 
closed circuit and L its total self inductance. Across S, let there be 


R 
(a) 7 () 
Fro. 17-31.—A phase splitting transformer. 
coil and a condenser of capacitance 


placed resistor, an inductive in this circuit and 
: Bsistance of all the coils in this cironi L; 
C; let Ry be the total rosis a po assumed that the design of cho 


inductance. d 
io such that when it is in opera ion equal a 
forces are produced in the es and each may be repre 


sented by Y= V exp Gots. 1f T, and 
and these are equal in magnitude -— 
quadrature with zl then I, = jlr Accordingly, We have 


y TR + Jol) = L| à (otn - 2)] 


and i T = jl». then 1 
B, + Joly = JFa — (ots LC ac) 
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Equaling in turn the real and imaginary parts we get 
R, + oL, = l ‘or = : 
(conser. elim m my 
and R4 = oL, 
These conditions can be attained independently by the variation 
of R, and of either R, or C. 
The above equations show that some inductance must be present 


in the in-phase circuit, but none is essential in the quadrature 


circuit. In such circumstances C — E 
oR, 


Fig. 17-31 (6) shows how the two circuits may be fed from the 
same source and in such a case the impedance of the source does not 
enter into the calculations. 


A SIMPLE TYPE OF A.C. POTENTIOMETER 


The a.c. potentiometer is the analogue of the d.c. or z.f. potentio- 
meter. Ineach instance it is a difference of potential that is actually 
determined, though with a z.f. instrument we have seen how current 
and resistance may be measured if standard resistors are available. : 
In the z.f. instrument two magnitudes are balanced but in the 
a.c. instrument, in addition to 
doing this it is necessary to adjust 
the potential. differences to exact 
equality of phase. 

a.c. potentiometers may be 
divided into two classes: (a) the 
polar type, where the potential 
to be measured is reproduced 
by an independent variation of 
the magnitude and phase of the 

ing potential difference, and (b) the coordinate type so- 
better described as the rectangular coordinate type), 
potential to be measured is copied by the vector 
È two potentials, one of which is exactly in quadrature 

with the other and each of which is capable of independent and 
: Aju - The present discussion will be limited to 


x 


£ 
Fia. 17-32.—The coordinate type 
8.¢. potentiometer. 


T se Vinos ok and $us V, ote (ot — ») be 

i tages applied between points A and B, and B and C, : 

i ; vu ny "he mstantaneous potential difference between A gnd 
: given 


? 79. +0, = (V, + V, oos p) cos at + V, sin y sin wf 


A SIMPLE TYPE OF AQ. POTENTIOMETER 637 


where (V)? = (Va) + (yt zh AAA cos $, 
A 
and tan ¢ = AL at 
^ ^ i 
Va + Vy 008 y 


If v, and vy are in quadrature, ie. y = jm, then 


A į A A E V. 
(Vv)? = (Va) ze (Vy), and tan $ — X 
It makes no difference if we use r.m.s. values i hasla equations 


5 3 ^ 
since, in general, V = av. Thus if V, and V, are the r.m.s. 


values of the two components T! 
test, cf. Fig. 17:32, then the r.m.s. value of the potential to be 


measured is (Van F Vw) and the phase angle $= tac) 
Qs. "The diagram is really à rotating 
imply that the potential differences 
traight lines mutually 


if the supplies, which must have 
purely sinusoidal. 

Gall’s simple a.c. potentio 
of a.c. potentiometer designed. by . teaching purposes. 
Tt can only be operated at 50 cycle.sec."- The circuit diagram is 
shown in Fig. 17-33 (a). The 
nected through & rheostat „©. main 
is adjusted until raeonte S g Ne oal M tht T 
instrument. S, and Ss e darios and are 
to the in-phase slide wire. the quadrature slide wire CD, 
respectively. ach slide wire is 100 cm. 
various componente have been chosen 
fiduciary value the potential drop in each wire is one volt per metre. 

The connexions to the slide wires are shown in Fig. 17:33 (b). 
When the deflexion of the i 
condition attained by shifting each sliding contact in turn until the 
deflexion is 9 -imum and finally Zero, the vector sum 

is equa! to the voltage on test. 


voltages across AQ, and CQ; 

order to allow the phases of the z and y components to be rev! 

if necessary» reversing switches Ky and K, are provided. hese are 

indicated in Fig. 17:33 (6). The signs to be ith these com 
cated on the switches. 


ponent voltages are indi 
* Journ, Se. Inst, 


638 ELECTRICITY AND MAGNETISM 


Application of an a.c. potentiometer to determine the 
inductance and power factor of an inductive coil.—By means 
of a potential divider or a transformer a potential difference of one 
volt (r.m.s.) is applied to a standard resistance R, in series with the 
inductive coil on test. The circuit is shown in Fig. 17-34 (a). 


a.c.mains 


P 


(a) 


D 


Quadrature slide wire 
A B I— — We — 329, B 
= p 
wi 
D Tm a 


Test voltage 
(5) (c) x 
Fig. 17:33.—Gall’s simple a.c. potentiometer. 


Shunt 


Let L be the self inductance and R the effective resistance of the 
coil on test. The potential differences across A,B, and C,D,, viz. 
V; and V, respectively, are moasured by the potentiometer. It 


P across it shows a phase difference $;. This is because th 


` Similarly the Potential drop across C,D, is ZI, where Z is the 
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(b) 
Fio. 17-34. — Measurement 


Example.—R i8 8 H pese eds bos potentiometer 

the potential difference Eon meon values 

+ 197 em. a Sie om (gud the corresponding 

readings were + 1-4 em. (in. ) and +1 E om. (quad. Since the 

potential difference across each Wire wire is 1 volt (1.1.8. 
NND HASTIS YR IS 

v, = Vou? + 91095; Va 0-014? + 0-1926* 

= 0-193 volt. 


= 0:225 volt ; 
1926 _ 13:76. 


= 28° 57^ 
io Sg "a= 56° 597. 


sin $ — z^ 
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Wmerit standard resistance B, ; 

is arranged in | 
combination 


Jl 


17-35 (a). "The phas 


l i and this will be very nearly 
3^ if the condenser has a low power factc-. 


A9. lytic condenser the cir;uit is as given in 
Fig. 17-35 (b) and if this is compared with Fig. 18-18, cf. p. 680, 
no further remarks are necessary, 


The measurement of an alternating magnetic field.— 
OP (i). Suppose that the alternating magnetic field, cf. p. 530, 


"i A 
is given by% = H cog wt. Ifit is produced at the centre of a circular 
"Mes E 
coil, of N, turns and radius @, by a current i = I cos wt, then 


A 
B = É cos at = al 


Tf a search coil with N, turns, each of area A, is placed with its 
lano normal to the field that is to be measured, the instantaneous 
is : i 


Cos wi. 
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Thus the instantaneous value of the induced e.m.f. is given by 


^ 
. A 
à NA eos (ot =) L $ eos (ot p) 

The r.m.s. value of the induced e.m.f: is therefore given by 
E = wHN,Ao. [H is the r.m.s. value of the magnetic field.] 

If V is the corresponding value of the r.m.s. induced voltage, 

V = E x 10-5 = HN, Ao x 10° volt. 

If this is measured with an a.c. potentiometer a value for H may 
be obtained and from it, a value for the current in the large circular 
coil, if this is used, may be calculated ; for all practical purposes ji 
may be taken as unity for the surrounding medium is almost in- 
variably air. The method really gives the rm.s. value of the 
induction, B, associated with the alternating magnetic field. 


í A 

Mzruop (ii). To illustrate a method in which the peak value, B, 
of the induction associated with a magnetic field is obtained directly, 
let C, Fig. 17:36, be a coil carrying an alternating current of 


lel 


T 6 
NE ep 0; — 
[m 
To a.c. supply (enr s 
Fic. 17-36.—To measure B for an alternating magnetic field. 
; coi ; with 
sinusoidal wave-form, and C, @ search coil arranged coaxially 


A a- 
C,. To measure B, the : EOM cross- 
het centre of Op, the search coil aye x ; E, mber of 
sectional area À and a large number r y i by 
linkages associated with C, at time f g 


$ ^ M * 
y = NAB cos wt, 
ee 0-5 volt. To 


so that the induced emf. is pcs gone A This consists 

measure this e.m.f. a diode voltmeter may, i to a capacitor C. 

öfa diode valve (or germanium rectifier) the anode of the valve D 

The potential difference ro noe of the high seistanee d the 

negatively, so that, in the: been cal p ur Dead the ue o 

capacitor Will cease to acquire electricity when 199 m" 
G.D.P.—V—X : 
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the applied potential difference equals that across the capacitor. _ 


R is present the charge on the condenser will leak away 


during the greater part of a cycle but it will be replenished when 


the applied potential difference is near to its peak value. If the 
e current, as measured by a microammeter, is I, then IR is 
the potential difference across C. Thus 


NABo x 10-* = IR. 
^ 
Hence if N, A, « and R are known, a value for B may be obtained, 


EXAMPLES XVII 


1701. R, R, R, and R, are four resistances in the arms of 8 
ne net, which is now modified so that R, has a coil of self- 
inductance L and negligible resistance in series with it, and a con- 
denser of capacitance C may be arranged (a) in parallel and (5) in series 
with R, Show that in the first arrangement the bridge is balanced 


if R,R, = RR, = E the balance being independent of any 'over- 


[9 
tones’ which may be present in the supply, whereas in the second 
1 R 
arrangement the bridge is only balanced for a frequency f = an OR, 
L 


and provided (R,R, — R,R,) = a 

17-02. Obtain the conditions necessary to balance a Schering bridge. 

Xpress your answer in terms of ‘ loss angles ’. 

Two circuits each comprise a series connexion of inductance 300 uH. 
and capacitance 1000 pF. They are coupled by means of a mutual 
inductance, the coefficient of coupling being 0-2. An e.m.f. of ampli- 


i 
FA pR „Ê . t B ite 
tude 5 V. at = megacycle.seo.—! is injected into one circuit. Calcula 


the amplitude of the current in the other circuit. [0:136 A.] 
17-03. An Owen bridge was used to measure the self inductance of 


R, 
(ohm.) 
AUC. REY 0-33190 200-0 2362 
Se Fae 0-33190 200-0 - 2408 
A and B in series m" 0-33190 200-0 7095 
A B z 0-33190 2240 
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17-05. Obtain an expression for the phase difference between the 
currents in the two branches of the network shown in Fig. Ex. 17-05 


o E 


© 


A v 
vsVcosot. 
Fro. Ex. 17:05. 


when it is fed from an a.c. supply of sinusoidal wave-form. 


R? + w(2L — ML — M) 
[oot A N E ] 
f mati k shown 
17.06. Give the theory of the altemating-current networ 
in Fig. Ex. 17-06 for the comparison of mutual inductance and 
capacitance. 1 ies with a resistance of 


One arm'of such a network contains, in 3 
80 ohms, a solenoid of length 100 cm.,, and mean diameter 4 cm., 


Fio. Ex. 17:00. 


5 ‘total resistance 20 ohms. 
wound uniformly with 1000 turns of wire A and a short compact coil 
The mutua? induotance between the solie with a capacitance 
of 300 turns wound round it at its cen tre le? components 
of 0-1 uF. Calculate values for = urn "(Q = 482.8 = 112 0.] 


balance the bridge. [Assume m i with the pointe 
17-07. Two links XY,Z and Ya orinusoidal wave-form and fro- 
X and Y connected to 80.8.6 supp.y e co R in series with an 


quency f. The link XY,Z consiste 0** tance R in series with a cape 
i ; ink XY,7 is & resis of the currente 
miu Lr ne ei XI a dera mit 
in the two links, show that 

Zz -9nf TO. 


ae -a value for f. when, . 
io is 2-00, calculate & 10-*nF. $ 
If the above M 5:00 77.96 kilocycle.sen.7!.] 


CHAPTER XVIII 
ELECTROLYSIS 


panied by the convection of material substances, parts of th 
electrolyte, which are frequently deposited upon the me 


jt- Wi 


"Fie. 18:01.—An electrolytic cell. 


.. from that on the other, so that two currents of matter, flowing in. 
es A or. eas accompany the passage of electricity through 
the solution, 


The earliest systematic study of electrolysis was made by FARADAY. - 
Tt wos through his work that the terms anode, cathode, anion 
and cation me into use. The anode is the metallic conductor 

the current enters the electrolyte, and the cathode - 


k 
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is that at which it leaves. The anion is the constituent of the 
electrolyte which migrates towards the anode and the cation that 
which migrates towards the cathode—cf. Fig. 18:01. 

The electrolytes with which we shall be concerned almost 
exclusively are those in which the solvent is water. Perfectly pure 
water is a very feeble conductor of electricity, its conductivity at 
ordinary temperatures being about 5 X 10-9 ohm.-Jcm.-*, but 
special precautions are necessary in order to obtain water of this 
purity.* Small quantities of dissolved substances produce large 
increases in the conductivity of water. For example, the con- 
ductivity of a solution containing 1:5 parts by. weight of KCl in 
10,000 parts of water is about 2-5 x 10-* ohm.-!cm.-!—an increase 
of 6000 times, This fact is all the more remarkable when we 
remember that potassium chloride itself is & very feeble conductor 
of electricity. aH i 

Faraday’s laws of electrolysis.—As a result of a long series 
of researches FARADAY discovered the relations which exist between 
the quantity of electricity passed through an electrolyte and the 
mass of the metal, or other substance, liberated at an electrode. 
Faraday summarized the results of his work in the two following 
laws which are now known as Faraday's laws of electrolysis. 
ndividual product liberated in electro- 
al to the quantity of electricity 


which has passed through the electrolyte. 

(b) The ihdriel of by different products liberated during 
electrolysis by the passage of equal quantities of electricity 
are proportional to their 
chemical equivalent of an e 
that element which, in a chemical 
with, or displace, 8 gm. of oxygen. 

The first law of electrolysis may be represented by the expression 


where m is the mass of the substance deposited fa sg 


the current at any instant. 
we have ; 
mat | 


equivalent of that element. 


4 -* olim, ^?6m."*. 
a For ordinary oareflly distilled. watt, e = 15 % 10 ohm. 
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Tf now A* is the relative atomic mass f of an element of valenoy f, 
* 
then one gram-equivalent has a mass E 
element equal to that of a gram-equivalent is liberated by the 
passage of a quantity of electricity known as a faraday. This 
quantity of electricity is usually denoted by the symbol F. 
Thus, from the first law of electrolysis : 


A* A* 
— = zF, or z= x 
$ oY 


If we assume the truth of Faraday's laws the value of the 
electrolytic constant can be determined from experiments upon 
any electrolyte, but preferably, of course, upon one for which the 
experimental data can be fixed with precision. If for silver we take 
z = 0-0011183 gm.coulomb.-!, F = 96,470 coulomb.gm.-equiv.-5. 
According to Bizar, F = 96,487-7 coulomb.gm.-equiv.-!. 

Measurement of quantity of electricity.—Since the mass of 
any substance liberated at an electrode is given accurately by the 
expression m — zQ, the method of weighing the electrolytic deposit 
may be utilized in an exact determination of a quantity of elec- 
tricity, or, if the current is constant, of the strength of that current. 
An apparatus by means of which this is done is known as & 
voltameter or coulometer. 


The silver coulometer.—A precision typo of coulometer is that 


designed by F. E. Smrra and its essential features are shown in 
Fig. 18.02. The silver anode A is in the iorm of a disc, coated 


‘with an electrolytic deposit of silver. This disc is contained in 


a glass basin D, which is provided with a ground edge. This basin 
is fused to a glass supporting rod H which, in turn, is held by & 
suitable clamp. The rod H passes through an aperture in the diso. 
A silver rod S carries the anode A and a glass tube K fits snugly 
over S to reduce loss by electrolysis. i 
G is a glass cylinder with its lower end ground to fit over the rim 
of the basin D. This cylinder is used to separate the electrolyte 
into two parts, before and after electrolysis. Just before the current 


is passed through the coulometer, the cylinder G is raised to the - P 


position shown, its lower edge always being covered by the solution. 
The cathode C is a platinum bowl containing a freshly prepared 


10 per cent solution of re-crystallized silver nitrate —ÁAgNO,. This — 


solution must be free from organic matter and other reducing 


substances } it should be neutral, or very slightly acid, both before — 


and after the conclusion of an experiment. The dish D is essential 


| T A* is used for the relativo atomic mass: of an element in order to dis- 
tinguish it from A, the mass number ; this is the integer olosest to the relative 
atomic mass, or the total number of nucleons in à nucleus. 


and a mass in grams of any — 


1 
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it particles which may fall from the anode 

reaching the platinum bowl. Earlier sion ae 

seeds with filter paper or used a specially prepared porous pot for 
purpose. Rosa and Vinal * have shown that when a filter 

paper is used the increase in mass of the cathode is too great by 


i. LZZZZZZ 


Fra, 18.02.—8ilver coulometer (Smith type). 


several parts in 105. The use of filter papers is now discarded and 
the Smith type of coulometer, in which there is no septum, is 
preferred. 

in is washed at the end of an experiment, dried 


The cathode bas 
in in mass the desired information 


at about 160° C. and from the gain m 
ince the absolute mass of the silver deposit is 


may be obtained. 8 r 
required, Gauss’ method of double weighing must be used and, in 
general, a correction for buoyancy must be 
area of the deposit is large, this tends to take up moisture rapidly 
and the necessary correc ion is not known with high precision. 

» Bur. Stand. Bulletin, No. 285, 1916. 


EU M ae 
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When it is desired to use this coulometer to measure current the 
main uncertainty is the time. The duration of the experiment 
must be 4000 seconds if errors due to making and breaking the cir- 
cuit are to be negligible. Smith found that for silver, z = 1-11827 
mgm.coulomb.-!. 
Ohm's law for an electrolyte. When the relation between the 
current through an electrolyte, e.g. water acidulated with sulphurie 
|. acid, and the potential difference between two platinum electrodes, 
coated with platinum black and dipping into the electrolyte, is 
investigated experimentally, it is found that this so-called charac- 
teristic, cf. Fig. 18-03, is a straight line, but it does not pass through 


Fie: 18-03.—Characteristic curve for an electrolyte. 
(Acidulated water.) 


the origin of eoordinates. This is because the back e.m.f., v, in the 
cell must be overcome before any current will pass through it. If 
V is the applied p.d. es measured by à potentiometer, then the 


. graph shows E to be constant. This does not mean that 


_ Ohm’s law is not true, for the expression merely takes this particular 
form since the potentiometer measures the potential difference 
. necessary to overcome the back e.m:f. together with that necessary 
to send the current through the cell. The resistance of the liquid 


column is bet We can only speak of Ohm’s law in reference to 


electrolytes, i.e. there will only be a linear relationship between the 
available potential difference (V — v) and the current I, if the cur- 
rent passed through the electrolyte is so small and exists only for 
such à short time that the concentration of the electrolyte is not 
altered, for otherwise we should violate one essential condition of 
Ohm's ess Mia State of the conductor must remain err 
vh copper electrodes and an a iueous solution of copper suip. 

the characteristic obtained in li abor manner is & straight line 

- agh the origin because the back e.m.£. in this instance is zero. 

7 mc 
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Experimental determination of the conductivity of an 
electrolyte.—It has just been shown that Ohm's law is applicable 
to electrolytes provided that allowance is made for polarization 
effects. In the early attempts to measure the conductance of an 
electrolyte many erratic results were obtained and this led to the 
belief that Ohm's law was not true for electrolytes. The polariza- 
tion effect, which is the main disturbing factor unless due allowance 
is made for it, is caused by the gases which are frequently products 
of electrolysis. These not only increase the resistance between tho 
electrodes of à cell but also set up & counter e.m.£., ie. one which 
opposes the passage of the current. | ; 

The most satisfactory and almost universal method adopted 
today for the elimination of polarization effects in conductivity 
experiments, consists in using a high frequency [1000 cycle.sec.7] 
source of potential difference and keeping the current very small. 
Since the direction of the current is reversed many times per second — 
the polarization due to one pulse of current is completely off-set by the 
next provided the alternations are symmetrical. This statement is 
swould wish but the justification for the method, 


opposing potential is Pg, w 
currents the polariza 


instantaneous value of the ¢ ] ) 
current and B the resistance of the electrolyte, | 


vr ra RS, or v2 Ri + Py = Ri? Sidt 
If the applied potential is v i V cos œt, we have 

$ cos ot = Ri + P [iat 

ef. p. 545, 


To solve this equation we use the symbolic method, 


and write à i 
jo 


where V = Y exp (ja)? 


1 i 
Let p=, so that [.———7— Hy 
` e dd .— n—i (4) 
joc 
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$ ; | . Hence n 
i. V fexp (Jot) exp j$] 9-9 [where tan $ = zcx] 
T! 4e coCR 
c*03 
Y cos (ait + g) _ - — 008 (wt + d). 


m + né A Ni R? + E 
w w E! 
Now the current will be in phase with the applied voltage if d 
¢—> 0, i.e. o must be large. When this is so the term t E 


and the electrolyte behaves a» a pure resistance R. $ 


i “witha: resistance R to-represent the effects of polarization ; 
is slectrolytio cell, it must be remembered that there is stray 
.. fepacitance between the electrodes; the effect of this may be 
-represented by placing.a- condenser of suitable magnitude in parallel 

th the cell. A more complete: analysis is therefore as follows. | 
- __ ABEF, Pig. 18-04, represents the bridge, the arm AB containing — 
tüie/electolytio cell whose resistance is to be measured. Such 


: UzVcos«ct 
Fro, 18:04. —The theory of a Kohlrausch bridge. 
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cell may be regarded as equivalent to a resistance RR, in series with 
a capacitance C, (to represent the polarization effets), the whole 
being shunted by & capacitance, Co, to represent any stray capaci- 
tance in the cell. To obtain a balance which is almost perfect it is 
necessary to shunt the arm BE with a variable air-condenser Cy ; 
let this be the value of its capaci when the bridge is balanced. 

If o is the circular frequency of the applied potential difference, 
and if Z denotes an impedance operator, we have 


ik ki 
RU a 
$ . 300, ist je C, 
so that TOUR ur 
guod 
i ju, 


Hence, when the bridge is balanced, UE 


COR, OR =O 


: uec c DARAN 

Vi dte welt ioi tein: nt e a 
cusp ae SA Mp: 
hat this que ato noveasary to investigate 7 


largo 
“Jn precision wor it is therefore xtrapolating 


s : and by e 
mentally how Ra apparently dependa "pon y 
i purto obtain the true,” of Ry. 


= Point is accurately determined. This procedure is necessary to 
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A simple form of Kohlrausch bridáe.—As we have seen; 
direct current cannot be employed, in general, for the determination 
of the resistivity of an electrolyte because of the polarization 
occurring at the electrodes, Kontravson used alternating current 
and designed the following bridge which has been named after him. 
Fig. -18:05 (a) is a diagram showing the principle of the circuit, | 
AB is a uniform wire, 8 an adjustable known resistance, and K the 
cell containing electrolyte. Intermittent or alternating current i 
supplied as indicated. Now Kohlrausch showed that the frequency - 
of the supply must be large, 50 cycle.sec.~1 or more, if polarization - 
effects are to be eliminated. A small induction coil was formerly 
used, but a much more perfect balance is found if the a pplied voltage 
is obtained from an oscillator; its wave-form is more near | 
sinusoidal. The electrolyte is contained in a glass tube provided 
with rubber bungs through which the electrodes pass—ef. Fig. — 
18-05 (b). Reference to the bridge shown in Fig. 18-05 (a) shows - 
that it is similar to a Wheatstone bridge ; since alternating current - 
is used a pair of phones replaces the usual galvanometer. As the 
jockey moves along the bridge wire the sound in the phones varies. - 
When this sound is a minimum—complete silence is seldom ob- 
tained—we have, as shown in the previous paragraph, but with a E 
notation to fit the diagram now used, the ordinary Wheatstone E. 
bridge relationship, viz., R Ou 
Bh. 
where R is the resistance of the electrolyte, S a known resistance, 
and /, and J, the lengths of the corresponding parts of the bridge . - 
wire. [If the sound is a minimum over a range of the bridge wire 
instead of at some definite point, the extent of this range should be —— 
recorded and its centre considered to be the true balance point.] p 
-, In practice the above simple circuit is not sensitive since the wire —— 
AB almost short circuits the secondary of the induction coil—under —— 
such circumstances the rate of supply of energy to the bridge is — — 
small. To increase this, AB may be made from very fine wire, but 
this is not desirable for such wire is easily damaged. The difficulty ^: 
is overcome by increasing the effective length of AB by placing 
known resistance coils at its ends as shown in Fig. 18-05 (d); 
generally they are equal, say 10 2. To begin the experiment 
these coils are short circuited and the jockey placed near to the —.— 
middle of AB. § is adjusted until the b: idge is balanced. The | 
short circuiting pieces of wire are then removed and the balance 
ensure that the balance point shall be on AB. Then 
: 8 — 10 + resistance of AD 
R10 resistance of DB’ 
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so that it is necessary to know the resistance per unit length of 
the wire AB. TP ; 

Now, in general, R = i E - ^ where the symbols have their 
usual meanings. In this instance g cannot be deduced directly 
because the electrodes do not fit the tube and the lines of current 


(i Distancë be n 


(e) 


05.— form of Kohlrausch bridge. [Conductivity 
Fro. 18:05.—A simple pro : el 


flow, cf. Fig. 18:05 (c), are not linear. To obtain A yae hus Ki 
R is determined for various distances, 4; between the e| f 
i if A is not less than about 1:5 


The relationship is a linear one 


i m is a constant — 
diameters of the tube, Le. Re +e, where ¢ 


1 
dhs Tine gives —, 80 that ¢ may be 
cf. Fig. 18:05 (e). The slope of the line gives = 80 y 


be this bridge is used to determine the conductivity i a popper 
sulphate solution, copper gn ba e a barat a v Are 
i coal n a 

canes platinum po nad with nitric acid and thoroughly 
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washed with distilled water before use. When the first accurate 
balance point has been obtained the copper electrodes should be 
again treated in the above manner and then the final observations 
made. In tùis way the sharpness of the position for minimum 


sound in the 'phones is greatly enhanced. 


Equivalent conductivity.—The equivalent conductivity, A, of — 
an electrolyte is defined as the conductivity divided by the number ^ Y 
of gram-equivalents of the solute contained in 1 ml. of the solution, 

Kohlrausch found that A increased with increasing dilution and 
approached a limiting value Ay at infinite dilution. 


Determination of the equivalent conductivity at infinite a 
dilution.—In 1919 Lorenz * proposed that the relation between . d 
Ag, A and the concentration ¢ should be represented by the equation” 

A = Ay — Be, Ted 
where B and a are constants. Earlier, Kouravscm had suggested 
8 similar equation in which n had the same value for all electrolytes, 
viz. 0-5. Lorenz stated that the difficulties of handling his equa- 
tion were formidable, so that a method of trial and error was adopted 
to find A,,B and n. FERGUSON and VoGzL f wrote ' It cannot be 


too strongly emphasized that this laborious and approximate 
procedure is quite unnecessary, and that values for Ag, B and n 


suitable geometric progression of common ratio r. Tabulate values 
of z, the corresponding values of y, and the values of Ay, the first - 
difference of y, ie, y -+ Ay is the value of y when x becomes rz. 

Then : 


Z 5 y ban, 
and ` Y+ Ay = a — brz)". 
Leow d “ Ay = bal — r’). 
In practice Ay is found to be negative, say — Az. Then, since. 
^. the logarithm of à negative number is imaginary, we must write . 
$ i (2 As bam — 1). fr > Ue 
c log Az = log[b(r^ — 1)] + n log z. 
.. Now log b(r^ — 1) is a constant, so that if the proposed equation 
is valid a plot of log Az against logz should yield a straight line 
from which the constants b and n may be determined. These being: 


* Zeit, Anorg. Chem., 18, 1 1919. 
T Phi, Moy, 50, 913, 1928." 
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known, from every pair of corresponding values of z and y, the 
equation 

y +b =a A 
enables one to determine a series of values of a of which 
mean value is a reliable one. 

Using values obtained by KOHLRAUSOH and Marrsy for the 
equivalent conductivities of different aqueous solutions of potassium 
chloride, Ferguson and Vogel constructed the curve AA shown in 
Fig. 18-06. It shows how A varies with the concentration. 


the resulting 


Fra. 18-06.— Graphical determinati 
in the Lorenz 


Tho ordinates, A, corresponding toa seg x d spen 
proa ponai pon P ablated. The first 
were then read off from the curve sio ated. The 
difference AA, Az = — AA, log Az wat ied : ae . 
following table shows the results ; 


: Az log à log ¢ 
rase RET a : 
AS el * 
dol aser eee |. 029. |- LER -0000 
A n0 pr ia iret fake ot Iam 1018 1:3010 
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A plot of log Az against. loge gives the straight line BB, 
Fig. 18-06, and this, in turn, gives n — 0-452, b = 1390; thus 
A, = 130-04 ohm.-!em.*(gm.-equiv.)-!, W 

The theory of electrolytic dissociation.—Substances which 
field aqueous solutions with a van't Hoff factor* equal to unity, ie, 
their solutions have a normal osmotic pressure, freezing point, etc. 
are found to be non-electrolytes whereas salts, acids and alkalis 
yield solutions with abnormal osmotic pressure, etc., and are found 
to bé electrolytes. af 

The intimate relationship between the conducting power 
solutions for electricity and their abnormal osmotic pressure was 
first pointed out by the Swedish physicist ARRHENIUS who, in 1887, 
put forward the view that when an electrolyte is dissolved in water. 


ing to Arrhenius, to the presence of these particles in a solution 
that the abnormally high osmotic pressure of an electrolyte in 
solution must be attributed, x 

The theory of ionization in solution enables one not only to 
understand the mechanism of electrolysis but also Faraday's laws 
of electrolysis. The first law follows at once from the fact that, 
according to the theory of Arrhenius, each ion carries a certain - 
definite quantity of electricity, so that a definite mass of the ion is 
therefore associated with a definite amount of electricity : n-times 
the mass of an ion will be associated with n-times the amount of 


ferent substances in water have the same freezing point. Similarly, for the 
elevation of the boiling point of a solution. These rules, however, cannot be 


withthe concentration of the dissolved Substance. It is known as the van’t 


Pobs. 


T. 
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electricity and, consequently, the amount of electricity which is 
transported by the ions through the solution will be directly pro- 
portional to the mass of ions discharged at the electrode—in other 
words the amount of electrolyte decomposed will be proportional to 
the quantity of electricity which has passed through it. 

To account for the second law of electrolysis let us consider the 
deposition of copper and silver by electrolysis ; these are respec- 
tively divalent and monovalent elements. Now each gram-atom 
of an element contains the same number of atoms, N, where N is 
Avogadro's constant. Thus, if the charge, in coulombs, carried by 
each silver ion is e, the charge needed to deposit one gram-atom of 
silver will be Ne, and since silver is monovalent this is equal to F, 
ie. to one faraday. In the case of copper each ion carries a charge 
2e, so that in order to deposit one gram-atom of copper a charge 
2Ne will be required, io: a charge Ne will deposit 3(Ac,) gm. of 
copper, where Ag, is the mass in gm. of copper numerically equal 
to its atomic weight. In general, for a substance of atomic weight A 
and valency ¢, the passage of a charge Ne (or Ne) will liberate 


li grams of substance ; this amount is called a gram-equivalent. 


Hence a faraday will cause the deposition of one gram-equivalent 
from solution, i.e. equal quantities of electricity will deposit amounts 
of different substances proportional to their chemical equivalents. 


Some objections to the Arrhenius theory of electrolytic 


— When. the theory of electrolytic dissociation was 


dissociation.— f c | 
first made known considerable opposition was at once raised against 


i5, mainly on account of the novel, and at that time revolutionary, 
ideas contained in it. The opponents of the theory maintained that 
it was impossible for elements such as sodium and potassium, which 
normally react with water most vigorously, to exist as ions in water 
and remain quiescent. Also, the production of sodium chloride 
from its elements was an exothermic reaction of the first magnitude 
so that the opponents of the dissociation theory maintained that ie 
mere dissolution of this substance in water could not possibly SY 
about the disintegration of molecules in this way. om dd - 
culties are ab once removed when it is realized that ig on 
of an electric charge by an atom (due to the gain or. ion - id 
more electrons) is accompanied by very marked rec uw mrt 
manere. Meet nn m d 
utes the chemical properties O° $^ l 
of me peer the positively — inde ice 
ion is more stable than asodium atom. E ea din 


à : ding the nucleus; 
therapi a ie Meu and one in the outermost 


the nucleus ] 
eos ghell «odium is monovalent. When a sodium atom 


ia 
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-. loses its outermost electron a positive ion is formed and the electronic — 
configuration then simulates that of a neon atom. On the other 
hand, chlorine requires an additional electron in order for its elo —— 
tronic configuration to consist of complete shells ; when this electron _ j 
is acquired the negatively charged chlorine ion simulates argon. Tb | 
is for this reason that Sodium and chlorine atoms combine with 


result is that unstable atoms are converted into stable ions. Crystal 
analysis, by means of X-rays, confirms the view that it is the ions r 
which are arranged at the corners of a space lattice and not the atoms E 
or molecules, 
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The migration of lons.—The mobility of an ion is defined as 
its speed per unit fall in potential per unit distance. If the speed is 
4 cm.sec. "1, and the space rate of fall of potential E volt.cm.-, then 
the mobility, 4t, is given by 


u cm.sec,-! 
P Bvolt.cm.=1 7 gm^eo olt 


We shall use H+ and u_ to refer to the cations (+) and anions E 
respectively. Also since the ions travel in contrary directions it will 


aro liberated at the respective electrodes, as required by Faraday’s 
laws of electrolysis. 


Kohlrausch’s expression for the conductivity of an electro- - 
- lyte.—Suppose that a solution contains x gm. of a substance whose 
. molecular weight is M, dissolved in y ml. of solution. Then the 


concentration is a mole.ml.~1, Call this N mole.ml.-1. Suppose 


_ monovalent substance, or the charge necessary to deposit one gm.- - . 
nt of any element, Lot | i | and |u| be the numerical 
2 mobilities of the cation and anion respectively, i.e. 
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their speeds under a space rate of fall of potential numerically 
equal to 1 volt.cm.-!. 1f the space rate of fall in potential is 


ay volt.cm.—}, then the speeds of the ions will be 


ov 
àr dz |’ 
respectively. Hence the quantity of electricity passing per second 
across a small area, S, normal to the direction of the flow of 
electricity is 


and |_|. 


|y l- 


| av 
x ers [Ime 1+ 1.1]. a 
This is the current, I, in amperes. Hence 2 

1 = aN ES [|e 1+ Lo et 

av 
or 3 
where c is the conductivity in ohm, tom. *. 
= aN] | E le- [Jin tem 


tion of the degree of dissociation 
e number of gram-equivalents 
the equivalent conductivity 


=05 


Experimental determina 0 
in an electrolyte— Since £N is th 
per millilitre of solution, we have, for 


A- f$ = of Jae t+ lee |] F ohm.-?em.71 (gm.equiv.)~? ml. 
CN 
If at infinite dilution « = ], then 


Ae [urere 
A 


so that Viri Rc 
0 S5 
a value for %, 


Thus we have a moans of finding expor oew dissociation. 


" . degree o) Dea ee | 
the pa : ici dul out that the prs A= ado enables 
us to find a value for æ, but K eu Jom theory of complete 


is obscuro unless resort is m A i into being the 
dissociation—ef. p. 019. 1 pre y bo d divid Ai " "d rtd 
chief use of œ was that it ena) lec Sd Vi lytes ' dnd weak 


classes, known rospectively as 


gus ind æ does muoh with 
: p. addi electrolytes « —> 1 and a does not vary 


concentration. 


Se 
pe 


‘J 


DUE 


oi 


T ce 


- Which the current is su 
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ion of free electricity in different parts of the tube. 
Let S be any such i 


corresponding q 


(b) In weak electrolytes « varies considerably wit 
. and at high concentrations « — 0. 
All the more common salts and mineral acids belong to the 
, While organic acids and bases, together with some salts of th 
heavy metals, belong to the second. The classification is, however, 
only permissible when the solvent is water for the nature of the a 
solvent is found to affect the ‘strength ' of an electrolyte, 
Tonic migration and concentration changes.—Hiti a 
investigation of the part played by each ion in tho transport of - 
electricity through a lolstion has been elucidated by S. W. J, SMITE 
in the following manner. 


` (a) Insoluble electrodes : Consider the c 
electrolyte, MA, which in solution yields ions of the same valency C. — 
Let A and C, Fig. 18.07 (a), be parts of the anode and cathode, Um 
respectively, the curved lines between them representing a portion. — 
of the solution bounded by current stream lines, i.o. lines along - 


4 


lectrolysis of a binary 


S'"N'(ugeut)-.— y 

= No. of cations » 
deposited per 
Second. 


SYN ux 
=WNo. deposited per "T 
Second due to 

$ A 
migration. S^ ' 
“S’N" ul cations N 
must Come From ~^ 
e/sewhere. y 


(e) (5) 
—Tonic migration and concentration changes near the 
electrodes, 


Fra. 18-07. 


: pposed to flow. Then the amount of elec- 
tricity passing per second across any section normal to the axis of 
the tube must be constant for a given tube, as otherwise there would 


very close to the electrodes. Su 
at S is Such that the speeds of th 
respectively. Let Nj 


unit volume near S. Te 


ng quantities for the sections S’ and S". If F is the Y 
charge carried b a monoyalent gram-ion, or gram-equivalent, of 


Husa qM Pros, Phys. Soc., 28, 148, 1916. 
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rder that there shall not be any accumulation 

any part of the tube we must have Me. is 

S'(u," + u ")N'CF = Stu," + u. ")N'CF 
i -= E (say). 

sumed that the ionic speeds are directly pro- : 

tial gradients, ie. the mobilities of the ions 


4 U A 
SNEEU. =$ = const. 
w Wa SENA * 
SNu, = SN, = S'N'ut". 
current flowing across any. section of the tube is 
CF the number of gm.-cations deposited per second — 


rhode is 4 
o SN + uy SN(u, + v_): 


any at the anode R 
0SNus! Ja) = SN(u, + u) 
ht up to the cathode per 


t the number of gm.-cations broug 
ie. by virtue of the current, is S'N'u,". 


oar in some other way. In 
S^, cf. Fig. 18-07 (b), there must migrate | 
bar Thus the ne 


he anode S’N"u_” gm.-anions per second, 
d S"N'u." gm.-anions must — 


‘They are 
he vicinity 
mts” or SNw_ mole.sec.*- 


r manner there 
1i, Hence, if the current 


solution near the anode - 
passes for some time, wo * 


2 Mass of metallic ion (i.e. the cation) lost from vicinity of cathode 
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this implies that the anode and cathode compartments do not — 
‘overlap’. Such overlapping might occur if the electrolysis were 
prolonged or if the solution were disturbed mechanically. 
(b) Soluble electrodes. It must be pointed out that these 
reduetions in concentration of the electrolyte only occur when $; 
insoluble electrodes are used, or rather, when the metallic radical 
of the solute is different from that constituting either of the eleo- — 
trodes, e.g. in the electrolysis of a silver nitrate (or copper sulphate) 
solution between platinum electrodes. If the anode material and .. 
the metallic ion are both of the same metal, e.g. a copper electrode 3 
dipping into a copper sulphate solution, or a silver electrode in — 
Silver nitrate solution, the result is different. The silver anode 
loses a mass of silver equal to that deposited upon tho cathode, so 
that while SN(w, + u_) gm.-cations are being deposited on the — — 
cathode, the same number leaves the anode and enters the solution 
as cations. Of these SNu, migrate towards the cathode and SNu_ 
remain within the vicinity of the anode. In addition SNu_ gm.- 
„anions enter the neighbourhood of the anode per second and thus — 
SNu_ moles of silver nitrate accumulate per second in this vicinity. — 
Therefore, there is a gain in concentration of the solute round the — 
anode equal to SNu_ moles per second, and a corresponding loss 
round the cathode. The total mass of so'zte in solution remains - 


SNE E PRESSE e^t ET 
Ele Cre Hae a NERA NL SEI Free 


.. unchanged. $ 
- . During the electrolysis of an aqueous solution of silver nitrate 
between silver electrodes, the mass of silver ions deposited on unit 
area of the cathode per second will be N(u, + v. ) gm.-ions and the 
mass of metal contained inthe salt molecules carried away from the 
cathode space in the same time is Nu_. Hence we have ; 


ASAE A N PEA LE EN 


ee are 


Mass of metallic metallic ion deposited on. cathode 
ET — 
Ri RE numbers.—The quantity of electricity carried by 
oe Cations per second across a fixed boundary is directly pro- 
portional to their speed, v, and the quanticy carried by the anions 
i a contrary direction across the same boundary in the same time — 
1s directly Proportional to u_. Hence the total current is pm cs 
portional to v, u.. The fraction of the total current carried by 
tho ‘cations is 55.5. This fraction is termed the transport 
number of the cation and is denoted by i. Similarly, for the anion 
VM, LL cog ji 1 


Tg as Hed i-i 
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Finally, it must be noted that 


.. Mass of metallic ion lost from electrolyte near cathode 
Total mass of metallic ion deposited on the cathode ' 


The experimental determination of transport numbers.— 
The principle of the method devised by Hrrrorr is to allow a quantity 
of electricity to pass through the electrolyte of known concentration 
and after the passage of the electricity the concentrations at the 
anode and cathode are determined by chemical methods. Since it 
is essential that the electrolysis should bo stopped before the middle 
portion of the electrolyte is affected by concentration changes it is 
customary to remove some of the liquid from the middle portion for 
analysis. In this way it is demonstrated that the anode and cathode 
compartments do remain. quite distinct. Precautions must always 
be taken against, mixing of the electrolyte which may bo caused by 
mechanical vibrations, convection currents due to temperature 
variations, or by diffusion. Originally short and wide tubes were 
used with-porous partitions inserted to prevent mixing. Tt was 
soon discovered that these: ions were not without effect on. the 
values of the mobilities and hence of the transport numbers of the 
ions and so'special apparatus has been designed in which mixing is 
avoided. without the use of membranes: Moreover, in order that 
the changes in concentration shall be localized in the vicinity of the 
electrodes, the current must be kept small and the time the experi- 
ment; lasts must. not be prolonged. in ió 

FixprAy's apparatus (a modified form of one due to Hittorf) is 
shown in Fig. 18-08 ; it will be supposed that a detepaitiadon of 
the transport nu of the silver jon and nitrate ion in anaqueo' 

ate is: contemplated. 
pone "bain alvor electrodes fixed, by means: corks, in the 
A and C aro two silver electrodes fixed FS canal s 


Z i the persos in ash by ne e ruber tubes ot 
Ms bes - ipeo FP lin viperitnt and is a distinctive 
easi er | i 


feature of th 


o apparatus. - La V. battery, sliding 
fas is connected in series to a 30 Y. wn 
Ncc noter, ote., amd a pangs pe a. 
through "qme current should. bo measured, ug seri T sve 
Msc edi io wr pepe i to observe small 
known resistance (100 44); ? 


664 ELECTRICITY AND MAGNETISM 


variations in the current and to eliminate them. Instead of deter- 


mining the quantity of electricity which passes in the course of an 


experiment and calculating the increase in mass of the cathode, this : 


increase may be determined directly. 

At the end of the experiment the rubber tubes are closed by means 
of the clips provided and the anode liquid run off into a weighed 
flask. .' The anode vessel and the anode itself are washed with some 
of the original solution and the washings added to the liquid in the 


Fio, 18-08,—Findlay’s apparatus for determim g transport numbers. 


flask. The composition of the solution is determined by a titration 

method. The solution in M is removed and its composition deter- 
mined; if it is not the same as that of the original solution the 
experiment has been allowed to proceed for too long a time and & 
repetition is therefore necessary. The method of calculation is 
made clear by the following example. 


Example.—A 0-1004N solution of silver nitrate was electrolysed 


between pure silver electrodes for several hours. ‘The mass of the 
cathode increased by 0-1016 gm., and when 121-90 ml. of the solution 
in the cathode compartment were titrated with 0-100N KCNS the 
concentration was found to be 0-09429N. 'The anode compartment 
contained 109-42 ml. of 0-1029N silver nitrate. Calculate & value for 
the transport number of a silver ion in this solution. 

. . The mass of silver originally present in the liquid drawn from the 
anode com = (010942 x 0:1004 x 108) = 1-1865 gm. 
... Into this liqui there had passed from the anode 0-1016 gm. of silver. 
Hence the total mass of silver to be expected in the anode compartment 
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| is (1-1865 +0-1016)=}:2881 gm. Tho mass of silver actually present is 
0-10942 x 0-1029 x 108 = 1-2160 gm. 
| <. loss of silver from the anode compartment is 
1.2881 — 1-2160 = 0-0721 gm. 
The loss of silver from the cathode compartment is 
0-12190 x (0-1004 — 00943) x 108 = 0-0803 gm. 


E Loss of silver from anode com] ent 0:0721 
+ = Loss of silver from both compartments ^ 0-0721 + 0-0803 
= 0:478. 


The moving boundary method.—A second method available 
for the de ination of ionic speeds depends on observations of the 
actual rate of motion of the 
ions as they move along under 
the influence of an electric 
field. The idea was originated 
by OveR Lopex, who en- 
deavoured to follow the moye- 
ments of certain ions by utiliz- 
ing their reactions with certain gations } 
chemical indicators. The prin- 
ciple of the method is as follows. 
Suppose that an aqueous solu- 
tion of a salt MA is to be 
investigated; then two other 
salts M,A and MA, each in 
aqueous solution, are req ired. 
It will be noticed that each of Amions { 
these two latter salts has one 
ion in common with the first 
sali MA. These two solutions 
are referred to as 'indicator 
solutions’ and they occupy, 
respectively, the upper and 
lower portions of the 


shown in Fig. 18:09, the space —The of the - 
g fons 7 18-09. -Tho principle "deren ey 


between the indicator solution 
being filled with the Are 
solution of the salt MA. Some ORNS 
care is necessary to fill the apparatus so bal ^ 
be 5 * s 45 

In the diagram a and represent the mus Lig gone 
the three solutions; in Order that dues Vrai be — 
well defined it is necessary that the speed of = jeu ur i 
that of M, and that the speed of A she exooed that of A, When 


boundaries shall 


-..,, If C is the concentration of M, expressed in gram-equivalents per 
litre, ¢ the valency of M, and V the volume in litres from which the 
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UU ee 


these conditions apply the boundaries do not become indistinct since _ 
M, ions do not overtake M ions or A, ions overtake A ions, It will. 
be observed that in a given time the boundary a advances to a, 
while the boundary b advances to b. Assuming that the potential 
gradient is constant throughout that portion of the apparatus 
occupied by MA, the distances aa, and bb, will be directly — 
proportional to the speeds w; and u_ of the ions M and A respec- - 
tively. Thus 


J Ca 


“i _ ay 1 

ul bb, Í 

ux ies) 40, 3 

T e Ew. 202; + 1 7 
Similarly NUR DM k 
aa, + bb, n 

Further remarks on the moving boundary method for — 
determining transport numbers. Consider a vertical tube, _ 
Fig. 18:10, containing two solutions of electro- — 

lytes with a common negative constituent A, — 

CN £ Tt is essential that there should be a well- — 
e 5 defined boundary between the solutions. Let — 


f the electrolytes be M,A and M,A and suppose — 

Ma T that at time t = 0 the boundary between the — 
electrolytes is agbọ. When a quantity of elec- 
25 bo tricity Q has been passed (the conventional 
MA direction of the current is indicated) let the 
boundary be at ab. Then the mass of M, 

orla bounds on transported by the current will bo t,20, 
method for deter- where z is the electrochemical equivalent 4 
ini for M, If c is the concentration of these ~ 


wd . 
ee ions in grams per millilitre, the above mass 


“of substance will have been removed from á vo;ume 


ntn. 
COTES GAIN NM 
2Q afta 

0 


mass ¢,2Q of M, ions are removed in time f, 


eis 
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Now the charge associated with 1 gm.-equivalent of M, is F 
coulombs, so that : 
zF = mass of 1 gmoquivalent of M, = 7 
OM +) 100v ,_ F 


D 


r = D fra 
0 t 


., OVF 


=> 


t 
fira 
0 


Experimental determination of the transport number of a 


hydrogen ion.—The apparatus consists of id ac pns glass tube G, 
Fig. 18:11 (a), about 3 mm. in diameter and sealed to & wider portion B. 


Methyl violet 


in HCl. 


A i of the transport number 
Fia. 18:11. Experimental 30 d rirogeo- 


+ d 


E 
a 
P 
Fe 
ag 


of cadmium turned to fit Q and held in 
C is a silver chloride electrode prepared 
silver on a platinum gauze fused to a thick platinum wire 
into a glass supporting tube. The silver- 
anode in a potassium chloride solution, 
trolysis reacts with the silver to form | 
attached to the electrode. This electrode, 
ted in the transport a; paratus, is surrounded by a wider . 
with two apertures, 1 and O, Concentration changes 
the cathode cannot then affect the electrolyte within the capillary 


transport: a tus is filled with 0-IN HC! solution which con. ' 
& trace of methyl violet ; the solution is faintly green. A current 
mA. is passed at once. (so that the cadmium shall not dissolve 
E rive A Chlorine ions are disch at A and form cadmium 
while hydrogen ions at C form Cl. Now cadmium chloride 
forms a neutral solution in which methyl violet is purple, so that as the 
we re upwards the colour changes from green to purple 
If, when a current I is passed for a time : seconds, the volume 
swept out by the hydrogen cations is V litres, then 


| 


a 


38 
13 

Hr 
A 


n 


= Fue 


where C is the concentration of acid in gram-equivalents per litre, 
As soon as the current begins to flow the purple-green boundary 
appears and its motion may be observed. The times at which it crosses 
the tube are noted and a graphical method 

is mean value for the yolume swept out per second. 
1831 eres features of the eleotrical expat are ao in I 

"11 (o) It no description except perhaps with reference 
the means where tha Srni cin be i be chiot and known 
value, The resistance of the resistor R is such that RI 1 volt. 
B is & standard cell and the rheostat M is varied until the potential 
the f. o: 


difference across R balances S. This adjustment may be 

, For precision quse ld be kept i 
oF "on work the & tus shou ept in a 

thermostat. The author has found qu much more well-defined 


t 
boundary is obtained if the diameter f th illary is reduced to 
1 rhmi, and the current to 1 mA. (which Eins thie is must be 1000 
ohms c also be used, when the boundary moves 
Thon duickly if the current is the same. Finally it should be noted 
that tł is possible since the mobility of the following 
TU F ha the hydrogen ion. 

Voltaic ¢ells.—From a thermodynamic point of view all voltaic 
cells are classed as reversible or irreversible.. The Daniell cell 
Which may be represented as 

Za |Za50, ()| 0050, (1| cs 
———— 


dion gre. aos dues dor pron 


7 pier i> 
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external source is reS ennt remedio 
e.m.f. of the cell, M 
a very small amount, the cell supplies & current in the conventional 
direction and the ordinary chemical changes occur, viz. zino passes 
into solution and copper is deposited on the anode. On the other 
hand, if the applied potential difference exoeeds the e.m.f. of the 
cell by a small amount, a current flows in the opposite direction and 
all the chemical changes are reversed, copper passing into solution 
from the copper plate while at the same time zino is deposited on 


When a reversible cell is supplying t, the source of energy 
is the chemical reaction. If the same amount of chemical action 
were to take place in a calorimeter, without the performance of 
external work, the calorimetric heat evolved is a measure of the 
change in internal energy. / 

The Weston standard cell, viz. 

c| CdSO, (aq.), Hgi80, (solid) | He 


is also a reversible cell. 
The Gibbs-Helmholtz equation for reversible cell.— 


HzrwHourz and KELVIN xp qum d 
suggested that in a voltaic cell evolved in the chemical 


action associated with the supply of current from the cell, is a 

measure of its e.m.f. Asl W tii Ue nenne of 
the chemical energy appears as energy pplied 
to a Daniell cell the hypothesis finds ample support. The reaction 


involved is Ay j 
Zn + CuSO, — Cu + Zn8O, + 50,000 cal. 
Le. the dissolution of 1 gm.-atom of sino is Peer by : 
deposition of 1 gm.-atom of copper together wit — 
50,000 calories. Since 1 gm.-atom of zino is 2 gm.-equivalents, 
uantity of electricity 
je 2 x 06,500 coulombs. if Eis 
the electrical energy supplied 
i E x 2 x 96,500 joule. r xd 
Now according to the hypothesis put forward Holmholts 
by Kelvin this ng to is equal tothe energy evolved in th cherie 
teaction, i.e. iis vil 
96,500 = 50; "109, 
or Ex 2X m 10 volt 
is about 1:00 volt so that the 
| when applied 


Now the emf, of a Daniell cell lie one; bat whee t 


hypothesis appears to be an aooe, 
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other reversible cells large discrepancies occur. Gipps and HELM- 
HOLTZ pointed out the error in the argument used by Kelvin, viz, . 
the neglect of any energy exchange between the cell and its sur- 
roundings; the Kelvin equation is only valid when this exchange 
is zero, The equation which Gibbs and Helmholtz obtained may 
be established as follows. 
Imagine a reversible cell (bal- 
anced by an equal and opposite 
e.m.f.) in an enclosure at absolute 
temperature T ; let e be its ema, 
at this temperature. If the bal- 
ancing e.m.f. is reduced slightly 
the cell will supply a small 
electric current. Let Ag be the 
finite charge thus supplied in a 
short time Af, i.e. before the eir- 
cuit is broken, and suppose that, 
in order for the temperature of 
the cell to remain constant, it takes in heat from its surroundings. 
The change in state of the cell may be represented on the indicator 
diagram shown in Fig. 18-12 by the line AB, which is parallel to Og. 
Now the heat taken in from the surroundings 


= heat absorbed by the reaction associated with the supply of the 
charge Ag when the reaction takes place under such conditions 
that no other form of energy is liberated, 

+ the energy gained by the charge Aq as it is raised from the 
potential of the cathode (zero) to that of the anode (e). 


Thus, 


Fic. 18-12.—The Gibbs-Helmholtz 
equation for a reversible cell. 


Heat (in work units) taken in = £ Aq + e Aq, 


where £ is the heat absorbed per unit charge supplied by the cell 
under the conditions stated. [f is the work equivalent of the 


calorimetric heat absorbed when an amount of chemical action | 


to unit transfer of electricity takes place.] 
Now let the circuit be remade and a further but very 


quantity of electricity be supplied by the cell, the supply of energy | 


from the surroundings being prevented; the temperature of the 
cell will fall to T — dT and the state of the cell will be represented 
by the point C on the diagram. 
Then let the opposing e.m.f. be raised so that a charge Ag passes 
in the opposite direction through the cell, when 

Heat taken in = — (& — 5£)Aq — (e — de)Aq, 


aves ô and e — de are the new values of these variables — 
the temperature is T — ôT. Let the reversible cycle be 
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completed along DÀ, no exchange of heat with the surroundings | 


occurring. 
Since the cycle is reversible, $ - — 0, where dQ is & small 
quantity of heat. Thus , 


Ee ALL (c Oboe fe 00) 
qo MT T RLGT Ag. 


Sinco [T= OL) Sakae T-1, 60], we have 
E ee | Fer) p x) 
RE be do( + 7) | 


1 é oT 
-drbe erts) 


if second order terms are neglected. 


If a is negligible, we have 
j 96 
gem n TA 
is i ibbs- ation for a reversible cell. 
This is the Gibbs Helmholtz equ CM IA 


Since it has been tacitly assumed that no gases i 
the volume of the system. remains constant, one ought to write 


e 
emet (3); 


umed tha 
Finall: „it must be noted that wo havo ^e hat 
of the call is so low that the Joule heating effect, wht is trrevoraiblo, 
may be neglected ;, also that EE ii 
negligible, for this is also an aie o process. i 
The equation ez Tas is true in any consisten! 
i the emf. in volte, say V, 


units, but it is convenient to measure Pepe 
and to consider the heat 8880018 u charge 
Mie galicia tities of the A 


sor rendo are involved. 
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absorbed when the abo in a calorimeter and withou 
the pedea aerei ee em ovina and iho 


equivalent reaction in the cell will be ¿F coulombs, where F is one 
` faraday, so that 


ie Vecm erm. 
[N.B. Almost invariably it is the 
zinc, with ¢ = 2) which has the higher valenoy.]. 
Tt must ‘be noticed that if 2 or ?V _ 
a condition applicable to a Daniell cell, e = — , or V — — £184 


fF 
The term TV. 


between the cell and its surroundings per unit quantity of electricity 
supplied under i which have been stipulated already. 


Experimental Investigation of the variation of the e.m.f. of a 
cell with temperature.— For this purpose the cell may take the form 
shown in Fig. 18-13 (a). The two vertical limbs are each about 1 em. 


in Mod ine] Lave an Overall length of 15-20 cm. They are made of 
together by a thick-walled ca; illary tube about 0-1 cm. 
| mader diameter; the side o ^ 


pening A permits the capillary to be 


Fic. 18-13.—A simple potentio- 

Ag NO. ag. meter modified to investigate the 

8 9 SIar variation of the e.m.f. of a cell 
with temperature. 


negative electrode (generally _ 


gp Must therefore represent the heat exchanged ' 


We Ed on rode oe ced 


TAA 


pw See 
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packen lightly with glass wool. One vertical limb is filed with 
JX AgNO, solution and this is permitted to fill the capillary tube. The 


second tube is filled with = Cu(N0,), solution ; tho glass, wool reduces 


the rate at which diffusion occurs and although the wool will increase 
the internal resistance of the coll it cannot materially alter its e.m.f. 
The electrodes are pieges of silver and wire, respectively ; it is 
advisable to mount in Vive tubes, in corks and closed at 
their lower ends with ‘ Araldite * Thus the concentration of each 
solution, in the regions between which the e.m.f. is measured, will not 


Since the variation of e.m.f. with temperature is small, two such cells 
are prepared and mounted in a water-bath at 0°C. To measure any 
difference between their e.m.fs. a modified 
arranged as shown in Fig. 18:13 (b). 
p. 280 that no detailed description is necessary. Then the temperature 
of one of the cells is raised by about 5 deg. C.; this temperature should 
be maintained constant to within 0-2 deg. C. i 
between the e.m.fs. of the two cells measured. This 

i reached. It will be found 


about 1 mV. per rise in temperature. A vel 

in the Gibbs-Helmholtz equation may then be calculated. 
Example.—For the reversible cell s 
Zn | ZnCl, aq, AgCI | Ag 


ev -| 
V — L015 volt at 0* C» and 3p = — 401 x 107* volt.deg.-* C. 
divalent so that ( = 2 and we have 


— 4184 = 
ere anA — 401 x 107*). 
1015 = zx g6a00 + 177 * ) 


A= — 519% 104 cal.(gm.-atom)~*. 
Also, the heat absorbed from the 8 ings while the cell supplies 
a charge equal to one coulomb S. S 
1 2 LL ER x 10 cal. = gya 1T ^ 
jon involves one gram-atom of zino 


Now azine is 


; cell.—The Weston cell is the present-day 
The Weston standard cell- io wherever it may be seb up, 

to quite strictly, 
it is found to remain 


u 
r jods of time. : 
vi c P Weston cell is shown in Fig. 1814 M ie 
glass envelope, Or container, usually takes the form of a letter 
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above the mercury, which forms the positive electrode, there is a t 

paste consisting of mercurous sulphate and cadmium sulphate. £i 
'This paste and the amalgam are covered with cadmium sulphate a 
erystals and the rest of the apparatus is partly filled with a saturated i 
solution of cadmium sulphate. In preparing the cell, this solution à 
is made saturated at above 40° C. so that when it is placed in the cell 
and cools to room temperature crystals are deposited on the cadmium 
sulphate already present. The deposited crystals form a compact 


- Sat. soln. 
cadmium 
Sulphate 


£lectromotive force (V.) 
Se een E 
FER: 

8 s 


[Crystals T 
736d,50,:8 4,0 
Paste — EA rod 1-017400. 
A [crysta/s] -20 0 20 40 
3€d2504 -8H,0) Cd * Hg Temperature (°C) 
+ (a) - (5) 


Fic. 18:14.—A Weston standard cell and the variation of its e.m.f. 
with temperature. 


coherent layer which prevent the substances beneath them from 
being displaced. Finally the ends of the two vertical tubes are 
closed with the aid of a blowpipe flame. 

Each limb has a constriction which is most effective in holding 
the crystals together. 

When current is taken from the cell, cadmium dissolves from the 
amalgam, and mercury is deposited on the anode according to the 
equation 

Cd + Hg,SO, —- CdSO, + 2Hg. 

Since, however, an excess of the solids is always present, the state 
of saturation remains. 

The c.m.f. of a Weston cell is 1-018588 volt at 20°C. The e.m.f. 
at any other temperature, within the range — 20? C. to 40? C., may 
be obtained by using the formula 
AV = [— 40(0 — 20) — 0-903(0 — 20)? " 

-+ 0-0066(0 — 20)* — 1-5 x 10-4(9 — 20)*]uV, 
where (V + AV) is the e.m.f. at a temperature 0° C. [This is an 
approximation to the N.P.L. formula but it is sufficiently good for 

- academic purposes.] The variation with temperature of the e.m.f. 
of a Weston cell is shown graphically in Fig. 18-14 (b). This diagram 


E 
"A X 
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shows that the temperature correction will be yery small if the cell 


is at a known temperature close to 0° C. when it is used ; better still 
if the temperature is close to 3° C. when the e.m.f. is & maximum. 
Tf a Weston cell with non-saturated electrolytes is prepared the 
temperature coefficient is much smaller but the em, itself is not 
as constant nor as easily reproducible. 

An earlier standard cell was the Clark cell; in this a 10 per cent 
zine amalgam replaces the cadmium amalgam and the cell itself 
is symbolized thus: 

Hg | Hg80, (sol), | ZnSO, (sat. sol.) | Zn (10 per cent in Hg) 


The emf. of this cell is given by s 
V-14332]1 — 139 x 107*(0 — 15) —7 X 10-0 — 15)*] volt, 
and it is found to be more constant than that of the Weston cell but 

unfortunately it has a much higher temperature coefficient. 


Modern dissociation theory or the theory of complete 
ionization —At the beginning of the present century the view was 
gradually gaining ground that strong electrolytes are almost com- 


pletely dissociated at all states of dilution ; at the time the view 
soon the results obtained in the field 


" „support to | 
hypothesis. As 9 result of X-ray analysis it was concluded that 
in a crystal lattice the unit of structure was not the molecule. 
example, in the union of & sodium atom wit 


th stable electronic configurations are obtain 
these ions are held together by the forces arising from the electro- 
i a universal belief that 


static charges which Á sal | 
in a solid sal ionization is complete, but the conductivity of such 
i ily small since werful forces within the 


is transferred from the sodium atom to the chlorine atom. In 
i ined and 


and the ions are ab 

very dilute golutions the interionic 8/ ons W 
the relatively large mean : i n 
separate ions ; in concentrated solutions, however, these QU neces 
will bo much reduced and the attract correspondingly greater. 
Tn such circumstances irs of 
be a continual exchange of partners 
complete the net resu will be 


the theory of complete joni 
valitative manner only, the 


electrolytes m aqueous solution. 


Y is dissolved in water aining 
however, the solid i8. le to move V atively to 
sm i ; 


d 
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lyte to a decline in the number of ions present per unit mass of the 
dissolved ‘substance. Tho equation 

A= of | u, | + |u | JF, 
(cf. p. 659), contains the Faraday constant F and the variables «, 


My and u, so that it appears a chango in the value of A may be 
due to & variation in one or more of the above variables, Experi- 


| 
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tion of the ions in the atmosphere surrounding it and the effect is 
expressed by the time of relaxation of the ionic atmosphere. This 
time of relaxation as well as the nature and magnitude of the ionic 
atmosphere depends upon the concentration of the ions ; the radius 
of tho ionic atmosphere decreases as the concentration increases 
and, likewise, the time of relaxation which is infinite at zbro 
concentration. . 3 

Debye and Hückel, in calculating the retarding force on an ion - 
due to the above effect, made the assumption that in all strong 


was the hypothesis made by Arrhenius. This decrease in mobility 
is due, in the first instance, to the time of relaxation associated with 


in solution this field will 
tend to move the ionic atmosphere, together with its associated 
solvent molecules, in an opposite direction to that in eS 
central ion moves. These wor d € Be caria ^g 
that arising from the motion of an ion in & visi ' 

taking into account these three forces Debye and Hiickel showed that 


Ao e + x 
where k is a constant and c the concentration. The ion 
signifies that the reduction in equivalent conductivity with con- 


ion is direct]: to the square root of the con. 
centration 18 pn i mek bcc eüslaciory Íor bali 


the fect of the asymmetrical ionio SPP. n a Moving ` 
the eot o the ter the Brownian omaes m te 
undergoes and that for dilute solutions c Henr electr oly 


in which A is a constant Y hat piss e i 
of the equation remains b; M UR Sie hes in 
empirical relationship P haus bat io v 
baud. * jars joctrolyto in water at 25° C. 


(AA, + 19 


where c is expressed in gunequivuent ur millilitre. 
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-Electrolytic condensers.—Every condenser must have two 
metallic electrodes and an insulating medium separating them, ~ 
Electrolytic condensers àre no exception to this rule, but they do — 
differ in several distinctive ways from the more usual type of — 
condenser. In the first place, the dielectric has no separate existence — 
but is produced by electrochemical treatment of the surface of one 
of the electrodes. Secondly, only one electrode is in immediate 
contact with the dielectriv; the other electrode is brought into 
electrical contact with the opposite surface of the dielectric by 
filling the space between them with an electrolyte. Fig. 1815 


A Dldielectric) 


$ 
LITERE) tea 


gc (electrolyte) 


Fra. 18:15..—The principle of an electrolytic condenser. 


shows, in diagrammatic form, the essential features of an electrolytic 
condenser. In the diagram A is one electrode (the positive plate) 
and this is covered: with a layer of dielectric D: C is the other elec: 
trode which also serves as a container for the electrolyte E, which 
fills the space between the outer surface of the dielectric and the 
second electrode. If this electrolyte were not present and the system 
AD rested upon C, then contact between C and D would only occur 
at points so that the capacitance would. be reduced considerably. 
Moreover, at present, all dielectrio coatings of the type considered 
are never ideal, i.e. microscopic cracks are always present in them 
and these would give rise to ‘short circuits’ in the condenser. 
When the electrolyte is present these cracks can be repaired by 
permitting the ‘forming ’ process of the dielectric layer to be con- 
tinued after the condenser has been built. 

The ‘forming’ of the dielectric in an electrolytic con- 
denser.—In Fig. 18-16, B is an electrolytic cell in which the metal 
which is to constitute the coated electrode of the completed con- 
denser is made the anode A. ‘The cathode, C, is an inactive con- 
ductor. When the cell is filled with a suitable electrolyte and a direct 
current is passed through it, oxygen nearly always appears at the 
anode and if this is made of a readily oxidizable material an oxide 
layer is produced over the surface of A. This oxide layer constitutes 
the dielectric D when A is removed from the bath and used as the 
positive plate of an electrolytic condenser. The production of this 


bae 
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oxide layer is, in general, a separate operation, although, in the 
smaller types of electrolytic condenser, the forming process may be 
carried out in the actual condenser itself. - 

Since the dielectric coating has been formed on the metal while 
this served as an anode, it is essential that the coated electrode of 
an electrolytic condenser shall be maintained positive whenever it 
is in use. Thus the dielectric layer only behaves as an insulator 


4 
4 
4 
4 
4 
f 
4 
4 
A- 
f 
[4 
A 
[4 
[4 
[4 
j 
"A 


; Fia. et? roe qe 
Fra. 18-16.— The * formi ;* of the dielectric representation of an 
ee Deed. T rs ender 7 electrolytic condenser. 


Bf y? } 3 

while it is positive with respect to the electrolyte. If it becomes 
negative the oxide layer tends to be destroyed by the hydrogen 
which is liberated there and the insulation resistance of the ga 
denser becomes 80 low that leakag o currents flow c in 
condenser becomes useless, Electrolytic sense aro P : o 5 

ized ; present diagr mmatically as n ig. 18:17. 
x decr ont d it is on account of this fact 


The dielectric layer is very thin anc à 
that the capacitance of an electrolytic condenser can have a high 
value without its bulk becoming excessive. 

* Semi-dry ' electrolyti: condensers ON wea ~ 
densers in present-day use are generally this us to pive the 


] * " ffi: 
plate is coated aluminium foil, its area binc aoim prin 


2 ; - The negative plate 18 : 
required capacitance.” he megs together with two suit- 
it is not coated, "The two folis $6 ei compact cylindrical roll. 


a 

tors 4t . H 

Babe is wider than the pieces f n 80 that the edges of 
the. latter are prevented from coming M i. — 
aluminium used for the positive plate pn 1 HT pure, 

mercial aluminium is used for the nega ayer rawness nh 
Me M ^ tdem hold the electrolyte between 
mechanical eonia fen used. The electrolyte re bea 5 
ue electrolytic condenser is ® viscous mixture oF g y 


a and either ammonium or sodium borate. The mixture is heated 
to expel excess moisture and while at a temperature of about 100° c 
the cotton gauze is immersed in it ; impregnation of the gauze must, 
be complete if the capacitance of the condenser in which it is used 
is to be high and its power factor low. When properly constructed 
these condensers aro very reliable. 

To determine the capacitance and power factor of an 
electrolytic condenser.—A bridge suitable for this purpose is 
shown in Fig. 18-18. C, is the electrolytic condenser, which will be 


Fro. 18-18.—Determination of the Capacitance and power factor 
of an electrolytic condenser. 


considered as a condenser of capacitance C, in series with a resist- 
“ance r, while .C, is a standard condenser with a negligible power 
factor. Resistors R,, R, and R, complete the bridge. T is a trans- 
former while B is a battery to maintain the positive plate of C, at 
the rated voltage. The condenser C, permits alternating current 
to flow to the bridge but isolates the transformer from the battery B. 
In a similar way the iron-cored choke L prevents large alternating 
currents from flowing through B. The impedance of L must be 
ése ine bobus the reactance of C, i.e. the smaller C, is, 
? MUS UONIIT LE he ridge. 
‘The conditions for balance are given by 


PÁr )-»(» +5) 


a. 
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which leads at once to 
Ry = RyRy and R40,— R40, 
The power factor of the condenser on test is cos d, where 
1 1 
tan o = =: 
$= ate” aOR, 
Here, since tan ¢ is such that it is not very large compared with 
unity, we cannot make the usual approximation, but have 


cos f = odas = oR 
-Vi ẹtan V1+%O,'R,* 

The milliammeter MA measures the leakage current through the 
condenser. Since this current increases with the capacitance of the 
condenser, the leakage current is generally stated in milliamperes 
per microfarad. ; f 

The faraday, Avogadro's constant and the electronic (or 
protonic) charge.—lf A* is the atomic weight (or relative atomio 
mass) of an element, then one gram-atom of this element has a 


mass A* gm, and in it N 
gadro’s constant. If C is the valency of the element, v ed 


is equal to ¢ gram-equivalents and one gram-equiva 
in electrolysis by one faraday, i.e. & charge F. Hence one gram-ion, 


ie. one gram-atom (or ¢ gram ) which 

ionized, will be deposited by a quantity of electricity equal to oF. 

Since the number of ions in a gram-ion is N, it follows at once 

ihe charge on an ion in solution is A 

T lel 

whers e is the elgotronio charge. Thus 
F= N | e |. 


By Faraday’s first law of electrolysis, however, 
A* _ mass of one gtam-equivalent = 2F, 


eq t. 
where z is the electrochemical equivalent of the element 
Sah yy At - 
ee Nje =F 777 wa 
onal ers p are vede. Then 01 Tx (c), where (c) i 
G lly, ven s, 4! i 
the: Mac Aii of the velocity of light in a vacuum value 
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of the charge equal to a faraday, when expressed in e.s.u. Ife, is 


the electronic charge in e.s.u., 
Fo), A) 


N|e| = 55 = ioc 


When N is known (cf. Vol. I, p. 649 ei seq.), this method for deter. _ 
mining a value for the electronic charge is capable of great accuracy — 


EXAMPLES XVIII : 


18-01. A Daniell cell of e.m.f, E and internal resistance B is arranged — 
i" +ories with an adjustable resistor, an ammeter and an accumulator, - 
' 1è two cells being in opposition. A simple potentiometer, standardized — 
by using a Weston cell, is thon used to measure the potential drop, V, — 
across the Daniell cell when the current from the accumulator is I. — 
ga V = E +IB and hence suggest a method for measuring P 

and B. 

18:02. A liquid resistor consists of two nickel coaxial cylinders, 
radii r, and f, (fa > r,); these cylinders are used as electrodes. If - 

is the resistivity of the liquid and / the iguh of each cylinder, show — 
that the resistance between the electrodes is 


A 4, (% 
ani ™ (2). 

Tfr, = 50 em, r, = 5:1 om., 2 = 20 0m., and y = 2 x 10? ohm.cm, - 
find the value for the resistance. [815 x 10° ohm] 


18-03. What current would have to pass through an aqueous solu: - 
tion of copper sulphate (CuSO,) in order that 0-05 gm.-equivalent of 
the salt may be decomposed in one hour? Assume F = 96490 coulomb, — 


(gm. iv.)71. 2-68 A] | 
Nol" Two BY A and B are connected (a) to a cell E,, B, 


= Ss -R, 
3 


suave & method for determining the internal resistance of a Weston 
cell, } 
18-05. How may the electrochemical equivalent of silver be deter- - 
mined? For hydrogen s = 1:04 x 10-5 gm.ebulomb.-!. Assuming — 
Avogadro's constant to be 6x 103! mole.-!, obtain a value for the 
charge on a monovalent ion. your answer (a) in coulombs, - 
(b) in e.s.u. [1:608 x 10—1* coulomb., 4:81 x 10-19 e.s.u.].- 
18:00. An aqueous solution of BaCl, whose concentration is 
0-002 gm.-equiv.litre.—1, has a conductivity of 2272 x 10-*ohm.-!om.-". 
What is its equivalent nbs 1l] 
i 119-6 ohm.-!om.-!(gm.-equiv.)-!ml.] - 
18:07. Caloulate Reed eed of & del solution. o. 

s completely dissociated an i 

‘the ionic mol for potassium and chlorine ions are 6-6 x 10-*om.* - 
‘se0.-*volt.-1, and 5*8 x 10-* om.sec.-!volt.-1, respectively. 1 
[0-011896 ohm.-!om.-!.] 


S 
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coulomb.-!.] 
18-09. Describe and explain how you would determine experi- 
mentally the electrochemical equivalent of copper, the current being 


coefficient for the material of the wire is 0:004 deg.-! C. and the con- 
ductance-temperature coefficient for the electrolyte is 0:05 deg. C., 
find the resistance of the wire at 0° C. [0:86 
18-10. A hydrogen and an iodine coulometer were connected in 
series, During the ann of a current for a certain period 98-2 ml. 
of hydrogen were collected at 17-0? C. and 75:1 cm. of mercury pressure. 
At 17.0? C. the pressure of saturated water vapour may be taken as 
The iodine released was titrated with a OLN 


1-4 em. of mercury. b 
solution of As,O, and 80:4 ml. were required to it. Estimate 
the error of the hydrogen coulometer. 3 [0-5 per cent low.] 

a solution of silver nitrate whose 


18-11. At 18" C. a cell containing i 
concentration is 0:0500 gm. uiv.lit.-* has a resistance of 183-7 ohm. 
At the same temperature and in the same cell a 0-1N KC! solution 
has a resistance of 82:2 ohm. Tf the conductivity of the 
chloride solution is binge ot ahin am Fak giro a value for the 
ivi o silver nii 
molecular conductivity, (099 psp a idoole Mil) 


ohm.-1om.-1.] ,D A 
gives R = 4786.3 ohm. [Ln 
If the water used in making the solutions 
conductivity of 107* c raus oalenlate corrected values for tho 
constants of the two . . 
. .-1, 0-601024 cm. ; 
Le) iii 01 1508 cin.-1, 6:7607 em. 


aq 
volume 56-92 om.* and plane circular " 
i f the cell was determined by meno, a bridge ABCD, 
The resistance of the ee rna 10 chine and 1000 cime aang to bo 
and CD the cell. At balance h 
1367:0 ohms. Determine & value for 
and explain why such & 


precision one. 


18:14. In an experiment nen to determine s mà 
a Ga ight pind oe ie leon vea wed: 


684 ELECTRICITY AND MAGNETISM 


18-15. A conductivity cell is filled with 0-01N KCl solution at 
25° C. and placed in a bridge network having equal ratio arms. ` The 


resistance required for balance is 2539 ohms. What is the cell constant? 


The cell is then filled with a 0:02N solution of Ba(NO,), at 25°C. 
and the resistance requiréd for balance is 1873 ohms. Assuming that 
the conductivity of a 0-01N solution of KCl is 0:001412 ohm.-lem,*! 
at 25°C., obtain values for (a) the equivalent conductivity, (b) the 
molar conductivity of the barium nitrate solution. 

[3-584 cm.-!; (a) 95-6 ohm.-!em.-!(gm.-equiv.)-!ml. ; 1 
(b) 191-2 ohm.-!em.-!mole.-!ml.]: 


18-16. Inan experiment on the electrolysis of silver nitrate 0-603 gm, 


of silver was deposited. A titration of the solution round the cathode — 
gave 9:420 gm. of silver chloride (AgCl) per litre before, and 9:002 gm. — 
per litre after, the electrolysis. Assuming the relative atomic masses - 


of chlorine and silver to be 35:5 and 108 respectively, calculate a value 
for each of the transport numbers of the two ions which form the 
silver nitrate molecule. [t = 0-522, t, = 0:478] 


18-17. In an electrolytic cell a 0-02N solution of copper sulphate 
was electrolysed between copper electrodes. The anode solution of : 
50 ml. contained, after electrolysis, 0-221 gm. of copper sulphate - 
(CuSO,).. The steady current was such that a potential difference of © 
1-0186 volt. was maintained across a 50 ohm. coil and the experiment — 


lasted 4 hours. Determine values for the transport numbers for Cu** 
and 80,- —. [t. = 0-418, t=. = 0-582] 


18-18. The velocity of a boundary between HCl and KCl is followed. ^ 


in aqueous solution. The current is such that the potential difference 
between the ends of a 100 ohm. coil is 1-0186 volt. and this current is 


passed for 30 minutes. The boundary moves 30-1 cm. in a tube whose — 


mean radius of cross-section is 0-40 cm. If the concentration of the 
HCI is 0-01045N, estimate the transport number of a hydroxonium 
ion in aqueous solution. [0-83.] 


18:19. The transport number for a hydrogen ion was determined 


with the aid of the apparatus shown in Fig. 18-11. The current was — 
such that the potential drop across a 200 Q. resistor was 1:018 V. and | 


in 295 seconds the boundary ‘advanced 0:5 cm. If the mean radius 


of the tube was 0-089 cm. and the concentration of the HCl solution | 


N . 
910815, obtain a value for the transport number of a hydroxonium 


ion. [0-84] - 


18-20, Establish the Gibbs-Helmholtz relationship for the electro* — 


Motive force of a reversible cell. ‘The electromotive force of the Weston 
normal cell at 0° C. is given by the felation : 
Eo = 101859 — 4-06 x 10-*(0 — 20) 

— 9-5 x 10—(0 — 20)? + 10-*(0 — 20)? volt. 
to be divalent, find the heat of reaction ın the cell 


: mercury 
at 15° C., if Faraday's constant is 96,500 coulomb.(gm.-equivalent)-"- 


[— 474 x 10* cal.coul.~?.] 


I 
| 
| 
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—— 
18-21. For the cell Cd | caci, 108,0 | Agl | Ag, it is founa tnet 


at 25° C. V = 0-67531 volt. and at 020; V = 0:69153 volt. Calculate 
a value for the heat evolved in the chemical reaction corresponding 


[— 401 x 10* cal. (— 3:953 x 10! cal. by direct experiment).] 


e "We 
18:22. In the cell Ag | Ago, ZnCl, ag. | Zn, where the reaction is 
Zn + 2AgOl — ZnCl, + 248, 

the heat absorbed is _ 5-205 x 104 cal. when one gram-atom of zino 
alue for the e.m.f. of the cell at 0° C. if the 
entis 40 X 107* vo.deg.-1C. [1-015 V. is the 
3 pS HA [1:018 volt.] 

19.23. The emf, in volts of à reversible cell is given by 

V 20:931 + (L6 X 10753)0 + (T2 X 10-5)0*, 

where 0 is the temperat i 
tho heat absorbed from the surroundings 


of the following equivalent conduct l 
[Shedlovsky, Journ, Amer: Chem. S00», 4, 1411, 1932] 


c x 107( 
. 142-61 


gm.-equly.)ml.-* | A chin -*em.7((gm.-equlv.) ml, 
Vou ELIT Ju IE 


—— M 3. 
0.69820 am N 58651 
1:7613 143-62 $6803 | 141-97 
3.8888 142:98 _ | 12219 141-53 


[A, = 144-925 o + p= 2951] 
18-25. Test the Onsager equation for LiCl for which the equivalent 


conductivity data are 88 follows + on 
e x 107 A 


| c x 107 A 
| i 2e. 
^ 0-020 04-5 
| SN f a 30 10277 
3 110:6 50 100-0 
5 109-4 0:100 95:8 
0-010 107:2 
Bs. [dy = 1152; (ado + p) = 2131.) 


examples show that Onsager’s tion | 
Sheen eana 1. it is really a theoreti y limiting law. ^ 
higher concentrations, W en A is plotted i v 
points show positivo deviations from the Onseg 

linear.] $ 


CHAPTER XIX 


UNITS OF ELECTRICAL MEASUREMENT 


Any physical quantity which is met in the whole range of physics 


in its most general sense is always capable of being expressed as the 
product of a mere number and a unit of the same concrete kind with 
which it may be compared. Thus 


[A physical quantity] = Numeric (N) x unit {u} = (N) {u}. 
Any quantity may be expressed in terms of another unit of the 
same type, provided that the relation between the two units is 


known. Thus if {u,} and {u,} are two units of the same kind a 
given quantity may be expressed as (N,){u,} or (N,) {ua}, where 
(Nj) and (Ny) are numerics determined by (N,) = quei. 
. 2 

Units may be chosen arbitrarily, each independent of the other, 
or each may be based on certain fundamental units, each such unit 
being in turn based upon some physical property of the universe 
which is least likely to vary with time or place. Any complete 


‘system of units based on certain fundamental units from which all 


others are derived is known as an absolute system of units. The 
term absolute was first introduced in 1832 by Gauss in connexion 
with his determination of H,. 

. Absolute electrical measurements are essential for establishing 
the electrical units in terms of mechanical units; they are often 
used for examining the constancy of electrical standards and they 


must be used for the measurement of those quantities for which . 


Standards cannot be maintained. 

On the other hand it should be noted that comparative measure- 
ments are simpler and more precise than absolute measurements ; 
such comparisons are universally employed when a suitable standard 


is available or when only the ratio of two quantities, of necessity ol 


the same dimensions, is required. 


Fundamental principles.—An absolute system of units is one 
which connects all quantities with a small number of fundamental 


Wi in which they can be expressed and which have been chosen 


a manner suited to form a consistent whole and to bring out 
686 
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clearly the interrelations of the various quantities. The absolute 
system of units on which all electrical measurements are based was 
originally suggested by Waser (of Göttingen in 1851) in connexion 
with the magnetic measuremente of Gauss; it was brought into 
general use by the labours of KELVIN and the British Association 
Committee on Practical Standards of Electrical Measurements 
established through his advocacy in 1861. 

In mechanics it is found that the quantities with which we have 
to deal can be expressed in terms of the three tal unite of 
length, mass, and time. Todefine ical and magnetic quantities 
completely we have to introduce in addition properties of the medium 
in which the electrical or magnetic aotion is taking place. 
properties turn out to be very intimately connected with the velocity 
of light through the medium, They are introduced into the 
equations expressing the relations between electrical quantities in 
two different forms and in consequence We have, as Weber first 
pointed out, two different systems of electrical units, known respeo- 
tively as the electrostatic and electromagnetic units. Bach involves 
the fundamental units of length, mass, and time; in , the 
electrostatic system involves ho. pene, aoe while 
the electromagnetic system ves its permes Ü 

The British P asoclation Committee seleoted as their units of ien 
mass, and time the centimetre, , and second, wbich aro de- 
rived from the French aaie metre, s ae : second. 

For the measurement © electrical magneti 
terms of these units we have recourse to oertain fact ostablishod M 
direct experiment, Our belief in the facte depends roe pe Por 
consequences deduced from them than on the ss eT m 
by which they were originally blished. ^ 
expressed in i o following statements of the Jawe to which they lead : 

(a) Coulomb's law of force 
may be symbolized by the well 


where « is known 8$ the permittivity of t 
for that medium under s conditions of temperature 
—and « is a pure number. : pande 
numeric and o i8 the permittivity & VACUUI i of the unit. 
(eo C» where (ie) numeri and («) 38 the size 

(b) Coulomb's la 
This is represented by eq 
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where wis the permeability of the medium and B is a pure number, 


As above, 4 = (u)us where Mo is the permeability of a vacuum; 
and Ho is (uo{ u}. 


The two systems of absolute electrical units.—The quanti- 
ties x and u express two different properties of a medium and hence 


we have two different systems of measurement based respectively on - 


these laws. 


(a) The electrostatic system. If we suppose that the two 


point charges of electricity referred to above are equal, the first law 
becomes 


a 
Now we can measure r and F but we know nothing about « or a 


To proceed we make the radical assumption that for a vacuum 


K = Ko = less.u. of permittivity and then select the unit of charge 


: 80 that when two such point charges are at a distance apart of 1 om. 


and in a vacuum, F'— 1 dyne. Then « is unity. 


ae The electromagnetic system. If m, = m, = m say, We 
ve 


m= uF, 


and by making the fundamental assumption that for a vacuum 
Ho = 1 e.m.u. of permeability we may select in a similar way our 
unit of pole strength. 

Tt is necessary to point out that there will be different systems 
of electrostatic and electromagnetic units corresponding to the 
different units of length, mass, and time selected as fundamental, 
but; the only Systems which are used here are those based on the 
¢.g.8. system. 

From the electrostatic unit of charge we can proceed at once to 
obtain the electrostatic units of strength of electric field, electrostatic 
potential, capacitance, current, ete., and in a similar way beginning 


- with the unit magnetic pole, we can derive the magnetic units of 


strength of field, Magnetic potential, intensity of magnetization, ete. 
If ic phenomena were entirely dissociated from magnetic 
Phenomena the two entirely different sets of units would have no 
connexion other than that each is based on the c.g.s. system, but 
Oersted's discovery of the connexion between electric currents and 


to correlate the two sets of units. Thus we are able to express all 
electrical quantities in electromagnetic units or in electrostatic units. 


ee 


RIVED ELECTROSTATIC UNITS "ego 
T I 


IONS OF DERIVED ELECTROSTATIC UNITS 
=: 
arge, q. To determine the dimensions of q we make 
ph 
irt 


srmittivity of the medium in which two point 
o at a distance 7 apart. We have at once 

: z 

T-2] e [d ] i 4 
MET 7 par] 
s. fg) = [AMT] 


he dimensional . 
dimensions of this property obe 


sity, g- Since a is the charge per unit area we have 


“Teta {a = aMiLa- 
[o] uu n } TR 
‘an electric field, E. Since E — 4 we have i 
[E] — peMn2T7]. (a 


ction; D. Since D= «E, we have 


[D] = [iM IT). 
tice that [D] = [o] which serves as 
is D = 420. 


a check since — — 


ial difference, y. Since V = lim a we have 
iw ype xa] = pe MILT). 

VI Tain [Monet [k 

nce, C. Since C= - we have 
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Tt should be noted that in order to find the dimensions of cap 
— tanc it is not necessary to find those of g and V for we may use t 


fact that the energy of a charged condenser is o when 
: [MLiT-:] = [=] 
^ (C) = DeL). 
_ Similarly the dimensions of potential could be obtained by 


the fact that 4QV is the energy of a charge Q on a conductor 
potential V. 


Electric current, is. Since current is charge per unit time s 
ve 


Wo m [5] = nn. 
3 Resistance, Rs. Since energy = i,*R,t, we have 
[RJ = [earn ] = [KLT], 


io the dimensions of resistance on the e.s. system are those of the — 
reciprocal of a velocity if we suppress the dimensions of x. y 


l À Strength of a magnetic field, Hs. Since H = = we have E 
- vm so that 
o [Hy] = [et MAT), 

Magnetic pole, ms. Since MH sin 0 = couple, 


[m,L] [H,] = [MLT-?L]. 
c [m] = [«3MILH. 


Inductance, ly. Since the energy stored in a magnetic field 
hen current i, flows in an inductance ls, is 4i? erg., we have 
Uh) EEML?T-4] = [ML?T-5]. 

RE S S] = [LT], : 
been obtained by using em — Tt 


eim carina 
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DIMENSIONS OF DERIVED ELECTROMAGNETIC UNITS 
Magnetic pole, m. To determine the dimensions of m we make 
use of the relation F = fij s where p is the permeability of the 
medium in which two poles m, and m, lie at a distance r apart, 
and F is the force on either pole. We have at once 
[MLT-4] = fal ER 
l= Eyal 
fm) = AMT]. 
m 


Strength of magnetic field, H. Since H= yn we have 


[H] = (ML. 
Magnetic potential, Q. Since H = — p or 62 = — H às, 


we have [0] — [u- AMSEAT 71]. 
Magnetic induciion, B. Since B = pH, we have 
[B] = [MILT]. 
Magnetic moment, M-Mt. Since the couple on & magnet is 
MH sin 0, we have 
pru = = aim 
Intensity of magnetization, J. This is defined as the 
magnetic moment per unit volume, so that 
[J] = [MiL T], 
and it will be noticed that the dimensions of J are identical with 
those of B and not those of H. It follows therefore that the equation 
B = uH + Aad, 3 E i 
where po is the permeability of empty space, 15 dimensionally 
correct. : 
Strength of a magnetic shell, ¢. Since $ = Jt, we have 
(4) = [aM LiT 7]. y ; 
Electric current, i Since in two well-known instances 


ôH iM or H= 2: we have at once 
3 T 


= (HIA e La MIT 


or since an electric current is always equivalent to & magnetic shell 
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of strength pi, we have 
(0 B [f] - penne, 


| Quantity of electricity, q. Since q = it, we have 


[g] = [u MLA]. : 

Electromotive force and potential difference, v. Since the 
rate of working is vi, we-have 2 
[ML?T-9] = [v] [y-AMILIT-1, 


ie. [v] = [p3MIL/T-7) 
Resistance, r. Since i?r is rate of working, we have 
[r] = [uLT-1]. 


— Here it will be noticed that if we neglect the dimensions of p, 
the dimensions of a resistance in electromagnetic measure are those 
of a velocity; it is therefore permissible to speak of a resistance as 
80 many cm.seo.-!, 


EDS, X Since the unit of resistivity is the ohm.cm. we 
ve " 

[x] = [r] [L] = [íL?T-1]. 

Inductance, l. Since lli? is energy, we have 
= [4L], à 

so that an inductance can be expressed in cm. if the dimensions of # — 
are suppressed. : 


Capacitance, C. Since C = 2 we have 
v 


[C] = [p Ab T3], 3 
: 2 E ae 
Which may be verified by remembering that : Z measures thè 


energy of a charged condenser. 
Magnetic flux (linkages), ® and v. 
[F] = [Ø] = [B x area] = [i4MIL?T71], 


Which could have been used to determine the dimensions of an 
electromotive force, since 


Tt should be noted that the dimensions of ¥ are those of a pole 
strength, i.e. [V^] = [m]. à 


Specific electronic charge, £i 
i m 


$ f 5 “Ay EUH -[5x-] = [u-3MALH. 1 


DERIVED ELECTROMAGNETIO UNITS ` 693 


Thus if [p] is suppressed, the dimensions of [| may be 


[cm.5gm.-H]. 

Dimensions of electrical quantities expressed in practical 
units.— (Strictly speaking the practical system of electromagnetic 
units.) Since I — 10i, where the factor 10 is purely numerical it 
follows that the dimensions now required are in each instance 
identical with those of the corresponding electromagnetic units. 

Relation between units in the two systems.—In a preceding - 
section the dimensions of a quantity of electricity in both the 
electrostatic and the electromagnetic systems of units have been 
obtained. Since the dimensions of any physical quantity must be 
independent of the particular system ‘of units adopted the dimen- 
sions of ‘ quantity of electricity’ may be equated, when we get 

[BLT] = [a MiL], - 


or putet] = [LT], 


ie. the dimensions of op are those of à velocity. 
V uk 


Similarly, using the dimensions of a resistance, we have 
[eT] = (elt), 
which again gives d fete} [LT]. 
Again, if we equate the dimensions of capacitance 
by the two systems of units, we have 
L KL] = [p LT’), 
1 
f s of —— 
ith the fact that the dimension se 


as expressed 


which is consistent W 


are those of à velocity. i wo 
+ ensions of —== to derive 
ed to use the dimensi M 


Now if we were satisfi 
for example those of a given electromagnet goap virum 
dimensions of that same quantity on the nay ipie" And 
known, we should now be in & posit 5 j- a (x 
if it were required to know the ee on v Saye ue 
ti antit; expressed in a 

magnetic) bee yatan wero known then it would be necessary 
to knòw all about e its dimensions have been discovered but 
it remains to find its numerical value. This value A be per 
for example by measuring © erimentally the capaci nce v giv 
air-condenser in both electrostatic and electromagne 
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Actually it is only necessary to measure the capacitance in electro: 
magnetic measure for we may choose a condenser whose capacitance — 
in e.s.u. may be calculated from its dimensions. ia 
To correlate the two sets of measurements, we have to remember ~ 
that when it is stated that the capacitance of an isolated spherial | 
conductor of radius r and lying in a medium of permittivity xis Kr, 
we really mean that the capacitance is («)x9r, where (x) is a numerio — 7 
and x, is the permittivity of empty space. Now the size and - 1 
dimensions of x, are unknown. We may however write 


Ko = (Ko) gm.*xem Psec.^, 


where (xo), %, f, and yy are numbers. Thus the capacitance of 
sphere is 


"d B 
Jv i 
Pe 
i 
ai 


(xo) gm.™cm figec.”: (r) em. = (x,)(r) gm.*'cm.^*!sec?n — i 


Thus if (C,) is the numerical value of the capacitance in electro: - 1 
static units of a certain condenser, we have NW. 
Capacitance = ((,)(x») gm.*«cm.:*!sec."», 

and this is the capacitance in c.g.s. units. 

Since on the electromagnetic system of units the dimensions of 
capacitance are [/~!cm.—Isec.*], the electromagnetic unit of capaci- 
tance will be 

1 (197!) gm.?*om.P»sec."»em. !sec.?, 
where Ho, %, Bs and y, are numbers. . 

Thus if (Cm) is the numerical value of the capacitance of the same | 

condenser when expressed in electromagnetic units, we have 


Capacitance = (Cs)(ug-1) gm.2:om.P*7 1seo.?«* 2, 1 
and this is also a measure in c.g.s. units of the capacitance of tho 


condenser under consideration. Equating the two expressions We 
have obtained for the capacitance in c.g.s. units we have 


E: C;) 1 
SPAM 1), o" - : 
)(Ko) (Cm)(4o ) or (Gn) (oko) 
and a, = a, f, +1=f,—1, Va = Ya +2. 

The importance of this argument is that although the a's ete. 
remain indeterminate it has been shown that 


(€) = as 3 
(Cm) (Horo) 

and experiments to be deseribed later show that 
(&) = (9i, 


where (c) is the numerical value in c.g.s. units of the vales of 
light in a vacuum, ie. c = (c) em.sec.-. : 
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Thus (z=)-(/e)- en 


Note on Thomson’s method for determining the velocity 


of a charged particle.—Let us suppose a uniform electric field E 
is parallel to the Oz-axis and a uniform magnetic field with in- 


z” P002) 


(e) 


ja 
Fac 


Fie. 19:01 .— Determination of t 
by means of ‘o 


he velocity of & charged particle 
rossod ' fields. 


When the particle is at P, (0, 0, 2), i PENES the iaa " 
due to the electric field is igh, nag ipn cies sti 


Ox. The force due to the m 

rule; 4B a wher (c)is the numerical value of the "€ 
i is zero the ic 

light in a vacuum ; when the —Ó force adea 


will continue to move along Oz. 


q 
= BZA, 
a") 
E 
ie uc (s 
and it follows, at once, that we * write 
i ^" 
ores n 


where (E,) and (Bn) are the numerical values of the electric 
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‘ n { 

~ Strength and magnetic induction when these arc expressed in e 
and emu, respectively. PM, 5 k 
Now as long as the directions of E, B and u are unchanged, thia 


' equation applies to all charged particles, irrespective of the sign 
the charge but, as shown in Fig. 19-01 (b), the forces on an ele 


moving along Oz are reversed. If, however, either B or E 


is reversed it is impossible to make the resultant force zero. . 
"The real purpose of this note, however, is to enable us to ex 


the equation u = On dimensionally. On the l.h.s. we have 
[u] = [LT71], 


Kk-MMIL-iT-2 
H ic Paar: | 


os bas] = [LT-3, 


Thus the equation is correct dimensionally. 

Example.—An isolated and insulated sphere has a radius of 20 
lt is required to find its capacitance in e.m.u. Od 

Since 20 is the numerical value of the capacitance when expressed in — 
e.s.u., the capacitance in c.g.s. units will have a numerical value 20(kj: 
If (Cm) is the numerical value of the capacitance expressed in em, — 
the capacitance in c.g.s. units will have a numerical value (Cm)(4) 


Hence 
as 20(ky) = (Crs)(Ho~*)s 
20 

eg (Cm) = gxi = 2:22 x 10-9. 

Hence the required capacitance is 2-22 x 107% e.m.u. ; 
. -Example.—A mutual inductance is 10? e.m.u. Express its value it — 
6.8.u. i 
Let its value be (N;) e.s.u. Then since the dimensions of inductance 


in the electromagnetic and electrostatic systems are [a cm.] and — 
(k~cm.~sec.*] respectively, we have 


l0'(uj) = Ns( 1971). 3 
^ (Na) = 10 (y) = y 195 
The inductance is 1-11 x 10-1 esu. 


Example.—A charge of electricity is 1¢.s.u. Finds its value in emu. | 
ao ee (Qm) e.m.u. Then since the dimensions of se 
tgo in electrostatic and electromagnetic- systems: 
[kiMILIT-] and [u-iMiLi] respectively, i 


Crot) = (Qu)(G«71) 
IAE ^. (Qm) = (os) — 


and on the r.h.s. 


£11 x 10-™ 
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Hence 1 e.m.u. of electricity is 3 x 10! e,s.u. of electricity. Binoo 
1 emm.u. of electricity is 10 coulombs, 
1 coulomb = 8 x 10° e.s.u. ‘of electricity. 
Alternative method.—If one remembers that 3 X 10 o.s.u. of eleo- 


tricity are equal to 1 e.m.u, of electricity, the value of one unit in Hag 


of another is readily obtained by making use o' 
energy of e system ; in dealing with the practical system we may 
remember that / 


and 10 amp. = 1 emu. oi current. 

kxamples.—(2) To find how electtostatio unite of capacitance 
are equal to 1 electromagnetic unit of capacitance. 

Now the energy of & charged condenser = 5 G = W. Let (e) be 


the number required and suppose that the charge is 1 emu» and that 
the capacitance is 1 emu. 


Then We 1055 erg. 
But We ic erg. 


Since the energy is the same we have (2) = (e) = 9 x 10", 
(b) Inductance + os the sory many electromagnatio unit of induc 


ance are equivalent to 1 henry. ; ire a 
The ener; vale in the magnetio field is $^. Let the curren! 
1 ampere By i tho induotande 1 henry. ‘Then the energy is 


$lx 11 joule. = $ X 10? erg. 
(à). erg, where (a) is the number required. 
n (a) m 10% 


€ of 
(c) To convert & capacitance in electrostatic unite 
capacitance into one expressed in miorofarade, nd, eid volt, The 
Consider a condenser of 1 pF. charged tt a 
e onsider Aa pe o 109 A i 
But if 1 uF. = (7) 080 of 08) i energy 


But it is also $(7)- 


THE MEASUREMEN 
; standard coll of wire in 
The measurement of of & 


the resistance erimen 
e.m.u. has been accomplished dk ci of historical interest 


work by Weber, yleigh and ] ; 
only; two rero methods will be described 
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Lorenz's method. Before describing Lorenz’s method, ag 
developed at the N.P.L . for determining the value of the ohmin 
B Ce absolute units, the following digres- v 
sion is necessary. Let A, Fig. 19:02, — 
be a circular metal rim of negligible 
A ^ resistance, Suppose that a metal | 
; spoke P, of length a, revolves about. 3 
(a) »an axis normal to the plane of the — 
rim and passing through its centre, a 
Let the free end of the spoke be in — 
contact with the rim. Suppose that 
there is a uniform magnetic field, — 
MEE dpi Tie, inn D, normal mM 
be two brush contacts connected to — 
a galvanometer G. If the spoke rotates with uniform angular 
velocity w, the increase in the number of linkages associated with 
the closed circuit consisting of the spoke, a portion of the rim, the 
galvanometer and the leads to it, in time ĝt is x 


B(}a*w)dt = V (say). i 
If the spoke makes n revolutions per second, w = 2z7n, and hence 


V = nB(za!) = nAB, 


where A is the area enclosed by the rim, The magnitude of the 
induced e.m.f. is therefore expressed by : 


[e| = ABe.m.u. of p.d. 
= nAB x 10-8 volt. 


In practice there is no difference between the above and a solid 
circular disc, of area A, revolving at the same angular velocity with 
its plane normal to the magnetic field. 

If the field is not uniform, the term AB must be replaced by an 


integral of the form [ovis or Í B-4 dS to give the flux of magnetic 


induction across the disc. If the magnetic field is produced by à 
current i (e.m.u.) flowing in a suitable arrangement of coils, then- 
the number of is mi, where m is the mutual inductance of 
the coils and the periphery of the disc, 


NPL, modification of Lorenz’s method for determining a 
siste in absolute measure.—This apparatus was devised 
in 1914 at the N.P.L. by F. E. Swrru.* Earlier arrangements 


*F.E. ^ j x i ll. Res. 
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suffered from the fact that there was a considerable thermal e.m.f. 
in the galvanometer circuit due to heating of the brush contacte. 
Rayleigh had compensated this but, unfortunately, the compensa- 
tion can never remain complete since the thermal e.m.f. undergoes 
slight variations. Moreover, however carefully the apparatus may 
be mounted, the dise will certainly cut, some lines of magnetic 
induction due to the earth's magnetic field. 


=S le 
cme y d | 


J| 


à 


(a) 
+ 7? 
-lo..Je 
D 

Us, sr 


ificati tho Lorenz method for the 
Fré. 19:03.—N.P.L. modii af the Teolute measure. 


determination © 
in ere was & 
The N.P.L. apparatus is shown pa uer tane 

double system of coils and discs. — M is motor š 
were mounted on & copper E P e magneti 
material near to the dises could l ally nil and a large 
far away that its magnetic effect. ai M helped. to 
fly-wheel placed near to the m shaft 
stabilize the rotating system. ^ 
same direction but the magnetic fields were in 
By arranging the b 


3 


discs cutting the earth's magnetic field. To verify these statements — 
it is only necessary to consider the potentials at points on the — 
periphery and axle for the two discs as indicated in Fig. 19-03 (b); 
the + and — signs without brackets refer to the o.m.fs. due to the 
motion in the magnetie field, while those enclosed in brackets — 
represent the parasitic ¢.m.fs. 
No attempt was made to eliminate these very small residual — 
parasitic o.m.fs, by injecting an opposing potential difference into 
the circuit ; instead the current in the main circuit was reversed — 
and the observations were repeated. This double operation was — 


continued a sufficient number of times in order to obtain an accurate 


4 
3 
: 
| 
i 
1 
i 
: 
f 
E 


an expression showing that the speed of rotation may now be 
reduced to one half that required if only a single disc were used to 


magnetic induction, B, due to the current, was zero, cf. p. 235. In 
this way maximum mutual inductance was obtained and the effect — 
of small uncertainties in the estimation of the radius of each rim 


From the diagram it can be scen that when the shaft makes one 


ten circular segments of phosphor-bronze were mounted on an 
insulating substance called ‘stabilit’. A copper wire passed from 
Segment to a radial channel along which it continued to the 
segments were touched by brushes of phosphor-bronze 

each disc. These brushes resembled violin bows. 
lubricated with paraffin oil. The segments and brushes 
enabled the e.m.f. obtained to be five times as great as those obtained -| 
with a solid wheel; unfortunately the parasitic c.m.fs. were also 
inereased five times, so that, in general, the five brushes on each í 
dise were connected in parallel. In this way small variations in 
the p.d. across the discs were much reduced. 

In Vigoureux's work, new apparatus was constructed for adjusting 
the coils coaxially with the shaft and for determining the distance 
. between the coils. The speed was 1044 rev.min.-!, and a correction 

was made, as in 1914, for the fact that when the disc revolves 
Pn 


Lu 
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its diameter increases by 0-08 mm. On account of the arrangement 
of coils and dises this correction is almost EIER RE 


105. ‘Thus the recent determination failed to detect a drift in the 
resistance of the working standards at the N.P.L. 


(1925) but the precision experiments Were made by HARTSHORN 
and Asrsury in 1937. From 1912 until 1937 the resulte of nearly 
all precision measurements of electrical resistance Were | 
in terms of the international ohm which was defined by the London 
Conference of 1908. * The international ohm is the resistance. 
offered to an unvarying electrical current by a column of 
mercury at the temperature of melting ice, 14-4521 gm. in 
mass, of a constant cross-sectional area, and of length 
106-300 cm.’ Now any measurement in terms of this unit. is 
dependent upon experiments in which a i 
of which have been accurately measured, is 
mass of mercury and the tube, : : 0 
column of mercury is compa with that of a resistor which is 


thereby calibrated in international ohm are 
and although the international ohm is specified 


laboratories have from time to time differed by about 3 parts in 10°, 

and it follows that results 1 

ohm are always subject to uncertain 

The international ohm, as d 

10? (c.g.s.) 6-m-U- of resistance. 
f the so-call 

may be mae M iss din 1912 F. E. Surra showed 


with an accuracy at least of the same pei “icles 
international ohm. 
therefore rediandi”s and 
etic system. 
electron om meth as carried out at the T e Mn i 
tance of the coil, which js to become the stan : [n n uin » 
measured in terms of a mutual. inductance and & qi : 
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Pi Fig. 19-04 (a), this resistor r is arranged in series with the primary 

p -winding of the mutual inductor M,. Under such conditions the 

= potential difference across r is proportional to its resistance while | 

_ the e.m.f. generated in the secondary winding is proportional to the | 

frequency of the a.c. supply and to M,. If these voltages can be | 
compared then a relation between resistance, frequency and induct- | 
ance can be established. Since the voltages concerned. differ in | 


Fra. 19:04.—Campbell's method for determining resistance in 
absolute measure. 


phase by jz direct comparison is not possible. To effect a com- - 
parison Campbell suggested the use of a second mutual inductor Ma | 
to rotate the phase of the induced e.m.f. through an additional p 
thus producing an e.m.f. dependent on frequency and inductance and. 
opposite in phase to the p.d. across the resistor r, so that the com: 
parison becomes possible by balancing one against the other. 
Owing to the self inductance of the secondary windings in the 
two inductors, their combination cannot produce a phase rotation 
of exactly x; in order to secure a perfect balance it is necessary 
D to add to the two voltages a third (small) voltage taken from the | 
bo 
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potential terminals of e resistor S included in the secondary or 
linking circuit. The essential theory is as follows. : 

Let it and T, denote the total resistance and the total self induot 
ance of the linking circuit ; in the diagram these symbols are ringed 
thus, (&) and (1), to indicate the facta just sated. Since the 


à 


of the coil, or by reversing the connexions to its terminals, M must 
bo considered algebraically. Similarly, the p.d. introduced into a 
circuit by the potential terminals of resistors 

be reversed by a reversal of the connexions to their terminals ; 


hence r and S must be considered algebraically. Thus if], and T, 
are the current vectors for the primary and linking circuits and if the 


bridge is balanced so that Ñ, =0, we have, in the usual way, 
jM Ñ = Bl, + jolla 
jd, = rf - 1-80 - i=- She 
+, Dja) = hijut + BÀ 
_ f= 8 + jos 
ana, frin those equations, we have . 
joMs P joL--R. 


and 


and 


Eliminating T; 
These give, in the usual wey; 


The negative sign which appears > 
cates that the bridge can only be balaio? if the Tog opt 
such that the quantities involved bave OMA S are fixed 
ing out an experiment with - bridge; 
so that the second condition fer 
S only For a given frequency is sal ind Erde 
adjusting the o of My, The ‘te v - 

ed with the Camp primary standard 
Foquaf ig determined by use of a standard tuning being 


checked" with the 


be found; if 
d.c. bridge. Thus r can be f H 
i used o measure frequencies. 
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It must be noted that whereas in the Lorenz method the resistance 
measured is only a small fraction of an ohm, yet in the Campbell | 
method the resistor r can be'a coil of nominal resistance one ohm, j 

The four-terminal resistor r is made of manganin, annealed in 
nitrogen, and ted on a keramot holder. This coil, nominally | 
1 ohm, is wound in the usual bifilar manner but in spite of this has 
a residual induotence of 07 „H. This may be largely compensated 
for by the following method. 'Two small coils C, and C, are arranged, — 
as suggested in Fig. 19:04 (b), so that one is included in a current | 
lead and the other in the corresponding potential lead, If m is the . 
mutual inductance of these coils, the potential difference between P; 


and Pyis (r + joli, + jam], and this is only equal to »T,,i£(1-E m 
is zero. This is attained by making m negative and separating 


` the small coils until | m| 2L The residual inductance is les | 


than 0-02 „H and the departure from absolute stability in the 
resistance is of the order of a few parts in 10° per year. j 
One of the chief sonroes of error in the circuit so far described — 
arises from the fact that there exists a relatively large stray capaci- 
tance between the detector D and earth. This means that, some of — 
the induced e.m.f. due to M, is used to send current thrdugh the — 
stray capacitance. To overcome this the connexions to r in the 


Since the primary winding of M, has resistance R, we have, in effect | 
& Maxwell 5 bridge, of. p. 602. The point E is earthed and, with — 


the detector placed across EF, the Maxwell bridge is balanced. — 
Then F is at earth potential; the point A is also at earth potential — 


when D is in position in the main part of the network and I, made 
zero. "Thus the effect of stray capacitance between the detector and 
earth is eliminated, Other stray capacitances still remain, but by 
actually adding small capacitances from the points concerned to — 
earth it may be shown experimentally that the presence of these . 
Tesidual capacitances does not alter the balance conditions. 


The absolute measurement of current.—The value of & s | 
current in e.m.u. may be determined from observations on tho | 


mutual action between (a) a steady current and a magnet, or (b) 
ae Bsa galvanometer may be used for this purpose when Hy, 


The method is not, a precise one even when the simple circular coil 
is replaced by a Helmholtz system; if H, were known with the 
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necessary precision the Schuster magnetometer could be used to 
determine a current in absolute measure. 

Greater accuracy is obtained if the current is measured by some 
form of absolute electrodynamometer, i.e. the current is m 


in terms of the force between two or more connected coils carrying 
the same current. This force is given by F = ga ; ef. p. 302. 


The Kelvin balance is such ‘an instrument and it has already been 
shown [cf. p. 319] that DUE tat d 
SI [men 9n 


i a Ox 
Tf a silver voltanneter 18 connected in series with a Kelvin current 


balance the mass of silver deposited by one ampere flowing for 
one second can be determined. Early determinations gave 


pes 


which 
will deposit 1-1180 X 10-3 gm. of silver | i 
has rc that the pali cien (0:1 et current) deposits 
silver on the cathode of 8 silver voltameter at 
111805 x 107? gm.sec. ^. Since t 
1940 the absolute ampere has be- 
come the legal standard. 
The forces between coaxial 
solenoids.—Before: entering into & 
discussion of the N 


F 


c9 c ® 
another solenoid when both solenoids yy 
carry currents, the two sole ai 

are arranged as in Fig. 19:05 (a), the 
magnetic field due to current in 
outer solenoid will 
cally upwards wit 
(d) 


uivalent m otic d 
a system of equ ue vil ny — 
ar at the onds and since thè pyg, 19-05.—Forees on à a 
Tolatity at the. ends differs ner within a soleno! 
forces F on the i poles as A quen 
and opposite, ss h of Tom 
Suppose now i indios Z^ 
aie of the current changed, 95 
G.D.P.—YV—^4 


equivalent magnet experience at each end a force which 
dire upwards, as in Fig. 19-05 (d). If this resultant fo 
| . per unit current can be from the geometry of the syst ! 
.— and tho resultant force measured when a current is passing through 
rt it should bo possible to measure that c 


The Ayrton, Jones, Smith current balance.—This ek 
* was designed about 1907 and set up at the N. 
It is capablo of greater precision than any other form of cur 
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E "Fr, 19-06.—Tho N.P.L. current balance. 
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E 


200 balance. Tt consists essentially of two coils A and B, Fig. 19-06 (a), 1 

Wound om marble cylinders (free from traces of ferromagnetió | 

Pas Suspended from the arms of a specially constructed beam - 

j _ balance. The axes of these eoils move inside the coaxial fixed 

egere eie The coils are connected in series and in — | 
n 


wk the forces on the coils A and B are in contrary — 


S ZUM ref 
Tue % * Phil. Trans., 207, 463, 1907. 
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directions. ‘The force between the fixed and suspended coil was 
calculated by & formula which is rigorously exact for a helix and 
a current sheet, and practically so for two helices of fine pitch. 
The torque due to the current is balanced in much the same way as 


large coil. The large coils rest on plates and their axes can be 
made truly vertical. A number of thin silver wires serve to connect 
the movable coils to the rest of the system and are arranged to 
exert no control on the beam of the balance ; neither is there any 
appreciable stray magnetic field permitted for all leads are concentric 
or twisted together so that the external magnetis Asi Tot 

Equilibrium. is restored by the addition of suitable standard 
masses to the balance pans and the small resultant of the gravita- 


tional and electromagnetic couples is found from observations on 
the difference between the mean swing and the zero position of the 
itivity. In a repetition of this work by 


balance and its known sensitivi 


tion with a seale and telescope: — . ; 
The duplication cf the system of coils has great adyantages. In 
í «hould be made to keep the error Aa 


in such a way that the errors iz 
to be m is m ble gain Tho curet 
AA. secured in tha ihe e arble formers on which the 


similar cone ae beak B The effect of stray non- 
uniform magnetio fields caused i aprum coils and taking 


is eliminated by reversing the current i 
two-series of readings: — . m in the neighbour- 
:ron or of large magnets in the ni 
The effects of masses of iron LO fever, bo on tirel eliminated by 


hood of the instrument im "r the mutual inductanes between 
0) 


the coils; nO ferromagnetic mai irn 
tho constuction b d nds there is, in addition to the force 


With a duplex system. of co! ] coil, such as A and P, 
between 8! coil and à siam the large coil Q of the other 
a small axial iorce 


i to th : 
a small axial force bos i a Similarly there 1° 


system on the 
: « Roy. Soe. Phil. Trans., 2364+ 133, 1936. 
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t 

on B due to P, but there is, however, no resultant force on coil A 
due to the current in B, and vice versa. It is not convenient to 
calculate the small axial force, which is about one per cent of the 
main force, with all the accuracy required of the instrument, but 
it is not even necessary to know the force, for it can be reversed by 
teversing the currents in all the coils of one system, whereas the 
senses of the direct forces are not changed. ‘This statement is at 
once verified by considering the forces on the magnetic shells which 
are equivalent to the A and B coils. The mean of the two weighings 

gives a measure of the direct force, 
A measurement of electric current must of course be referred to 
~ concrete standards, and it is usual to choose for the: purpose a 
standard cell and a standard resistance, both of which, when properly 
constructed and treated with reasonable care, can be relied upon to 
keep constant to closer than 1 part in 105 over a year or more. 


The current is z where v is the e.m.f. of the cell and r the resistance ` | 


across which the potential, difference is v. 
(c), the ratio of the measure of the electromagnetic unit 
to the measure of the electrostatic unit of a given electrical 


quantity.—It has been shown that [ |- {LT~]. The 


Koko 
separate dimensions of u and * are not known. But we have 
already seen [cf. p. 694] that if (C,) is the measure in e.s.u. of the 
capacitance of a given condenser and (Cm) the measure in e.m.u., 
then | 
(0) — gts a AOA 
(Cm). (Ho)(o) 
where: (c) is the measure, in c.g.s. units, of the velocity of light in 
a vacuum. | : 

In order to determine the value of (c) it is necessary to measure - | 
the ratio of the electrostatic and electroroagnetic values of at least | 
one electric or magnetic quantity. By measurements of quantity, 
current, resistance, potential difference, and capacitance, it would 
appear that there may be five principal methods by which the value 
of (c) could be obtained. There is, however, no way of measuring 
directly the value in e.s.u. of a Steady current and the number of 
possible methods is thus reduced co four; the capacitance method 
‘is the only one which can be classed as a precision experiment and 
it alone will be described. 


The capacitance method for the determination of (c).—The 
capacitance of a condenser is defined by the equation O = : where 


E 


CAPACITANCE IN ABSOLUTE MEASURE ` 709 


the symbols have their usual meanings. This equation may be 
expressed as 

e - [current X time] - [ie [time] 

: [current x resistance] [resistance] 
so that it should be possible to determine the capacitance of a 
condenser in terms of a resistance and a time. If the resistance is 
expressed in ohms and the time in seconds, the capacitance will 
be obtained in terms of the practical unit of capacitance, i.e. the 
‘sec.ohm.—!’ or ‘farad’. On the other hand if the resistance is 
expressed in e.m.u., the time again being measured in seconds, the 
capacitance will be obtained in emu. 


Fie. 19:07.—The steady current due to the rapid charging and 
discharging of à condenser. : 


Imagine a circuit as shown in Fig. 19:07; S isa piece of metal 
strip attached to one terminal of the condenser C. This strip 1s 
given a vibratory motion so that its free end b alternately makes 
contact with the studs a and c. Let V be the potential difference 
between the terminals of the cell B. Eis the number of vibrations 
made per second by 8 then the condenser will be charged and dis- 


charged, i.e. for a potential difference equal to V to be established 
between its plates, and also if the time of contact between b and ¢ 
is sufficiently long for the condenser to be discharged completely, 
ie. for no potential difference to exist between its plates. The 
quantity of electricity flowing per second through the galvanometer 
Q under these circumstances isf VO. [This is the charging current] 
If the period of the galvanometer is long compared with f^ 860., 
ie. the period of S, the intermittent currents through the galvano- 
meter will produce the same deflexion as a steady current 0 
magnitude f VC. 
Let $ be the steady deflexion produced. Then 


fyc=1I= kd, 
where « is the reduction factor for the galvanometer. 
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Now suppose that the condenser and vibrating key are replaced 
by a resistance R (generally so large that the galvanometer resist- 
ance may be neglected) which is adjusted until the deflexion is 


again ¢. Then 
I=$ a. 
i .. From these two equations we have R = Fa i.e. under the con- 
ditions described above the condenser acts as a resistance of 
magnitude E 


The above considerations suggest that the equivalent resistance 
might be measured by a Wheatstone bridge arrangement. This 
was done by MAXWELL. 


The elementary (and incomplete) theory of Maxwell's 
bridge for determining a capacitance in terms of a resistance 
and a time.—The arrangement of the apparatus is shown diagram- 
matically in Fig. 19-08. When the galvanometer deflexion is zero 


Fro. 19-08.— The essential features of Maxwell's bridge for determining 
a capacitance in terms of a resistance and a time. 


let the current through R, and therefore to the condenser be I, 
and the current through R, and R, be I;. Then 

BB eB. ‘ Batic othe 
since Vy — Vp = Va Va 


Now Vy — Vg is the effective potential difference, say v, across 
the condenser when it is charged. It is given by 


v = LR, x ^ T zd) 
But I, = fvO, since this is the current to the condenser. 


E 
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From the above equations, we have, as the condition for balance, 
; R 
[6] =. xm 3 
FRR, 
which is exactly the equation we should expect if C is regarded as 
a resistance x The complete theory [cf. Thomson's ‘Elements of 


Electricity '] shows that = should be small. 
4 


The bridge is suitable for measuring the capacitance of both large 
and small capacitors. Thus if f = 50 cycle.sec.-!, and C = 2 HE., 
then the capacitor may be replaced by a resistor with resistance R, 


where 
1 109 
RB.Ec ue Ut 
ar fO c Bas 

If R; = 100 2, R4 — 10 Q and R = 1000 Q, the bridge is 
balanced ; such initial values for the components are suitable when 
capacitances of this order are being measured. 

If, however, © = 0:0002 gE., then with f= 50 cycle.seo.—}, 
R= 109 Q. - 1f then R4 —105 Q, R = 2000 Q and R, = 200,000 2 ` 


the bridge will be balanced ; in each instance Bs = 0-01 and may 


4 
easily be reduced to 0:001. 

In the first instance we have considered, two accumulators are 
sufficient to work the bridge but, in the second, at least ten accumu- 
lators will be required. 

Rosa and Dorsey's * determination of (c).—These workers 
came to the conclusion that the best method for the determination 
of (c) is probably that in which a capacitance is measured in electro- 
magnetic units and in electrostatic units. In this method (c) is 
determined in terms of a resistance, but inasmuch as (c) is equal to 
the square root-of the ratio of the numerical values of the capaci- 
tances, the uncertainty due to an error in the value of the ohm is 
halved. All of the methods for determining (c) and not involving 
the ohm are subject to much greater uncertainties. 

Rosa and Dorsey used spherical, cylindrical and parallel plate 
condensers, the second being used both with and without a guards 
ring. The spherical condenser was the same ono as Rowland had 
used in 1879. The two spheres were repolished and tho two halves 
of the shell re-ground so that when placed togethor tho joint was 
water-tight. The condenser together with the silk suspension for 
the inner sphere and the charging wires W, and W, are shown in 
Fig. 19-09 (a). 

» Bull. Bur. Stand., 3, 433, 1907. 
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At first some difficulty was experienced in determining the 
“capacitance in e.m.u. of the charging wire which passed through a 
small hole at the pole of the shell to the inner sphere. When this 


Fro. 19-09.—Spherical 
Rosa and Dorsey. 


and cylindrical condensers used by 


wire is lifted far enough to break the contact with the ball its capaci- 
tance changes for two reasons. First, because its length within the 
shel! has changed and, secondly, because its potential.is not then 
equal to that of the inner sphere. This difficulty was finally over- 
come by using a method of differences, : 

To examine this method in some detail let Fig. 19-10 (a) represent 
the spherical condenser, capacitance C and the wire W, when this 
alone is used to connect the inner sphere to the vibrating arm S and 
P; the lead L, from W, to S and P is at a potential V, say, and 
likewise the wire which later connects W, to S and P. Let a, be ` 
the capacitance of W,, while fj, is the capacitance between the leads 
L, and Ly, where L, is the lead from the outer spherical sheli to B, 
which is earthed ; similarly, f, is the capacitance between L, and 
Lo 1f C, is the measured capacitance, 


006 m Ota, + Bi + Bo 
Now let W, be added to the system, as shown in Fig. 19-10 (b). 
If a is the capacitance of W,, the measured capacitance, Ca, is 
given by 
€, — € + o4 + ta + Bi + Be. 
0$ 0,— Cy = ag. 
Next W, is removed, when the measured capacitance is given by 
a= 0 F aa + £i d Bs 
Finally W, is also removed, when 
O4 = f + Ba 
^ € = Cs a, — B, — Pa = €, — €,-- C; — Co 


| 
: 
E d 
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and this expression is free from all effects due to the presence of & 
charging wire. [A similar procedure must be carried out for each 
cylindrical condenser used.] 


(0) 


Fic, 19-10.—The elimination of lead-capacitance in Rosa and Dorsey's 
; method for measuring (0). 


To adjust the spherical condenser the upper rim of the lower 
hemisphere was carefully levelled. The ball and upper hemisphere 
were then put in place and the ball adjusted by the rack and pinion 
movement which carried the silk suspension until its centre was 
approximately in the plane of the rim of the lower hemisphere. 
The upper hemisphere was then raised and propped on blocks, care 
being taken that the silk cord did not touch the outer shell. The 
horizontal position of the ball was then tested at four points by 
means of a brass distance-piece which rested upon the broad rim 
of the lower hemisphere. The horizontal centring could be attained 
to within 0-1 mm. ‘The contact between the distance-piece and the 
inner sphere was determined electrically. The upper hemisphere 
was then fastened in position and the inner sphere raised or lowered 
by the rack and pinion movement so that contact, also determined 
electrically, was made with the top or bottom of the shell. From 
the scale attached to the rack and pinion the central position of the 
inner sphere was deduced to within 0-05 mm. The centring was 
later tested by measuring the capacitance in the adjusted position 
and then displacing the inner sphere vertically and horizontally by 
known amounts. ‘The capacitance is a minimum when the spheres 
are concentric. 

The required radii were determined gravimetrically and also 
by using specially constructed ring-callipers. In one instance 
a = 10-1180 cm., b= 1267159 cm. The correction for the holes, 
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. ete., in the outer shell of the spherical condenser, and for the possible 
inclination of the axes of the cylinders or want of coincidence, was 
shown to be negligible with the precautions taken. 

The type of cylindrical condenser used by Rosa and Dorsey is 
shown very diagrammatically in Fig. 19-09 (b), and it indicates how 
the effect of the connecting wires was eliminated from the calculated 
value for the capacitance of the condenser. 

The cylindrical condenser, when no guard-ring was employed, was 
made up in sections so that the length of the cylinder could be 
altered. The electrostatic capacitance, C,, of such a condenser of 
length J, is given by 


2 


Cw ot i 
21n () 
a 


ho AL 


^(Q 


Thus the correction term, Al, can be eliminated, but great care 
has to be taken to make the end correction identical in the two 
i - This is a very important matter and involves many 
precautions. 

Assuming the permittivity of air to be 1-00055, Rosa and Dorsey 
found 


and when its length is I, by 
C, = 


(c) = 2:9971 x 1020, 
This is in terms of the international ohm; Birge * corrected it 

to the absolute value and gave 

: (c) = (2:9979 4- 0:0001) x 1016, 


which is in excellent agreement with Essen's value for the velocity 
of light in a vacuum. 


Li 
A laboratory determination of zt using Maxwell's bridge 
fitted with a simple electronic switching device. The two main 


* Phys. Rev. Supplement, 1, 10, 1929. 
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A valve oscillator, the frequency of whose output is determined by 
means of a double beam cathode ray oscillograph and a standard 
1000 cyocle.sec.-* source, is connected to the primary of a trans- 
former T. This has two well insulated secondaries, each with a 
1: 1 ratio, and each giving a voltage with a peak value of about 10 V. 
but in opposite phase. V, and V, are two valvos whose grids are 
connected to the secondaries of the transformer ; the grids are suit- 
ably biased so that each valve is in turn only conducting during 
a small fraction of a whole cycle. © is the condenser whose capaci- 
tance is to be measured and this, together with the switching device, 
forms one arm of a Maxwell bridge. 


7000 cycle -sec." 
standard 


Fig. 19-11.—Stephens’ modification of Maxwell's bridge 
for determining (&)- 


aa the grid of V, goés positive, this valve conducts so that C is 
arged from the d.c. supply. During the fraction of a half-cycle 
when this occurs, V, is cut off by the standing negative bias plus the 
on triggering voltage applied to its grid. In the following 

ue Yi is cut out and Vg conducts so that © is discharged. 
A e to interelectrode capacitances and other stray capacitances 
dán charge conveyed per zycle across the arm of the bridge is greater 
kn pon the same condenser is used with a rotating commutator 
» 6 same frequency. To allow for this let C, and C, be the total. 

pacitances associated with V, and V,, the condenser O not being. 
present—cf. Fig. 19-11 (b). Then during one complete oycle C, is 
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shortea and C, charged and then C, is shorted and C, ; 
If v is the d.c. voltage across tho bridge, the charge ti-nsferred per. $ 


eye is 
1 Go = (CO, + C,). 1 
> Thus, with the asual notation, the current in this arm is given by |. 
y i fa = fga = fo(C, -+ C,). | 
^ The equivalent resistance, re, is therefore given by 

fam m : . 
i 4$ 0,0, 


This is measured. When C is placed across C,, as in Fig. 19-11 (0) _ 
the charge transferred per cyclo is 
q$ = fC, + (C, +- C)). 


a "nm r EI » = 1 " 
| i % J{C, + C, + C] 
Thus C= i ". =| 
™ Ta 


When ra and r} are expressed in ohms, and the time in seconds, | 
C is the capacitance in farads. Ca is then easily found. 1 
The condenser used should be such that its capacitance is about 


EXAMPLES XIX 


1901. What do you understand by the electrical resistance of 8 
: wire in absolute measure 1 Describe and give the theory of an experi- 
ment for the absolute determination of a resistance. 

19-02. that an accurate chronometer and cg.s. standards - 
of mass are available, but no other calibrated apparatus | 
or ta of physical constants. Explain what other apparatus is — 
required, and what measurements must be made in order to determino 
the strength of an electric current. (8). | 

19-03. Discuss shortly the of determining electrical | 
quantities in absolute measure. the experimental method — 
employed god to make an absolute determination of either a ms 1 
Hee 2%, Give an account of experimental work leading to the estab: 

lishment of the standard ohm. : AST 
troriagnati tors tist Principles the dimensions of resistance in the j 
Pe. explain how the ue Of t 
" ; may be determined experimentally in gear 


9e 
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19:06, What is meant by the dimensions of a physical quantity ? 
1900. Whahd write down in parallel columns the dimensions, of 
the following quantities in terms of the fundamental units of mass, 
time and length as derived from both the electrostatic and electro- 
magnetic systems t queni of , current, resistance, capavit- 
ance, difference of potenti 


of a specified conductor is z cm.sec.— 
19-97. If the practical units of potential and current were each 
increased n-fold, show chat there would be no alteration in the size 
of the unite of resistance, capacitance and inductance, 

19-08. Check, dimensionally, all the equations which are given on 
pp. 306, 328, 396, 405 and 527. 


The negative sign occurs since 4 — — j 


since the new value of Ayia (A, + Ss oy) Hence, from both 
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The divergence of a vector.—Let P, Fig. 20-01, be the point 
(, y, 2) referred to rectangular axes and suppose that Q is the 
neighbouring point (x + bx, y + dy, z + dz). Through P and Q 
let us draw planes parallel to the coordinate planes in order to obtain - 

A an element of volume òx by ba 


Se Let À = (£A, + jA, + As) ba 

AT FP & vector function of the indepen: J 

del i dent variables z, y, and z. This 

BEN: by function must be finite and con- y 

tinuous at all points; likewise | 

O U» its partial differential coefficients. ] 

J When 48 is an element of a closed — 

Kx surface with an unique outward 4 

NS eater drawn normal at every point, . 
G. 20-01,— ivergence of E E 

PE then ÀA 08, where 4 is a CON 

pos vector along the outward drawn — 

x normal at dS, is called the fus of 

the vector A across §S. Now let us endeavour to find an expression 

for the flux of A 

oy 


dx dy z. Consider the contribution to this flux made by the faces 


ie 


mpi t- E 


normal to the y-axis, The face nearer to the xOz plane may be | 
called the first y-face ; its area is dx dz. Since fA, is normal to i 
this face, the flux across it is 3 

— A, dz dz. 4 


The flux across the second y-face of the element, is 
9A, ) 
—— Oy Jóx bz, 
(a+ oy oy 


UU oC 


Moo. 
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aeons " 


faces, the con 


Similarly, = " 


to the flux from i 
sidered. The flux 


9A, 
EXE 


The quantity ( 


given the name 


ET 


9A, 
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But DA 88 — div D de dy & 
-VDAe . . iy 
From (i) and (ii) we have 
VD-4mp . . . (d). 


The gradient of a scalar point function. — Let us consider two 
equipotential surfaces very close together and examine the field in 


Fio. 20-02.—The gradient of a scalar point function. 
the neighbourhood of a given point A, ef. Fig. 20-02, on the surface 
V = constant. 


Let 7 be the radius vector from a fixed origin O to A: then B, 
a point on the surface V + ôV = constant and not far remoyed 


from A, is distant r+ 37 from O. The least distance at A between 
the tial surfaces is AC, which is drawn in the direction of 
the unit normal vector 4 at A and of length dn. If dr is the length 
9f AB, the magnitude of the space rate of increase of V at A in the 


direction AB will be, in the limit, 2Y, This rate of increase is 
greatest in the direction of the unit vector f, i.e. along AC, when it 


has the value SY ; it is such that SY — 2V oos g, where @ is the 


Now 423 gives, in magnitude and direction, the greatest apace 


Tate of increase of V at A. This vector is called the gradient of 
V at A and is written ~ 


av 
MM mi 


3 


f 


ie. the opera’ 
function are idel 


iz 


D c 


Lu a u)v Sy ave ay 


det T dat às at a oe M 
denotes the operator e 
a a a 
ox? + dy? + at 
The equation VD = dtp, may therefore be written 
av av ay 4xp 
oxi + dy? + be ESN san D , 
or VIV m — £79 
k 
This is Poísson's equation in electrostatics, If p = 0, every- 
Where, we get * equation, viz, 
Viy « 0. 


The equation V-B — 0.—In a 
the 


is of the medium. Since an inverse square law 
applies to a magnetic field, Gauss’ theorem must also be valid, but 


Poles do not exist, the theorem assumes the 
more restricted form, cf. p. 111, 


I BA ds = 0. 
unn an element of volume in a magnetic field it therefore follows 
VB = div B — o, 
V-H = div H = 0, 
theorem V-H — 0.—(a) Suppose 


of magnetic moment, M, lies with its axis along 
the Oz-axis of a system of rectangular coordinates. Then at a 
Point (z, 0, 0) the field ia 


H= 0, 8,4 E, — im, 4.50 + to 
=, = «=, 
Permeability of the surrounding medium. 


magnetic field, B = uH, where u - 


— oe 


ow eo es 
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i that Oy and Oz may, with similar limitatio 


^a be at D 
TO NE Mur 
; s. T r Se » * F^ (a* 4 PUN 


e 
E 


"d AE 2ía! ` 
ENE, O, O) ia a poudo noutral point, so that | + ey = E 


i the horizontal component of the earth's magnotio field 
E An o 

oe Oe 
^E (S) (at + at)! Hel: 
"Y (m) aes A Hol 
Sees ^W Jav, — 3(a* -+ x?) 


=) uP. ; 


^w a m 


OF curl A.—The vector product of the operator del and 
te + À is called tho curl of the vector À, i.o. curl A= Vx À 


"AA. Since, in getieral (cf. Vol. I, p. 7), 
E E 


dy 
Evaluate Vx V x A. UN 
expression for Vx X wo have, from the definition for the. — 

» i 4 


CAN 


ERCE 
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these integrals we niay write 


f f f VÀ dv = f f i- Àds. 


Let S, Fig. 20:03, be the surface of a closed volume; only a 
Section, in the plane of the paper, of this volume is shown. Leta 


x 
The enclosed 


' 
volume 


Fra. 20-03.— Green's theorem, 


prism whose generators are parallel to Oz and whose cross-sectional 
area is dx dy cut the surface at æ, hey : 


Now Jviw=fff GAs G 0A; dx dy dz. 
Ou oy 0z 
Let us therefore consider the contrihution to the integral 


8A, 
| f f f S de dy de 
throughout the space enclosed by 8 arising from the above prismati 


portion; this contribution is { f S jas óy. 
z 


We have 
OA, , POA, - ?0A, "0A, 
ps rA RES, SM cet 
[s z [ret [Beas f à 7t 
D : B à 
B nd =) tht fans oe [2, 
« y e 


vm 7 (Ada + (Aa) — (A), + (Aj) 
Downs i d mS T (A),— . 
7 Ven (Aj), is the value of A, at a, etc. 


ELECTROMAGNETIO THEORY 727 


Also, since the projection of each area 68,, 08g, ... , on the 
z0y plane is the element of area ôx dy, we have 


dbx by = — n, OS, = Ng 085 = — n, ÒS, = : - 
where n, is the value of the third direction cosine for the normal 
at ÒS, etc. The signs are alternatively negative and positive 
because as we proceed along the prism the outward drawn normal 
makes angles which are alternately obtuse and acute with the 
positive direction of the axis of the prism. Thus 


toby | 288 de = be I (Ande + (ly — (ey + (Ado — 3 


= n, (A;),08, P. ng(À.)5085 kis ny( A208, Tee 
Adding together the similar equations which may be written down 
for all the prisms parallel to Oz, we obtein 


[|| eyr- f fraas. 


Treating A, and A, in a similar manner, we get 


JE + Be + anas | [ans + mA, + n2 


where (l, m, n) are the direction cosines of the outward drawn 
normal at ôS. 
Hence, in vector notation, 


f V-A de f wAdS. 


Solenoidal vectors.—A vector A which is such that at every 
point within a certain region V-A = 0 is said to be ‘solenoidal ' 
within that region. For such a vector Green's theorem shows that 

{aa dS — 0, 


where dS is an element of a Gaussian surface, etc. In regions free 
from charge, electric field strength, E, and electric induction, D, and 
also the vectors H and B are examples of solenoidal vectors. 


ite theorem.—This theorem relates to the evaluation of a 
e integral of a vector along a closed curve. It states that fora 


i 
vector A which is uniform, finite and contfnuous,:and likewise its . 
derivative in any direction, the line integral of Axound the periphery 


728 ELECTRICITY AND MAGNETISM 
of a surface is equal to the flux of V x A over the surface, ie, 
fàd -= fav x Aas. 


x 


Now A-ds = (iA, + JA, + £A,): (ida + f dy + kdz) 
= A, dz + A, dy + A, dz, 
and f — li + mj + nk, 


where (l, m, n) are the direction cosines of the unit vector fi the | 
direction of the normal in the second integral being related to the 


| 


SES 


@ (5) 
Fia. 20-04. 


sense in which the first integral is taken round the circuit in the 
Same manner as translation to rotation in a right-handed screw 
motion—cf. Fig. 20-04 (a). 


VX A = (l + mj + nb {a(S x =) +i...) +H: i} 


oy Oz 
EP VET dA, 0A, QA, _ as) 
(s Se) + oS m) "os. i 
Hence, in Cartesian coordinates, Stokes’ theorem becomes 


$ (Ade + Ay dy + A, de) 


_ (faa. _ aA, 9A, aA, 9A, 2s] 
H ay a)" 3z =) +S 9] ) 
To prove this theorem it will be found that it is only necessary - 
to prove it for an element of surface. The reason for this is that if 
we consider a finite surface to be divided into small loops by means — 
of a network of lines as shown in Fig. 20-04 (b), then the total sum 
of all the line integrals taken for each small elementary circuit - 
separately is equivalent to the integral taken round the outer circuit | 
F alone, any interior element of a circuit being counted on the whole 
twice over but with contrary signs in each instance. It is therefore 
only necessary to establish the theorem for a small element. 
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Consider the value of A, dz taken round the boundary of the , 


element of area ôS, shown in Fig. 20-05 (a). Let A, be the value 
of this quantity at the mean centre O' of the element. If (z^, yz) 


Plane containing 9S. - 


UL 
x 
a 


Fic. 20-05.—Stokes’ theorem. 


are the coordinates of any point on this boundary relative to the 
above mean centre, then the value of A, at a point on the boundary 
is given by : 


Hence for the element considered we have to evaluate 
DUC IST 
(atea trt , 
the integration being round the periphery of tipelement Since 
$ A, dx’ = Ag j dx’ =0 and $ a’ dx’ = [uev] = 0, the above 
a à 
integral reduces at once to 
a $ y'dz + ms $ z' dz’. 


Let (08),, denote the area of the projection of ôS on the plane 
xOy. Then if (l, m, n) are the direction cosines of the normal at 0, 


(88), — n 6S and (08), = m OS, [cf. p. 30]. 
But, cf. Fig. 20:05 (b), (08)., = — $ y dx’, The appearance of 
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the negative sign is accounted for in the followin; way. In (69 
‘the area of the shaded portion is y(PP^) — — yd dnd. or | 
Similarly (05), — + 6 y ae e 
Hence for the element considered the line integral reduces to _ 
C | 


ay 
n [ede + Ay dy + A, ae 


Temarks made in the Opening paragraph it therefore follows that 
the theorem js true in general, i.e, 


$43 - [av Kas, 


that when S is a portion of the surface of a sphere, 
at the centre, of. Fig. 20-06 (a), 


iple.— Show 
Tadius a and origin 


the surface S and the line 
periphery of S. biu 
cosines. of the normal at (x, y, z) are - 


" cos = ffi] 
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„omp f (ta + Jy + he) Ads 
mak f V(r$)4 d8, 


since V(r!) = (è + ie + PAR ESTEE + fy + ba). 


Fro. 20:00. 


Maxwell's first law of electromagnetics.—Consider 
B with a unique outward drawn normal at every point. Let 88 be 
an element of this surface while de is an element of its periphery. 


If fis the current density in e.m.u., the total current enclosed by 
the periphery and therefore flowing across the surface S is f $4 d8, 


where ^ is the unit vector along the outward drawn normal at 8S; 
Then for steady currents, as proved on p. 143, ; 


$ Bids = 4x (total current enclosed by the periphery of 
Which de is an element) :, 


— f ‘Fads 
But by Stokes’ theorem, 
qùi- favxas. 


\ 


2 Vxl = 4ni. 
But VV xX H=0, {of p. 725.] 
rr 
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Now consider any closed surface with a uniqué outward drawn 
normal at all points and situated within a dielectric medium, 
Fig. 20:07 is a section in the Plane of the paper of such a surface, 

. Tf Q (e.s.u.) is the total charge in- 


T side S at time.t, then the rate at 
Ln which this total charge is decreas. 
ing is the total current across § 

outwards, 


Let (c) e.s.u. of charge be equiva: 
lent to one e.m.u. of charge.* 
Then 


Section ofa closed surface St zd iT dv, 
Fro. 20-07,—The equation of 
continuity, 


by Green's theorem, p. 725, 
where this latter integral covers the volume enclosed by 8. 


Now Q = IL where p is the density of the charge. 
:; -gf Zao = fva, 


(c) J ot 
i Qu ok Op 
or TA CO 


This is the equation of continuity and it is only when pis 
constant that V-i = 0, 

Since Vi + oP = 0 and V-D = 4p, [of. p. 720], 

(ft lj 
V: ——DJ-0. 
(^55) 

Thus ; tug? is a solenoidal vector known as the total 
Current, density, and Maxwell Proceeded on the hypothesis that: 
the equation = e 

i VxH= 475, 
which ii only true for steady currents, becomes 


Pan rudo ng of the fact that (c) = 3 x 101. In this chapter 
r^ st thi it is nec to look upon (c) as & 
conversion factor whose value is to to dis vere 
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when dielectric media are present and the value of D varies with 
time. This equation may be written 


and is known as Maswell’s first law of electromagnetics. — .. 
If p is the density (e.s.u.) of the electrification at any point and u 
is the velocity with which it is moving, 


> @ 
Uy 


so that Vx Bs m + EL 
( (9 
If p — 0, 


Rem => = 
= —E, D D= KE) 
for isotropic homogeneous media. 


Maxwell’s second law of electromagnetics.—If N is the 
number of turns in a coil, Ø the flux of magnetic induction, i.e. 


ð= f ŠA ds, 
then V = NỌ, 


is the number of linkages associated with the coil. 
Since e = — E wo have for a closed path in any medium, 


aux. aq 
PX PRAE hh d cf. footnote*. 
I" 25, | Bees | eue 


This is Maxwell’s second law of electromagnetics. 
- The force on a moving charge-—In on earlier chapter, of. 
p, 136, it was shown that the force on an element of s conductor, 
5, in a field with induction B is given by 

—_ —- EJ 

ar = ifds x BI- 

* Since (c) e.s.u. of charge = 1 e:m. of charge, and energy is + QV, it is 

easily shown that (c) amu. of potential = 1 6.8.0. of potential. 
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_ Tf a zegular succession of point charges g ¢.8.u,, moving with 

‘velocity u constitute the current, then i = à where n is the 
; number of charges per unit length of path, and the force on the 
_ charges within a length Js is 
ats x B] = "Ito xd 

Tey ] (o [u x B] 

Since the number of point charges is n ds, the force on a single 
point charge g is 
Qe a 
(o X BJ. | 
. Poynting’s theorem.—If energy exists in an electromagnetic 
field it must move from one Place to another as the field changes, 
Consider a closed surface S which, as usual, must have a unique 
outward drawn normal at every point. Then the rate at which the 
electrio and magnetic fields are doing work on the charges within S, 
Plus the rate at which energy is flowing outwards across S, is equal 
to the rate at which the total field energy within S is decreasing. 

Now the force per vnit charge on any small charge in the electro- 


A la za 
Etg” x B. 


where u is the velocity with which the charge is moving. 
Hence if pôv (e.8.u.) is the elementary charge moving with 


velocity %, the force on it will be 
Sept. Is x 8). 
The rate at which this foroe does work will be 
Bm p tof + ni x Bia, 
c when integrated throughout the volume enclosed by S, is 


eere g ow forces are doing work on the charges within 8. 
P= [(£- 6x Bi} pa 
= f Èu pav, 


the second term vanishing since w is normal to [È x Bj 


N 
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But the first law of electromagnetics gives 


> 4dapu | 1 OD 
> (o) = « OK 
pe= Oly xe Gar 


: At Eds -9[ NOR KE 
E P= [ive = 2 [V x HE je Elan. 


and since VExH-HVxE-EVxH 


the above equation may be written 
t= => 


p= 2 [tv x E— VE x H — 5 E-Eyv. 


OJ 


Using Maxwell’s second law of electromagnetics, viz. 


BH DE -of m. 
Cx d Z| [E x Blas, 


pee, in general, if P and Q are two vectors which vary with 
ime, a 


When B = uñ, then B-H = 
H 
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Thus it has been proved that 


(0) az eae dd 
P-2[ x H)-4 dS 


9) 8m 
= the rate at which the total energy stored in the medium 
is decreasing. 
Thus 2 f (E x Ha dS must be the rate at which energy is 
flowing outwards across S. 
If f o-f dS is the rate at which the energy flows outwards we 
cannot, strictly speaking, say 
PN (c) us =< 
o= PE x H], 


ie. 6 is not uniquely defined, for, without affecting the result, we 
may add to the r.h.s. any vector whose flux over a closed surface 
is zero. 

‘Hence one should write 


x) (om Su 
a= IE x E] FU 


where V-U — 0. This arbitrariness in the expression for o, how- 
ever, is seldom important in practice for in actual applications it 
is generally with closed surfaces that one has to deal, so that the 


, arbitrary function Ü automatically disappears. The vector a 
given by : 
4n 
is known as Poynting's vector. 

The Joule effect in a wire carrying a current.—Suppose that 
the axis of the wire lies along the z-axis,-ia infinitely long, of radius 
r, and carries a current i (e.s.u.). Consider unit length of the wire 
and a cylindrical surface just outside the wire and with its axis 
along Oz, as indicated in Fig. 20-08 (a). 
_ Then the magnetic field at any point P on this surface has magni- 


tude given by H= = and it is directed along the tangent to 
the surface at P, being parallel to the plane xOy as indicated in 
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Fig. 20-08 (0). The components 
2i y 


Ee à 
(a (b) 
Fig. 20:08.—The Joule offect in a wire. 


Let p be the resistance (e.s.u.) per unit length of the wire. Then 


the electric field at the surface considered has components 


g,—-0, E,— 09, E = pi: 


& hob 
. Ox.qn-9| 99 2i s 
oa x IT y z (Or 
ror 
ee 
opi Bee p 
=] r Barr 


52 
+ 6 is of magnitude on and is actually directed towards O'. 
Hence the rate of passage of energy from the surrounding medium 

ere fi is a unit vector 


cylindrical surface is jaa dS, wh 


across the 
outwards from the region 


along the normal to ôS and directed 


considered, i.e. fj = H 


^ T T 
à Rp Da TERES Ys , 
The above integral is | pos (( ) 


= pit = pi? erg.seo. 7 
ak he? 


G.P.D.—V—B B 
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In the electromagnetic system of units the above rate becomes 


ja 
Pale)? X v = Pm? erg.sec,—1 

Poynting writes, ‘Zt seems that none of the energy of the current 
travels along the wire, but that it comes from the non-conducting medium 
surrounding the wire, that as soon as it enters it begins to be transformed 
into heat, the amount crossing successive layers of the wire decreasing 
till at the time the centre is reached, where there is no magnetic field, 
and therefore no energy passing, it has all been transformed into heat. 
A conduction current may then be said to consist of the inward flow 
of energy with. its accompanying magnetic and electric fields, and the 

transformation of energy into heat within the conductor, 
x. Example.—Tho electric field of the earth 
- True ata certain point is directed downwards, its 
North magnitude being 200 volt.metre.—!. The 


horizontal component of the magnetic field 
is 0-30 oersted and is directed 17° to the 


P Vector? West of true north. What is the Poynting 
7 vector? 

S The relative positionsof E, i, true north 
True and true east are shown in Fig. 20-09. 

East Then 

í = og x Bj 
Fic. 20-09.— Illustration of 3x 100 2 po este 
Poynting’s theorem, = = x 300 X 0-3] erg.sec.—tcm. 


= 0-48 watt.cm.-3 
Its direction is 17° north of true east. 


Example.—A circular loop of wire is placed in a uniform magnetic 
field. If the field is changing, find the energy flow into the wire. 


It may be assumed that B is normal to the plane of the circular loop, 


Since it is only the ‘ normal component * of B which is effective. Let a 

be the radius of tho circle while a, is the radius of the cross-section of 
Wire—ef. Fig. 20-10 (a) and (b). 

The flux of magnetic induction, Ø, through the loop is given by 


® = na*B; hence the induced e.m.f. e is given by e= — È 
A B 
" NS es ot* 


Where rj, is the resistance (e.m.u.) of the complete loop of wire. 
3 at a point P on the surface of the wire, if this is thin compared 
With the dimensions of the loop, the magnetic field strength (e.m.u.) is 


Zin 
Hn = a 


) Also, E, = Rat, where R, (e.s.u.) is the resistance per unit length, 
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;, Energy per second entering the cylindrical surface of length ós is 
. ., Zim N 
2nd, 08 o [n x ze] = Rmin” 68. 
*, Energy per second entering the wire = 2na Rim 
| nat 


Tm 


} xx aB |? 
| = fmm 7 ài - 


[Check : 


2 2 mat| OB 
Rate NES Uc =r] 
m 


@ (b) 
Fic, 20.10.—Flow of energy into a circular wire when carrying & current 
and situated in a magnetic field. 


Example.—Calculate the Poynting vector in the region surrounding 
a uniformly charged sphere placed in & uniform magnetic field. 


Without any loss of generality it may be assumed that H is every- 
where parallel to Oz, 88 in Fig. 2011 (a). Let P be the point (r, 0, $): 


Let È = fE. Then, of. Fig. 20-11 (b), 


Fra. 20:11.—On thé’ Poynting vector in the surrounding a uniformly 
charged sphere when placed in a magnetio field. 
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E, = E sin 6 cos $ 
Ey = E sin 0 sin ¢ 
E: = E cos 0. 


Henco è= Oe id 


f, 5 k 
-0 E sin 0 cos ¢, Brin omin g, ont 
H, 0, 0 

(c)EH. 


= Ge UO) + (cos 0) — É(sin 0 sin 4)]. 


Tf cos a, cos fj, cos y are the direction cosines of 9, then 
a=, p=0, y = cosi [sin (5 +0) sin 9]. 


Now although @ is finite, in general, the flux of energy across any 
surface is necessarily zero, for the flux is 


$ 94ds = | vl x Hav 
[by Green’s theorem] 
= 0. [Apart from an integration con- 


stant, which is of no consequence 
here.] 


Therefore thero is no flux of energy across any closed surface in the 
combined steady ficlds. 


Electromagnetic waves, If P — 0, Maxwell's electromagnetic 
equations become 


-ù ES Kom " 
WR aSa p Aa E E (i) 
NEST D) 
- EE. y E Euer 
and V x E = à D H, (ii) 


for isotropic media, where E is the electric field strength in e.s.u. 
and H is the magnetic field strength in e.m.u. 


We also have VE = 0, and V-H = 0. Hence taking the curl 
9f each side of equation (i), we have 


g xE = VxVxH= VVH — ve 
3; T=- [q:vH-o . . d) 
Em VAH = (VH, + JVH, + kV*H,. [ef. p. 725.] 


ELECTROMAGNETIC THEORY 741 


From equation (iii) we have 


Vii- C vxES-S vx IHE i 
> ga E ao 
Similarly, 
= 2E 
VE = A, 
Ee Ot a M) 
The equation of wave-motion for the propagation of electro- ' 
magnetic fields in isotropic dielectrics.— Since has the 
pr 


dimensions of velocity, we may write ei = e where c,, will be 
m 

shown to be the velocity of the disturbance in a medium and it is 

convenient to write Cm =u. Accordingly 


) Ea oF a 
gmk IR 
= WH = Oto wa 


it must be remembered that 


VÀ = iV2A, + JVSA, + AVA, — [Cf. p. 725] 

Of the trémendous manifold of phenomena described by either of 
these equations only the simplest case, which is that of a plane wave, 
will be considered. Now a plane wave is one for which any quantity 
which specifies the character of the wave depends only on the time 


and one coordinate in space. Thus, if we consider the vector E 
associated with an electromagnetic plane waye with its plane normal 
to the z-axis, then at any given instant this vector will have the same 
value at all points in the plane considered, viz. a plane normal to the 
z-axis ; mathematically this means the vanishing of all derivatives. 


involving M and * Since 


- 0E, 0E, 9E, 
it follows that 
dE, 
ELM O 
Oz 


This means that the electric field can only have a constant com- 
ponent in the direction of the z-axis, but since we are dealing with a 


à 
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wave-motion, a superimposed field which has the same value at all 
points is of no interest. Accordingly we write E, = 0. 


_ In the same way H, = 0; the vanishing of V-E and V-H implies 
the transversality of the plane wave. 

From this discussion it follows that for & plane wave travelling 
with its wave-front parallel to the xOy plane, the equation 


~ 12E 
13m uu lI 
dius u? ot?’ 
gives 
1 @E, 1 FE 1 2E 
EN UNA ge fd 2 


The first of these equations gives : 
"0E, | OE, , AE, 1 O?E, 
Or! oy [Os uè on] 
PES 12m, 
“Oz? ou? Ot?’ 
since E, is independent of z and y. Similarly 
Sm, 19m, 
02 u? Ot? 
Each of these equations is of the type 


or 


so that, cf. Vol. 1, p. 38, for a disturbance propagated with velocity. 
in the positive direction of the z-axis 
E = A(z — ut). 
The physical significance of this equation is that, at time t = 0, 
E = $(2), where ¢(z) is the wave profile. Thus ¢(z) may be re- 
garded as an instantaneous photograph of the disturbance at t = 0. 
It is now assumed that the wave is propagated without change of 
shape, so that an instantaneous photograph taken at a later time, t, 
will be identical with that taken at t = 0, except that the profile will 
have moved forward a distance ut. If a new origin of coordinates is 
taken at the point z = ut and if Z is the distance at time t of a point 
from this new origin, iie. 2 = Z -- ut, the wave profile would be 
represented by i 
&=4(2), 


i.e. & = lz — ut). 


Ifo = d and f = T. where T and 4 are respectively the period 
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and the wavelength of a sinusoidal disturbance, we may write 


£— fot — fe) 
= A cos (wt — pz), 
A 
where A is the amplitude, i.e. the maximum value of the disturbance. 
Hence for a plane wave advancing in the z-direction 


= A, cos (wt — f), E, = A, cos (at — bz + y), E, = 0. 


This, cf. Vol. TIT, p. 12, is an elliptical AN 
vibration in the plane of the wave. ! 


Now suppose that a plane wave is 
propagated with its wave-front nor c -—-—- 
mal to a fixed direction OR ; let r be 
a distance measured from O along OR. 
Then fora sinusoidal displacement we 
have = A cos (wt — Br). 

Tf, cf. Fig. 20-12, OR lies in the ¥x 
plane yOz and makes an angle 0 with isd Ran 
Oz, we have, if B and C are the projections of OR on Oy and Oz 
respectively, 

r = OB cos B + BR cosy ^ {a = iz, B and y define the 
d.c.s of OR.] 


oc- Lr 


= y sin 0 + z cos 0, 
i i 
SE =Å cos lint ~ Ve T y enu + 2 cos 6)], 
and this equation will be required in the sequel. 


The refractive index of a material medium.—It has just 
been shown that an electromagnetic disturbance moves with a 


velocity u = fh, through a medium with permittivity x and 


permeability j. Now for a vacuum (uo) = (ro) = 1, so that (c) is 
the numerical value of the velocity of electromagnetic radiation 
(light) across empty space. Thus the significance of (c) has been 
revealed ; earlier in this chapter, cf. p. 732, it was introduced as a 
conversion factor, 

Now from the science of optics, the velocity of light, u, ina 
material medium is inversely proportional to its refractive index n, 


c 
ie, w= P since ¢ is the velocity in a medium of refractive index 
, * 


unity. But it has just been proved that 
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Hence n? = (ux). 

For most materials u = 1, so that n? = (x). 

This relation is not always satisfied. For example, for water 
(x) = 80, n= 4. But if (x) and n are measured at the same fre- 
quency, the relation is more nearly true. On the other hand, if the 
relation a? = (x) were true for very short waves, then such a fact 
would imply that the refractive index did not vary with the wave- 
length, i.e. there could be no such phenomenon as that of dispersion. 
More complicated methods than those which can be discussed here 
show that in the region of very high frequency fields, the electric 
polarization of the medium varies with frequency. [Cf. p. 762.] 


Hertz's experiments on the generation and detection. of 
electromagnetic waves.—The electromagnetic waves radiated 
by a capacitor undergoing an oscillatory discharge, cf. p. 480, were 
first detected by Hertz in 1886. The vibrator consisted of two! 
square brass plates A and B, Fig. 20-13 (a), to each of which was 


Ex 
à a|l 


——40cm,——- 
(a) Oscillator (b) Receiver 
(or vibrator) 


Fra. 90-13.—Hertz's first apparatus for the generation and 
. detection of electromagnetic waves. 


attached a stiff brass wire ternfinating in a gilded brass knob ; 
approximate dimensions are indicated. The plates were connected 
to the terminals of an induction coil and when an oscillatory dis- 
charge took place between the knobs induced currents were set up in 
neighbouring conductors. To detect these currents Hertz used & 
simple resonator in the form of a circular wire, Fig. 2013 (b. 
terminating in brass knobs S and separated by à small adjustable 
distance ; the length of wire was carefully selected until the resonance 
. sparking occurs between the knobs at S. 
To observe the reflexion and interference of electromagnetic wave? 

a large zinc plate, two metres square, was placed immediately behind 
the resonator; the sparking at S increased in brilliancy. When the 
metal plate was moved back a distance z, say, no sparking occurred 
at S even when the gap was considerably reduced in length. Ate 


ELECTROMAGNETIC THEORY 745 

distance 2z the sparking was more vigorous than when the screen 
was removed. Hertz also observed that no sparking occurred at S 
when the zinc plate was placed before this gap ; the plate then acted ` 
as a screen. 1 

The interpretation of these observations is that the electro-' 
magnetic waves set up by the oscillator are reflected from the zine 
plate, and when this is-suitably placed interference between the 
direct and reflected waves takes place. 

Hertz then modified\the apparatus in order to examine the laws of ~ 
‘reflexion and refraction for electromagnetic waves’produced in this _ 
way. Theessential features of the apparatus are shown in Fig. 20-14. 


line of R 


Induction 
coll: 


Focal line of B- |B 


pane or J 
vibrator | [Receiver] 


Fic. 20-14.— Hertz's second apparatus for the generation and 
detection of electromagnetic waves. 


The electromagnetic waves were excited by a discharge across the gap 
S, ; this was at the centre of a system of two brass cylinders B, and 
B,, each about 13 cm. long, 3 cm. in diameter and terminating in 
rounded knobs at the sparking ends. This gap S, lay on the focal 
line of a parabolic reflector Pi; 

The receiver consisted of two wire? R, and Rg each about 15 om, 
long and lying along the focal line of the metal paraboloid Py. 
From R, and R thin wires passed through the reflector to a spark 
gap S, which consisted of an upper brass sphere and a lower pointed 


rism had a minimum value of 22 e 
ju had a refractive index of 1-69 for these long electromagnetic 
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waves whereas its value in the visible region, as deduced from 
observations on the Brewsterian angle, of. Vol. III, p. 719, varies 
between 1-5 and 1-6. The disparity between these values is not to 
be wondered at, for it would be very remarkable if the refractive 
index of a material did not yary as the wavelength of the radiations 
concerned cover the range from one metre to 5 x 10-5 cm. 

In the wave proceeding from the oscillator the electric vector is 
parallel to the axis of the spark gap while the lines of magnetic 
induction are circular and in a plane normal to the above axis, 'The 


directions of E and H are therefore in the wave front and, of course, 
normal to one another. If the receiver is directed towards the 
oscillator and rotated about a horizontal axis, the sparking at S, is 
a maximum when the focal line of P, is vertical, i.e. parallel to that 
of P,, but no sparks can be obtained when the focal line of P, is 
horizontal, even when the linear dimensions of the gap are much 

reduced. Thus the oscillator and detector simulate the polarizer 
and analyzer of a simple polariscope. 

‘The fact that the waves from the oscillator are plane polarized 
may be demonstrated by placing between the oscillator and re- 
ceiver, arranged with their focal lines vertical, a wire screen. This is 
formed by winding on a plastic frame, about 2 metres square, & 
number of copper wires about 0-1 om. in diameter; these are 
parallel and at a constant distance of 3 cm. apart and so form a 
grating. The screen is placed in a plane normal to 8,8, and when 
the wires are parallel to the focal line of P, the screen completely 
intercepts the radiation from S,. On the other hand, when the 
wires are horizontal the waves are transmitted freely and sparks 
Appear across S, The system of wires behaves like a Nicol prism. 

These classical experiments are so elegant and convincing that one 
almost forgets the formidable difficulties which had to be overcome | 
before HznTZ and then Lopar and FrrzaERALD brought them to 
a successful conclusion. In recent years the work of Essun has 
shown that visible radiations from caesium atoms may be detected 
by purely electrical methods; these experiments identify visible 
and long wavelength radiations as part of one continuous spectrum 
and provide us with the most accurate standard of time yet realized. 


Plane polarized waves. Let such à wave be propagated in the 
?-direction: and suppose that E is parallel to Oz, i.e. 
t E 

how di coc E= (E, +304 £0; j 
. this in no way limits the generality of the analysis which follows. 
We hava > 


ET 


OEQ— É cos (wt — fe). 
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Also vxi- Be 
: EU a eo U E,- E, — 0] 
= B Ee Pe re busto — 9A 


n0 H, =H, =0, and 
H, = (0$ B cos (at — Bz) 


uO ` 
_ fe 2 co od 
ENT (wt — Bz), [: rg DEET 


= É cos (wt — Bz), 
A 
where H is the amplitude of the magnetio field strength. 

[A constant of integration could be added but this would imply the 
superimposition of a state of things independent of time. This can 
have no relation to wave-motion and 80 the constants of integration 
are omitted.] 

Hence H is always parallel to the y-axis, and since for all media 
in which light travels p = Ko, We have Vi) H = Vr E.. 


that E is expressed in e.s.u. whereas T is expressed in e.m.u.] 
Solar energy.—The amount of solar energy received by the earth 
is about 8 joulemin.-!cm.-?. What are the amplitudes of the mean 
electric and magnetic field strengths characteristic of this radiation? 
The waves are plane and, by convention, fall normally on the unit 
area considered. Hence we have 
B= Do cos (wt — fz) 4-40 -- ko, 
and Hi — i0 + fH cos (eot — fz) + 10, 
so that the . -aBtaneous value of the Poynting vector is given by ` 
= t, , k 
je Og it) = di oos (ot fads a 0, 0 
0, H cos (wt — pa); 0 


s (OF A : y $ A 3 7 y t: unt 
(t. dift) oost (ot pz). ? ue 
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7. Flow of energy per second across unit area normal to Oz is 
a> (c) AA " 
Gk = 4; EH) cog? (wt — fe). 


Saco, for propagation ‘of electromagnetic waves in free space 
A A A > 
[E] —| H| -— A say, the mean rate of fow of energy 


2 TALA [cos (ot — Be) di 


= Daye 


erg.sec,~tem,—* 


A A 8 
SABZE- E X 10-2 e,s.u. 


= NE volt-om.-! = 10 volt.cm.-! 


(044, 8 X107 
cri 60 


^ 8 7 
«Hs 3 3 X 10-* e.m.u, = 3-3 x 10-2 oersted. 


The boundary conditions.—When a plane wave is incident _ 


upon the boundary between: two dielectrics, the following well- 
known boundary conditions must be satisfied *— 


(a) The tangential components of both E and H must be con: 
tinuous,* 


... (b) The normal components of both D and B must be continuous. 
If therefore xOy is the interface and sufixes (1) and (2) refer to the 
insulating media or either side of this plane, we have t 

: Ej, = E, E, = E, KE), = KB gs, 


and Aye = Hw Hy, = Hy, I4 H3, = Malo, 


where, in general, x and u are ‘the permittivity and permeability _ 


respectively of the medium concerned, a 
these six equations only four are independent, since 


— 49H, $E, ORE, wa zoo 1B 
() à ^ os By’ [ VxE- «d 


ie. IH, = us Hy. 


* A quantity is said to be continuous when its values at two neighbour- 
ing points, [here one 9n each side of the boundary concerned], are equal. 
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Similarly, 


The refraction and reflexion of a plane polarized wave 
incident normally on a surface separating two dielectrics.— 
Let us consider a plane polarized wave travelling in the positive 


NS op 


UY 


Fic. 20:15.—A plane polarized wave incident normally on & surface. 
direction of the z-axis and, cf. Fig. 20-15, passing from a medium (1) 
to a medium (2). Let the electric vector for the incident wave be 

fEs, +30 + $0, 
. and let E,, = X; oos (wt — fe) 
= the real part of X, expj(ot — fz), 
^ 
where X, is written for conyenience for ‘the amplitude instead of E, 
and the other symbols have their usual meanings. Since, in general, 


vx B= 4H, 
] e) 


(c) 
we have 
QE, _ Ew _ _ n Hie à) 
oy | 0 oa oem 
HO m0, por sov wm 


no constant being added for reasons already given. 
Also i i 
8E. Ei Ha as, 


— 


Oe (c) at 
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Pie E 
<. fX, expj(ot — 8,) — 0 = — ^. Hy 


(c) 0t ' 
^" ae = us exp j(wt — 2). 
m = Xs expjlat— Ay). .  . (dj) 
But (o um (o) I = (c) 


[DU m Ay yey’ 
where 4, is the wavelength associated with the disturbance in the 


first medium ; c, is the velogity for this medium, viz. — 


Ves 
By 2x, expiot— pe)  . . dw 
Hye; 
= Vor exp j(wt — 2), 
1 
and finally” 
Ay = 0. 


Equations (i)-(iv} imply that if the electric vector, E, is normal 
«pe plate yOz, then the magnetic vector, H, is normal to the plane 
For the refracted wave 


: E, — X, exp j(at — Bz), Ez, = 0, E, = 0, 
while for the reflected wave 
Es, " Xy, exp j(ot T b:2), Es, y 0, E, = 0, 
since the wavelength remains 4;, but the wave travels in the negative 
direction of the z-axis, 


s Ha = A [X exp j(at — f,2), 
Hs 


E 


Hu = aj EX, oxp jlt + By) 

i 1 

and other components of the magnetic field strengths concerned 
zero. 


being each 

Now the magnetic and electrio field strengths in the second 
medium are due solely to the waves in that medium ; in the first 
medium, however, the effects due to the incident and reflected waves 
Are superimposed. At the interface, therefore, - 


Eis En = Ey; Hy + Hyy = B, 
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By considering the expressions for the components of the various 
feld strengths at z = 0, we find ; 


X, + X; = X, and Jen oe | &x, BA J x. 
Mi My Ha 


But, in general, the velocity c, with which an electromagnetic 


disturbance travels in a medium is given by Cm = Mats Be x where 


Vae ^ 
n is the absolute refractive index of the medium  Since,. 
nz $2 S Aux and Kot MEI 
Oh RONG b 


we have 
my, (mig, x, 
c M e n € ps 
Now b all media through which light travels we may write 
Ha = Ha = 1, 80 that 
njX,— nX; = naX s. 


From these equations we have 


2n 2 
S 1 Xx, = —— x 
2 ET lpn 1» 
SCIT 
and X, =— e X 
3 n+l 1 
where n = Pa the relative refractive index of the two media. 


ny 
x 
Ifn>1, x — 0, i.e. for normal reflexion there is à change in sign 
1 


equivalent to a change in phase of z. This oceurs when the first 
medium is less dense (optically) than in the second medium. 


Reflecting power.—This is equal to the ratio of the intensities 
of the reflected and incident waves, or to the square of the ratio of 
their amplitudes. "Thus, if R is the reflecting power, 


XU ^ (n—l : 

»-(£) (en : 
and this is independent of whether we deal with the electric or 
Magnetic quantities concerned. ; zd 

Moreover, if we put-n--- n-~, the above expression for R is not 
altered so that the proportion of light reflected from a surface is . 
independent of whether the waves pass from (1) to (2) or vice-versa. . 
It is on account of this fact that the minima in fringes formed by 
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Teflexion from thin films are eotly black when the light i 
ojus p hs 

8/7; —> Ng, le. n —- 1, so does the reflecting power become 
vanishingly small. 

The refraction and reflexion of a plane wave polarized in 
the plane of incidence (i.e. the electric vector is normal to the 
Plane of incidence ).—In physical optics, when it is stated that a 
wave is plane polarized it is implied that the vibrations are normal 

to the plane of incidence, 

zi which is the plane containing 

1n: the ‘ray’ and the normal at 

the point of incidence. Ac- 
cording to the electro mag- 
netic theory, cf. p. 750, the two 


vectors E and H are mutually 
perpendicular so that either E 
or H may be set normal to the 


plane of incidence. If E is 
selected to be the appropriate 
vector, then the equations ob- 
tained are consistent with: ex- 
perimental results for waves 
polarized in the plane of in- 
. Fie. 20-16.—P) : ;. cidence. 
vector normal eee Let us therefore consider & 
= . plane wave propagated along 
PO, Fig. 20-16, and for which E — 1E, + JO + Í0, i.e. this vector 
is normal to the plane of incidence, which is the plane of the paper. 


Tf 2Oy is the surface of Separation between two dielectric media (1) 


and (2), assumed to be loss-free, and 0, is the angle of incidence, we 


ve 
Ey, = X, cos (ot — f(x 0 + y sin 0, + z cos 0)) 
= X, expj(ot — f,(y sin 0, +z cos 0). 
Since Ra — # OH 
à VxE () a 


usa 9y à (c) à 

and since E,, and E, are each zero, we write, as usual, 
Pes Hio 

AS: 9E, (0E, 4 AH, 
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which yields 

F à oH 

— jf, cos 0X, exp jÍ - - - moms 
: (c) X, È 
r3 H, = —-— cos 8 2m. J. 
ie w= Don epis) 
Similarly — Huc — iei 6, expj(- -- )- 
M 01 


The simplest way in which we ean hope to satisfy the boundary 


conditions of continuity is to make the y and z components of E 
vanish for the refracted and reflected waves, t3 they do in the 
incident wave. The refracted wave will therefore be given by 


E,, = X, exp j{wt — paly sin Oa + 2 cos 0,)), Bay = 0,5807 
where 0, is the angle of refraction. 


(c) Xa 


~ Ha = 0, Ha, = —.— ^ jt ep 
2 rT cos 0,.exp j1 ) 
Ha — — Xo sin 0, exp jf - - (aa 
He Ce 


If 0, — OR, where OR is the reflected ray, 
E, = X, exp j{wt — B,(y sin Os + 2 cos 65)}, Es, = 0, Es, — 0, 
since, with the notation indicated on the diagram, 
r = OR = OC cos(z — 93) + OB cos ($7 — z — 63) 
= z(0) + y sin ĝa + 2c08 bs. [7 oc = — z] 
n Hy = 0, Hgy = (e) Xi cog 0,.expj(-.. b 
By € 
O Xs un 8, expj(---) 

Bi & 

Since the time factor is the same in all these expressions the 
boundary conditions are satisfied for all values of t, provided that 
at ihe interface, where z = 0, the same conditions are satisfied for 
all values of y; this means that the exponential factor in y must 
be common to each component of the vectors. Thus, ef. p. 754, 


B, sin 0, = f, sin 0, = f sin 05. 
Hence sin 9, = sin 03, and since from the conditions of the 
problem, 0, 03, we have 0, =m — 6s. Also 
sin 0, sin 0, 
Ay A 
i.e. n; sin 0; = n,sin 05, 
G.PiD.—v—BB* 


Hg = 
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where n, and n, are the absolute refractive indices of the two media, 
This equation is Snell’s second law of refraction. 

Since 0, = z — 0i; cos 0,— — cos 0,, so that the boundary 
conditions will be satisfied if 


X, expj(ot — By sin 01} + X, exp j{ot — fy sin 0,1 


= X,expj(ot — by sin 0,} . j . 0$) 
or, since f sin 0 is an optical invariant, 
ss, . . GM 


Using the fact that the tangential components of H are con- 
tinuous at a boundary, 
nı cos 6,(K, — X,) = n, cos 0g X. c4 . (ii) 
Eliminating X, from equations (i) and (ii) we find 
x Mee 5008 8 y. 
^ cos 0, + n, cos 6, 
sin 0, cos 0, — cos 0, sin 04 
= sin 0,c080, + cos 0,sinO, T 
«Xs _ sin (0, — 0,) 


X, sin(a + 04)" 
SIGE x 2 tan 0 
Similar! Bee ae ee UR en 
74. GUE a s cE ten 8) 
The squares of the ratios = and = give the ratio of the inten- 
1 


1 
sities of the reflected and refracted rays in terms of that of the 
incident ray and agree satisfactorily with those found experimentally 
when the light vector is normal to the plane of incidence. Thus 


Fresnel’s vector is the electric vector E ; the plane of polarization 


contains the magnetio vector H. 


[The conclusion that B sin 0 is an invariant seems intuitively obvious 
but a more satisfactory proof is as follows. Equation (i) may be 
written 


2, exp Jyp, sin 0, + Z, exp JyB; sin 0, = Z, exp jyf, sin 0,, (iv) 
where the Z's are abbreviations for functions of z, t, ete. Let 
exp jy, f, sin 0, = a, exp Jy, B, sin 0, = a, and exp jy, f, sin 05 = «s, 
and put y = 0, y = Yo and y = 2y, in equation (iv), giving 


Z, +Z; =Z» . : (v) 

Za, + Ze, = Zata = z © (vi) 

and Zi? -Zya = Zada? 5 . - (vii) 
Multiplying (v) by a, and Subtracting the result from (vi), we get 
A6 — aa) + Zales — a) =0 . .  . (vill) 


» 
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Similarly from (v) and (vii) 


Z (a2 — «6) + Zala? — a4") = 0 Are . (ix) 
J. (a, = 2a) (s — ag?) = (a7 — a,)(as — wg), [2,4 0,, Za #0! 
or (a, — Og)(a3 — Xalta + Xa — Oy — &g) = 0. 


J. Gy = Og, OF Qa = hg, OF Oa = Ay 

But if «, = z, then from (viii) «4 = a5, otherwise Z, = 0. 
Hence Oy = Qg = My 
or B, sin 0, = fa sin 0, = f sin 04. 

Strictly speaking, the coefficients of ‘ time ° should be treated in the 
same way.] 

The refraction and reflexion of a wave polarized in a plane 
normal to the plane of incidence (i.e. the magnetic vector is 
normal to the plane of incidence).—In this instance the magnetic 


vector associated with the wave is 


B, = tH, +0 + £0, 
‘where, cf. Fig. 20-17, 


H,, — H, exp j (ot — f;(y sin 0; + 2 008 03): 
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IE from which we obtain 

ie EL, = -8 Bh Pis 0,. B, exp j (ot — B,(y sin 6, + z cos 6)) 
E =— eas exp j {ot — B, y sin 6, + 2 cos 0,)}. 
E Similaiy, si 
; E, = JE sin0,.Ħ, exp j (et — pily sin 0, + z cos 0,)). 
Proceeding as before we find 6; = 7 — 63, and the boundary 


conditions are satisfied if H, m H, = H,. ; j E 
mob g ee es A 

Ky Ky Kg S 
and — ^, sin 6,. (H, + Hj =n, sin 0, A, : . (ii) 


Equations (i) and (iii) are equivalent. 


V n 
ee A-k-h-h and x, = 7,%, Ky = 73%, 
since u, and 4, may be taken " unity. 


y: ain 0, cos 6,. (H, = H,) = sin 0, cos 6,. H, «v) 
Eliminating B, from (iv) by means of (i), we have : 


sin P cos 02H, — H,) = sin 6, cos 0,.H. 


a 2 sin 20, i sov) 
sin 20, + sin 20, 
2 sin 0, cos 6, A (vi). 


1- 


~ sin (0, + 93) 008 (0, — 0)" 
Also H,—H,—H, 


— Sin 0, cos 0, — sin 0, cos 0, ^ _ ten (0, — Os) F H, 


.. Sin Ü, cos 0, + sin 0, cos 0, > tan (0, + 0a) 


Expressions for the ratio of the intensities are thérefore easily 
written down. 


When 0, + 6, = iz, the intensity of the reflected wave is zero. 
Tf 0, is the value of 0, when this occurs, 6, is known as thts 
Brewsterian or Polarizing angle. When 0, exceeds 0p, Hs 


becomes opposite to H, so that there is a sudden change of phase : 
equal to x at the polarizing angle. 

The wave theory of the pressure due to electromagnetic 

ition.— When a beam of electromagnetic radiation i is incident 
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on a metallic surface some of the radiation is absorbed and some 
reflected ; eddy currents are set up in the surface and the magnetic 
field associated with the radiation exerts a force on these currents. 
Tn a similar way a pressure arises in a dielectric which absorbs 
electromagnetic. radiations ; it is due to the action between the 
"magnetic field and the displacement currents. An indirect prooi, 
first given by Larmor, to obtain an expression for the pressure due 
to electromagnetic radiation is as follows. 

When a wave-train is incident normally on an ideal reflector, let 
the displacements due to the incident and reflected waves be repre- 
sented by 


& = dy cos (wt + Bx) and = dy cos (wat — P25). 
Thus the wave is advancing in the negative direction of the 
x-axis, as shown in Fig. 20:18, Let the reflector M be moving with 


A 
| 
1 


€ Part of an infinite train 
of electromagnetic 
u waves 


M 
Fro. 20-18.—Larmor’s theorem and the pressure due to radiation. 


constant velocity u in the positive direction of the x-axis ; at time t 
its position is given by z = uf. Since the disturbance does not enter 
the reflector, the disturbance at M must be zero, i.e.. 
â, cos (wt + Byut) + ds 08 (wat — Bout) = 0. 
This condition can only be satisfied at all times if 
á,— —dá, and @,+ piu = wa — Bat. 
If A, and 4, are the wavelengths of the incident and reflected 
wave-trains respectively,. 


which is also “2. "This velocity may, for all practical purposes, be 


* 2 
taken asc. 


Hence 
Bylo + uj = Bac — u) or Ace v) — Ay(c.— u). 
Hence, by reflexion at a moving mirror, the wavelength is 
Cth a 
cu 


Shortened in the ratio 


158 ELECTRICITY AND MAGNETISM 


Now the average energy, W, of a system of plane waves per unit 
area of a waye-front per unit length of the train may be shown, 
cf. Vol. IV, to be in general $pọ(â%w)?, where p, is the undisturbed. 
density of the medium ; the expression obtained measures the mean 
energy density of the wave system. 


LU. us QM CO AM CÁC o—u\? 
(UNS Oy ~. XA ctu)” 

Since, in unit time, a length (c + wu) of the incident wave-train 
moves y to the reflector, the energy arriving in unit time is 
(c + %)W,; that moving away is (c — u)W,. Thus the energy 
moving away exceeds that moving towards the reflector in the ratio 


(c — u)W, epu 
(¢+uW, c—w 
LARMOR attributed this increase to the work done by the reflector. 
in advancing against the pressure, p, due to the electromagnetic 


radiation, ES 
Hence (c Hu)W, + pu = (c — u)W, 
Ei pu oy. 
e—u 
poe a t LWG 
ub Lu 
€—u e+ 
LS =W +W; 
b) ew ) it W; 
: e? — 4? a 
1e. = Pour ME T Wig). 
When w is zero, we have S SH 
2=Wi + W, i 


e. the pressure on a stationary reflector is equal to the sum of the 
mean energy densities due to the incident and reflected wave-trains. 
If a plane wave falls normally on a surface which absorbs all the 
incident radiation, p= W,. 
The energy in light waves.— For a plane wave of light propa- 
gated parallel to the Oz direction and having its electrie vector 
parallel to Oz, 


A 
E, = E cos (wt — fz), E, = 0, E, = 0, 


and BB Ee Boos (af — f Hi = 0, 
for these satisfy the electromagnetic equations provided 
e E A : 
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where u is the velocity of propagation, cf. pp. 741-3. The total 
energy per unit volume is 

1 IT a 
eE? + By] = ge I CE)* + aH)? cos? (ot — B2), 


and on account of equation (i) the density of the ‘electric energy’ is 
equal to that of the ‘magnetic energy’. Also, since the mean value 
of cos? 0 over a complete period is 0:5, the average energy per unit 


(E) _ uH)? 
8 


8z 
Experimental work on the pressure due to radiation.—For 
electromagnetic radiation AN ^ 
w «E uH 
h 8x 870 


and for an ideal reflector W, = W;. When radiation falls on such 
a surface UR 
p = 2W,, 

while for an ideal absorber the pressure is one half this value. 

Early attempts to verify the existence of this pressure in a given 
instance were marred by the inability of the experimenters to 
separate the effect from the so-called ‘radiometer effect’. NICHOLLS 
and Hutt (1903) employed a reflecting surface so that the pressure 
is nearly twice that exerted on an ideally blackened surface while . 
simultaneously the heating is reduced to & low value. The radiation 
fell upon a silver-coated vane and by suspending this in an enclosure 
where the pressure was about 16 mm. of mercury, it was maintained 
that the radiometer effect had been eliminated. Unfortunately 
they appear to have made the elementary mistake of assuming 
1 gm.-wt. = 1,000 dynes, so that when the necessary correction is 
applied the measured pressure differs by ten per cent from that 
calculated from the measured energy densities in the incident and 
reflected beams. The most complete work on this subject is prob- 
ably that of Mary BELL and GREEN (1933) who worked under the 
direction of CALLENDAR. The essential basis of their work is as 
follows. 

When a vane is suspended in an ideal vacuum its motion is given 
by 

18 + b0 = 0, 

where I is the moment of inertia of the suspended system about its 
axis of rotation and b is the torsional constant of the fibre. A 
solution of this equation is 


NE 


[3 
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where A and « are constants. When radiation falls asymmetrically 
on the vane let it give rise to a constant couple G, so that 


16 + 06 = G. 


` Since the radiation exerts a uniform pressure, p, over a circular 
area whose centre is at a distance r from the axis of rotation, it is 
. easily proved that G = pr; it is only necessary to consider the 
forces on elements of area symmetrically placed with reference to 
the vertical diameter of the circle. The solution of the above 


equation is 
ne fs. 
o= 5 + Boos ( 1" 2! 


where B and f are constants, and this equation represents an un- — 
EN 
damped harmonie motion about the mean displaced position P» 


In an ideal vacuum the vibrations of the vane are perfectly regular 
and the periodic time is constant. When the radiation is removed ' 
these workers found that the vane oscillated about its zero position. 

When the vacuum is imperfect the time of swing is found to be 
irregular but at pressures below 10-5 mm. of mercury such irregulari- 
ties disappeared and the radiometer effect was taken to be zero ; 
the experiments then yielded the true radiation pressure. 

The apparatus used is indicated in plan in Fig. 20-19 (a). The 
lens system L,, L, projects a beam of light from a lamp L on to the 
vane V suspended in the flask F' which, in turn, is connected to an 
efficient pumping system. [Actually the lens L, casts an image of 
the aperture of L, on to the vane.] The vane, cf. Fig. 20-19 (b), 
was suspended by means of a fine quartz fibre attached at its upper 
end to a collar which fitted into the neck of the flask. A concave 
. mirror M,-normal to the plane of the vane, enabled the deflexions 

of the latter to be observed by the lamp and scale method. 

Tn all this work it was essential for the vane to be normal to the 
incident radiation and. that its position in the flask should be such 
that no radiation’ was reflected back from the inner surface of the’ 

. flask to the vane. The image produced in this way of the focused 

Spot on the Vane was readily seen and the vane arranged so that this 
, image fell just) below it. 

. If k is the reflecting power of the vane, and 6 its mean angular 
, deflexion, the pressure p due to the radiation is given by 


t (1 + h)pAr = 60, 
` and since jy T= AH 
Tk b 
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we have = __ 22d — 
5 P= quAO + HD’ ; 
where d is the scale reading and D the distance of the scale from the 


suspension. i 

The reflecting power was determined in a manner similar to that 
used by Nicmonns and HULL, a CALLENDAR radio-balance * being 
used to measure energy. The essential optical features. of the 


To pumping 
| system 


[Dame 17cm] 


ess Vo 
p 


mirror M | \ 


? metre x 


"e 
M, (c) 


method are shown in Fig. 20-19 (c). A concave mirror M, focused, 
on the radio-balance, R.B., an image of the ‘spot’ on the vane; 
the vane was then removed and the turntable rotated so that the 
tadio-balance received the incident beam after refloxion from the 
concave mirror Mg. | : 

The energy density of the beam used in the main part of the 
experiment was also measured with the aid of the radio-balarice. 


* Of, Intermediate Physics, Chap. XVII. 
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BzLL and GREEN found 
p = 20-1 x 10-* dyne.cm.-?, 

while the total energy density of the incident and reflected beams 
was 18-8 x 10-9 erg.cm.-?. Thus, with an error not exceeding 
seven per cent, these experiments establish in a quantitative manner 
‘the existence of the pressure of electromagnetic radiation and 
its equality with the energy density in the incident and reflected 
beams. 


Additional note on permittivity and refractive index.—The 
Maxwell relation (x) = n?, cf. p. 744, is confirmed experimentally 
provided the following conditions are satisfied : 


(a) The material is free from permanent dipoles, 
(b) The refractive index is measured in the far infrared region 
but not in the neighbourhood of an absorption band. 


The first, condition is necessitated by the fact that relative per- 
mittivities are measured at frequencies less than 5 Mo.sec. ~t, 
whereas in the middle region of the visible spectrum frequencies 
are of the order 6 x 108 Mc.sec.-1. Now a permanent dipole can- 
not line up quickly enough to follow an electric field with such a 
high frequency, so that these dipoles do not contribute to the value 
Of the refractive index but only to the relative permittivity. 


The second condition arises because only electrons in an atom or 
molecule can adjust themselves to the rapid alternations of very 
high frequency electric fields, whereas the more massive nuclei do 
not stray from their equilibrium positions ; nuclear displacements, 
however, do oceur when molecules are subjected to electric fields of 
lower frequency, such as those associated with the infrared region 
of the spectrum, 


To-day it is customary, when dealing with media free from 
permanent dipoles, to distinguish between an electronic polariza- 
tion P, and an atomic polarization P,, ie. P = P, + P,. Values 
for P, can be caloulated from determinations of the refractive index 
in the visible region, while those for P, ean be derived from relative 
permittivity measurements or from infrared values of the refractive 
index. In general, it is found that Picos py 
' Current density.—Let i be the current across an element of 
area 6A, drawn at right angles to the direction of the current. The 


current density Tis defined as T where 7 is a unit vector normal 


to 6A. Thus if 4 is à unit yector normal to a surface ôS, where 
08 A = 88 cos 0 — ðA, ; 
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pec c tin (12 25) = di 


s. i — TA 08. 
Hence the total current across a surface is given by ^ 


(m | Faas, 
Tf Ñ is the number of charged particles per unit volume, each 
with a charge q e.s.u. and velocity %, gs £d 


ài = RL 08 u cos 0. 
(c) 


~ Eads — Luss cos 6 = N Lin 08. 
G | eere 
~ =R iu Pu, 


d. () (9 


were p e.s.u. is the density of the electrification. 


EXAMPLES XX 


20-1. (a) Prove that V-V(r-!) = 0, where rt = xt + y? + 2 
(b) Show that the vector VV is normal to the surface V(x, y, 2) = const. 


20-2. (a) If r? = x? + y? + 2%, prove that 
Vim = n(n + Dr7*, 
and hence show that, except at r = 0, Viri) =9. 
(b) If V2G(r) = 0, prove that O(r) = ar~} + as, where d, and d; 
are constants. i 
20:3. Show that, in general, r*"r is an irrotational vector for all 
values of n, but becomes rotational if n = 1:5. ; 


— — y : 
20-4. Explain what is Joni V x A, where A is a vector which, 
together with its derivatives, is finite and continuous. m 

Prove that V[VV, x VV], where V, and V, are arbitrary scalar 
point functions of x, y, and z, is zero. * 

20-5. , A current 4 (e.m.u.) flows in a long straight wire whose cross- 
section/is a circle of radius a. Show that the energy associated with 
the magnetic field inside the wire is 14i? per unit length, where / is 
the permeability of the material of the wire ; this is assumed to be 
independent of the field strength. Hence show that the contribution 
to the self inductance arising from the energy sto 
0-5u per unit length. j 
. 20-6. The back of a plane transparent membrane is coated with an 
ideally opaque varnish. Both the material of the membrane, and the 
varnish have an absolute refractive index n. Prove that if a beam o 
monochromate light of intensity I erg.sec.2om.~* is incident no 


red inside the wire is 


ies Oz ee 
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on the exposed surface of the membrane, the pressure on the membrane 
is 


2(1 + n3)(1 + n)-3Ic-1 dyne.om.-?, 
where cds the velocity of light in a vacuum. 

Verify that these unite are correct. 

20.7. Obtain an expression for the phase veloc:Sy of a plane sinu- 
soidal electromagnetic wave in an isotropic dielectric. With the usual 
notation show that aed 

HH = kik. 


20-8. Check the dimensions of the expression on p. 736 for the 
Poynting vector. : E 
If the energy emitted by a 500 W. lamp is radiated uniformly, obtain - 
a value for the electric field strength at a point in air and 250 cm. 
from the lamp. [0-49 volt.cm.—1] 
20-9. The earth receives from the sun energy at a rate of 8 x 104 
joule.min.-!metre-?. Estimate the maximum values of È and H in 
ight. ing that al! the energy is absorbed, obtain a value 
for the mean. at normal -incidence. 
0 volt.em.-1, 0-034 oersted, 4-5 x 10-5 dyne.cm.-] 
20-10. Standing waves are formed by two seta of progressive plane 
waves of the same amplitude and wavelength, but travelling in opposite 
directions. Two Progressive electromagnetic waves in empty space 
are such that 
(Ey) = A cos (wt — Bz), and (Ey), = A cos (wt + fa), 
while (Ez); = (Ez), = 0, and (Ej), = Ez), = 0. Prove that for the 
&tandi as Saat )a , (E), = ( )s 
Ey = 2A cos wt cos Ba, 
(c) 1. ^ i 
H: = i c 2A sin wt sin fz. 
Examine the dimensions of these equations. > 
Show that the mean flux of energy for the standing wave is zero. 
20:11. Give a detailed account of the theory of the reflexion of 


loss-free, Describe and explain. you would investigate experi- 
mentally the validity of your theoretical investigation. 
(Cf. Vol. III, Chap. XXHEJ 
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thermal e.m.f., 279 

Extinction potential, 490 

Ewrna, 367, 374 


Farad, the, 18 
Farapay, 28, 53, 220, 418, 431, 
644 


—, the, 646 
Faraday's discovery of electro- 


magnetic induction, 220 et seg. | 


— law of magnetic induction, 224 

— laws of elex trolysis, 645 

FERGUSON, 654 

Ferromagnetic Curie point, 431 

— impurities, co.rection for, 439 

— materials, 372, 419 

— specimen with a known demag- 
netizing factor, 365 

Ferromagnetics, 362, 372 

—, effects of temperature, 379 

Ferro: etism, 361 e seg., 449 

Field due to a dipole, 20, 103 

— > — magnet, 105 et aeq. 

— — — quadrupole, 22 

— inside a cylindrical conductor, 

57 

— — hollow conductor, 38 

— — spherical cavity, 36, 39 

— of earth, 114 et seq. 

—, radial, 63 

—, uniform, 6 

WiNDLAY, 664 


t 


INDEX 


Flashing of & neon lamp, 491 
FLEMING, 136, 223 
Fleming’s left-hand rule, 136 
— right-hand rule, 223 
Flux, electric, 31 
—, —, Gauss’ theorem of, 31 
—, magnetic, 111, 221 
—,.—, from a pole, 222 
—, —, Gauss’ theorem of, 111 
—, of & vector, 31 
Fluxmeter, Grassot, 351 

Force on a charged conductor, 74 
— — a magnetic body, 422, 429 
— — — shell, 134 5 
— — an element of a conductor, 

135 
—- — coaxial solenoids, 705 
— — ‘half’ of a solenoid, 230 
— — a moving charge, 136, 733 
— — — system of coils, 313 
Forces and torques on rigid cir- 
cuits, 301 

* Forming ' of a dielectric, 678 
Frequency, by a.c. bridges, 615 
Frictional electrification, 1 ef aeg. 
Fringing effect, 403 
Fróhlich's equation, 406 
Fundamental interval, 192 


Gadolinium, 438, 449 

GALL, a.c. potentiometer, 638 

Galvanometer, ballistic, 329 et seg. 

_ — —, moving-magnet, 332, 387 

— —, suspended-coil, 330, 334 

—, current sensitivity, 311, 340 

—, Helmholtz, 313 

—, suspended coil, 307 

—, tangent, 311 

—, vibration, 355 

Gauss, 31, 104, 687 

—, the, 110 i 

Gauss’ theorem in electrostatics, 

31 et seq. 

— —, in magnetostatics, 111 

— verification of the inverse 
square law in magnetism, 104 

Geomagnetism, 114 ef seq. 

GIBBS, 436 

Gibbs-Helmholtz equation, 669 et 


seq. 
GILBERT, 98 
—, the, 397 
Govv, 423, 440 


Graaff, van de, generator, 89 et seq. 
s Grad, 751 , ge , eg. 


769 

Gradient of a scalar point function, 
720 

—, potential, 6 


Grassor, 352 
Grassot fluxmeter, 351 ef seq. 


' GREEN, 759 


Green's theorem, 725 

Growth of current, inductive coil, 
467 ; 

Guard-ring condenser, 76, 711 


H,, experimental determination, 
115 et seg., 314 et seq. 

Hanrsuonw, 613, 622, 701 

Feat, least, principle of, 254 

Heating effect of a current, 249, 736 

— — — an alternating current, 

507 

HEAviSIDE, 150, 167 

HELMHOLTZ, 224, 278, 313, 669 

— galvanometer, 313 

Henry, the, 232, 238 

Hertz, experiments on electro- 
magnetic waves, 744 

Heusler, magnetic alloys, 372, 407, 
420 


HEYDWEILLER, 610 

High pojential differences, mea- 
surement of, 93 

— resistance, by leakage, 487 

resistances, comparison of, 345 

Hrrronr, 658, 663 

Hole, 288 

Hollow conductor, field inside, 38 

Honpa, 439; 452 

Hot wire instruments, 522 ef seq. 

Hóckxr, 676 

Hott, 759 

Hyden ion, transport number 

‘or, 667. 

Hysteresis, 372 

— loop, 373 

cathode ray tube, 382 

— — in practice, 374 

—, losses, due to, 375 

Impedance, 502 

— of a circuit, 521 

— operator, 547 ; 


` — operators, table of, 560 


Impedances in series and in par- 
allel, 552 
Imperfect condenser fed from an 
a.c. supply, 548 
— —, power loss in, 


770 


Impurities, ferromagnetic, gorrec- 
tion for, 439 
Impurity semiconductors, 288 
Inductance, calculation of, 232, 
236 


—, mutual, 231 

~> —» standard, primary, 234 

—, self, 232 ; i 

—, units, relation between, 238 

Induction, electromagnetic, 220 et 

seg. 

—, electric, 24 

—;, magnetic, 110, 363 

—, coefficient of, 71 

Inductive coil, its power factor, 
638 ` 


— — shunted by a condenser, 554 

— reactance, 547 

— resistance, 546 

Induetively coupled circuits, 582 

Induetometer, 230, 428 

— method for comparing mutual 
inductances, 612 

Integrating circuit, 383 

Intensity of magnetization, 109 

Intermediate metals, law of, 269 

— temperatures, law of, 268 

Intrinsic induction, 364 

— magnetization, 364 

Inverse nth power law, 39 

— square law, electrostatics, 2, 

40 et seq., 687 

—  — — Magnetism, 98, 687 

Torrn, 991 

Tonic atmosphere, 676 

— migration and concentration 
changes, 660 

Tono current, measurement 
oi, 

—, degree of, 659 - 

Tons, 644, 658 

Tron ring, with a localized coil, 403 

=~ —), small air-gap, 401 

Trrecoverable energy loss due to 
hysteresis, 376 

Isotropic dielectrics, 19 et seq. 


J, operator, 539 
JoNES, 706 


Jour, 386 
Joule heating effect, 249, 736 


 KELVIN, 78, 181, 224, 261, 319, 
362, 669, 687, 708" 


l — ampere-balance, 319 
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Kelvin and the magnetic state of 
matter, 362 

— double bridge, 181, 183 

KITTEL, 450 

Kirchhoff’s laws, 161 

— — in vector form, 552 

KOHLRAUSOH, 649, 655, 658 

— bridge, 649 et seg. 

—» expression for conductivity, 
658 


Lag, time, 501 

LANGĘVIN, 436, 440 

— function, 447 

— theory of diamagnetism, 440 
et seg. 

— theory of paramagnetic gas, 445 

LAPLACE, 60, 63, 136, 142, 150, 721 

Laplace’s equation, 60, 63, 721 

— law, 136, 142, 150 

Larmor’s theorem (pressure), 757 

Law, inverse square, 2, 40, 98, 687 

— of force, for dielectrics, 27 

— of intermediate metals, 269. 

— — — temperatures, 268 

Laws of electrolysis, 645 ; 

— of electromagnetic induetion, 
223, 224, 

— of thermoelectricity, 257 et seq. 

Lead capacitance, its elimination, 
622 

Leakage, high resistance by, 487 

Left-hand rule, 136 

LEMONNIER, 118 

Lenz, 223, 287 

Lenz's law, 223 

Lifting power of a magnet, 396 

Light, velocity of, 708 et seq. 

Lindemann electrometer, 86 

Linear current, field due to, 132, 
137, 143 

Lines of force in an electric field, 11 

— of electric induction, 34 

— of magnetic induction, 111 

Linkages, magnetic, 223, 227 

Liquid dielectrics, 489, 621 et seq. 

Liquids, conduction in aqueous, 
644 et seq. 

—, magnetic susceptibility of, 425 
et seg: 

Lrovp, 386 

Lopaz, 665, 746 

Logarithmic decrement, 333, 481, 
517, 570, 578 

Lorentz, 441 


INDEX 771 


LonxNz, 653, 698 

_ method for determining a resis- 
tance, N.P.L. modification, 
698 

Loss angle, 562 

Low resistance, measurement of, 
181 


Magnet, bar, field strength of a, 
105 


—, — potential due to a, 105 

—, —, small oscillations of, 108 

Magnets, permanent, 408 

Magnetic anisotropy, 452 

— circuit, 397 et seq. 

— declination, 114 

— dip, 114 

— —, calculation of, in a given 

latitude, 114 

— dipole, 102 

— elements, 114 

— energy, 388 $ 

— field, alternating, 530, 640 

— — of a dipole, 103 

— — strength, 99, 105 

— — due to a current, 126 

— — — — circular current, 131, 
139 

— — — — linear current, 
137, 143 

— — — — a solenoid, 133, 140 

— —, radial, 307 : 

— —, rotating, 530 

— —, strong, measurement of, 240 

— — within a rectangle, 138 

— flux, 221 . 

— — due to a pole, 221 

— — leakage, 403 

— induction, 110, 363 

— —, unit tube, 222 

— linkages, 222 

— media, 108 

— moment, 101 

— — of a rotating charge, 441 

— permeability, 110, 363 

— potential, 102 

— -— due to a shell, 124 

— reluctance, 398 

— resistance, 399 

— shell, 124 

— — equivalent, 128 

— —, force on, 134 

— shunt, 346 

— state of matter, Kelvin's des- 

cription of, 362 


132, 


Magnetic transformation point, 
374, 379, 436 

— susceptibility, 110, 363, 420 

Magnetization curves, 366, 374 

—, intensity of, 109 3 

—, intrinsic, 364 

— process, in terms of domains, 
455 


.Magnetometer, method for por- 


meability, 367 

—, Schuster, 314, 305 

Magnetomotive force, 397, 399 

Magnetostatie pressure difference, 
392 

Magnetostriction, 386 

— in single crystals of iron, 388 

— -strain energy, 462 

Mass susceptibility, 421 ` 

Maximum power in & load, 253, 
562 

MAXWELL, 40, 58, 162, 167, 223, 
598, 602, 618, 710, 731 

—, the, 112, 221 

— -turn, 223 

Maxwell’s bridge for the com- 

arison of inductances, 598 

— bridge for capacitance, 710 

— eyclic currents, 162 

— L/C bridge, 602, 618, 704 

— laws of electromagnetics, 731 
et seq. 

Measurement of high potential 
differences, 93 

Mechanisms for 
domains, 454 

Mercury, resistivity of, 184 

Metallie conduction, mechanism 
of, 201 

Metals, law of intermediate, 269 

Migration of ions, 658 et seq. 

MILNER, 676 

Minimum value of BH, 410 

Mobility, iopic, 658 

—, determination of, 662 et seq. 

Molar susceptibility, 421 

Molecular field theory, 449 

Moment, electric, 20 

Motio ı of metal ring in a radial 
mi gnetic field, 242 

— of a` 3oving-coil galvanometer 
when a small p.d. is applied, 
338 

Moving boundary method for ionie 
speeds, 665 . 

— charge, force on, 136, 733 


changes in 


, 
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Moving-magnet ballistic galvano- 
"meter, 832, 337 

— mirror, reflexion at, 757 

— -coil galvanometer, 307, 330, 
334, 338 

Mutual inductance, 231 

— — by the Campbéll-Heyd- 

weiller method, 610 

— —, primary stáhdard, 234 

— inductometer, 236, 428 

— potential energy of a òil in a 
magnetic field, 230 


n-type sémicoriductor, 288 
Niet, 464 
Neon ane: a special property of, 


NIcHOLLS, 759 

Nickel, magnetic properties, 382 

Null-dynamometer method for a 
large self-inductance, 608 


OERSTED, 126 

Chm, the, 158 

—, absolute determination of, 697 
et z 


—, international, 701 

Ohm's law for electrolytes, 648 
— —  — metallie conductors, 158 
Onsaczn, 278, 677, 685. 
Operator a + jb, 540 

— cos 0 + j sin 0, 541 

— del (V), 430, 719 

— — squared (Vt), 722 

—$ 539  — 

Eom impedance, table of, 
— "ree coupled circuits, 


Oscillations of a magnet, 108 
illatory circuits, 480 
600 


Owen'a bridge, 600 et seg. 


p-type semiconductor, 288 

Pair of parallel wires, capacitance 
} ie 59 

L5 Belf-inductance of, 245 

Parallel plate condenser, 12, 62 

Parallel resonance, 575 


INDEX ^ 


Parallel resonant circuit, selec- 
tivity, 577 
Paramagnetic Curie-point, 436,449 
Paramagnetics, 362, 417 
Paramagnetism, 417 et seq. 
Peltier coefficient, 262 
— —; determination of, 285 
-— effect, 259 
Permanent magnets, 408 
Permeability, 110, 363 
—, determination of, 367 et seq. 
Permittivity, 16 
— of gases, 27, 633 
— of liquids, 489, 621 
Phase-shift network, 565 
— -splitting, 635 
Photoelectric current, measure- 
ment of, 88 i 
Pinch effect,’ 146 
Plane, field due to a uniformly 
charged conducting, 9, 46 
Platinum thermometry, 189 et seg. 
N AND LAWTON, 41 
PLÜOKER, 418 
Poisson's equation, 60, 63, 721 
Polar coordinates, 6 
— molecule 28 ©» _ 
Polarization, dielectric, $3 
—, electrolytic, 649 
Polarized waves, plane, refraction 
and reflexion, 749 et seq. 
Pole, magnetic, 98 
—, flux from, 222 
Polyphase circuits, 528 r 
Positive and negative mutual in- 
ductances, 233 
Positron, 2 
Potential, coefficients of, 71 
— divider, compensated, - using 
capacitors, 564 
— —, general béhaviour, 207 
— drops in an R-L-C circuit, 551 
—, electric, 4 
— — due to a metal dise, 9 
— —, — — point charge, 7 
— —, — — spherical conductor, 8 
— near earth’s surface, 118, 120 
— gradient, 6, 118, 120, 720 
—, magnetic, 102 ef seg. à 
— energy of a coil in a magnetic 
field, 230 
— — of a magnet, rotational, 102 
— — — magnetic shell, 125 
Potentiometer, 174 et seq. 
—, a.c., 636 et seg. 
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INDEX 


Power, 249 251 

— in a.c. circuits, 509, 519, 562 

— factor, 509, 638 

— — for a condenser, 561 et seq. 

— — — an electrolytic condenser, 

680 
— — — an R-L-C series combina- 
tion, 511 

— — improvement, 513 

— in a small lamp, experimental 
investigation, 256 

— loss in an imperfect condenser, 
558, 561 

— , maximum from & battery, 253, 
562 

—, measurement of, 324 eb seq. 
525 

—, reflecting, 751 

— , transfer theorem, 562 

— spectrum, 570 

Poynting's theorem, 734 

— vector, 736 

Practical unit of capacitance, 18 

Pressure due to electromagnetic 
radiation, 756 

Primary circuit, 220 

— (N.P.L.) standard of mutual 
inductance, 234 

Prineiple of superposition, 204 

— — microscopic reversibility, 278 

Projected areas, note on, 29 


Q (circuit parameter), 569 
Quadrant electrometer, 78 et seq. 
Quadrature, 503 

Quadrupole, 22 

Quality factor, 570 


Quantity sensitivity of a galvano- 


meter, 341 
QuiNoxz, 425 


Radial fieid, electric, 63 

— —, magnetic, 307 

Radio-balance, 761 

— -frequency method for por- 
mittivity, 630 

Ratio of e.s. and e.m. units, 708 

RAYLEIGH, 184, 246 

—, determination of resistance of 
& mercury column, 184 

Reactance, 502 

~, capacitive, 549 

—, inductive, 547 

Recalescence, 380 

Reflecting power, 751 


173 


aston ri of lines of induction, 36 

Re ive index of a material 
medium, 743, 762 

Refrigerator, thermoelectric, 290 

Rejector circuit, 575 

Relative Seebeck coefficient, 266 

Reluctance, magnetic, 398 

Reluctivity, 399 ] 

Remanent induction, 373 

— mi ization, 373 

Resistance, 158 et seq. 

— and temperature measurement, 
196 sa 

—, comparison, by potentiometer, 
177 


—, difference between standards, 


WS) dynamie, 576 

—, high, by leakage, 487 

— measurement, 163 et seq. 

— by damping, 345 

— jn absolute measure, 697 et seq. 

— .jnductance circuits, 546 

_ — and capacitance in series, 

515, 530, 548, 577 

— in series with a condenser, 548 

—, magnetic, 399 

— scale of temperature, 192 

— standard, 159 

—, -temperature, coefficient, 188 

_— thermometer, 189 

—, variation with 

_ 187 et seq. 

Resistivity, 161 

Resistor, wi tential leads, 160 

Resonance, -eurve, 505, 570 

—, electrical, 504, 516, 567 

— -clectrometer, 41 

= parallel, 575 - 

Response curve, 505, 568 

Retentivity, 373 ^ 

Reversible cell, 669 É 

Right-hand rule, 223 

Ring balance, 433 Fa a 

R-L-C series combination, 501, 
514, 649 o 

Root-mean-square values, 507 

Rosa, 647, 71l 

Rotating magnetic field, 530 

— charge, equivalent. magnetic 
shell, 441 : H3 

— vector method, 539 et segn 

Rotational potential energy, 
netic, 102 7 "Eia 

BowrAND, 1l 


temperature, 
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Saturation, magnetic, 364 

Schering bridge, 614 ` 

SezusrEn, 314 

— magnetometer, 314, 705 

Screen, electric, 73 

Search coil, 240 

Secondary circuit, 220 

— —, effective resistance and in- 
ductance of, 579 et seq. 

Seebeck coefficient, absolute, 268 

— —, relative, 266 

— effect, 257 

Selectivity of a circuit, 505, 577 

Self-demagnetizing field, 364 

Self-inductance, 232 

— — and energy, 237 

—— by oe method, 604, 

0 


— — by Owen's method, 600 


— —, large, 608 
— — of a pair of parallel wires, 
245 


— — — solenoid, 232 

— — — —; short and narrow, 232 

Self-magnetic pinch effect, 146 
et 8 


eq. 
Semiconductors, 288 
Semi-dry electrolytic condenser, 
679 : 


Sensitivity of a galvanometer, 309, 


* 1 


311, 340, 351 
— — tangent galvanometer, 311 
— — Wheatstone bridge, 167 
Series, R-L-C, cireuit, 514, 518 
— -resonance, 568 
— — curve, 516, 577 
Shell, magnetic, 124 
SHOCKLEY, 450, 462 
Shunt, magnetic, for galvano- 
meter, 346 
SIEMENS, 189 
Siemens’ electrodynamometer, 320 
Sinusoidal wave-form, 499 
Sliding condenser, 58 
SurrH, Sm FRANK E., 194, 315, 
hee 698; 706 
~ -Behuster magnetometer, 315 
— eurrent balance, 706 
— dcm thermometer bridge, 
— resistance in absolute measure, 
698 


Smita, S. W. J., 660 
SNOEK, 375. 1 
Soap bubble, electrified, 59 


INDEX 


Solenoid, 133, 140, 150 

—, inductance of, 232 

Solenoidal vector, 727 

Sphere, electric field due to, 11 

—, time of contact with a metal 
plate, 488 

Standard cell, 673 

— of mutual inductance, 234 

— resistors, 159 

Standardizing a platinum thermo- 
meter, 192 

— a thermistor, 198 

Star-delta transformation, 211 

State, closed, 278 

—, steady, 278 

Steinmetz formula, 378 ` 

STEPHENS, 714 

Stokes’ theorem, 727 

Stray capacitance, its elimination, . 
616 et seq., 651, 704 

Strength of electric field, 3 

— magnetic field, 99 

Stress, at surface of a charged con- 
ductor, 50 

Stresses in an electric field, 52 

Striking potential, 490 

Strong magnetic field, measure- 
ment of, 240 

Submarine cable, 199 

SUCKSMITH; 433 

Surface scratch technique, 463 

Susceptanoe, 5:6 i 

Susceptibility, electric, 25 

—, magnetic, 109, 363, 420 

—, determination of, 421 et seq. 

Suspended-coil ballistic galvano- 
meter, 330, 334 

— -magnet ballistic galvanometer, , 
332, 337 


Tarr, 380 
—, diagram, 272, 289 : 
Tandem electrostatic generator, 


Tangent galvanometer, 311 

—, sensitivity of, 311 i 

Temperature and permittivity of 

gases, 27 

— — resistance, 187: 

— — ferromagnetics, 379 

—, low, measurement of, 197 

—, measurement of, 192, 197, 
284 y 

—, neutral, 274 

—, rise in, of a wire, 254 


INDEX | 


Temperatures, law of intermedi- 
ate, 268 
Thermal e.m.f., determination of, 
279 
Thermistor, 197 
Thermodynamics of reversible 
cells, 669 et seq, 
— — thermoelectrié circuits, 263 
et seq. 
— — the steady states 277 
Thermocouples, used in practice, 


Thermoelectric circuits, analysis 
of, 263 et seq. 

— cooling, 287 

—.curves, 281 

— diagram, 272 

— inversion, 282 

— power, 266, 271 

Thévenin's theorem, 207 

— —, proof, 209 

Txomson, S J. J., 1, 695, 711 

— coeffieient, 264 

— —, absolute, determination of, 

291 

— effect, 261, 264 

Three-phase system, 530 

— -terminal cell for*permittivity, 
628 

Time constant, 469, A71, 474 

— of relaxation, 677 

— of contact, measurement of, 488 

Toroidal solenoid, 150 

Torsion, effect of, in magneto- 
meters, 116 

‘Total current density, 732 

— loss curve, 382 

Transient phenomena, 467 et seq. 

Transformer, air-core, 579 

~, phase-splitting, 635 

Transport number, 662 

— -—, determination of, 663 et seq. 

— = — —, for hydrogen ion, 667 

Tube of electric induction, 33 

Two-dimensional electrostatic 
problems, 62 et seg. 


Ultramicrometer, 386 

Uniform field, 6 — - 

Uniformly electrified cylindrical 
conductor, 47 

— — metal plate, 10, 46 

Unit tube, electric induction, 34 

— —, magnetic induction, 221 

— vector, 539 
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Units, absolute, 686 

—, electromagnetic, 691 

—, electrostatic, 689 

—, relations between quantities in 
different systems, 18, 238, 
693 et seq. 

[u v w] direction in a crystal, 451 


van de Graaff yenerator, 89 et seq. 

VAN DER Pout, 457 

VAN DUSEN, 197 

van't Hoff coefficient, 656 

Variable vectors, 542 

Vector method for solving a.c. net- 
works, 545 et seq. 

— operator for an impedance, 547 

Velocity of a charged particle, 


note on Thomson’s 
method for, 695 
— — light, 694 


— -resonance, 504, 574 

Vernier type potentiometer, 180 
VIGOUREUX, 707 

Villari effect, 387 

Voar, 440 

Volt, the, 157 
Voltage-resonance, 571 

Voltaic cells, 668 

Voltameter, 646 

—, silver, 646 


Wagner earth, 616 e£ seg., 621, 629, 
704 

Warburg's law, 377 

Wattmeter, 324 

—, compensated, 326-8 

Wave-form, complex, 499 

— —, sinusoidal, 499, 500 

WEBER, 317, 687 

Weber’s electrodynamometer, 317 

— molecular currents, 441 

Weiss, 449 

Weston standard cell, 673 

Wheatstone bridge, 163 et seg., 210 

— — (generalized a.c.), 593 

— — sensitivity, 167 

— — simplified theory, 164 

Wien's series-resistance bridge, 
597 

Wittiams, 450, 462 

Wilson’s apparatus for measuring 
c, 118 í 

Wire, temperature rise in a, 254 


`- Zero frequenoy (z.f.) current, 126, 
50B aE. ; í 
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